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OUTLINE 

•  What and why of snowflake divertors 
•  Exact versus approximate snowflake divertors  
•  Objectives for modeling snowflakes with COGENT 
•  COGENT gridding strategy for conventional divertor tokamaks 
•  Strategy for extension to snowflakes: simple! 
•  First step: model and test local region about poloidal field null 
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Snowflake divertors: What and Why 
•  What: Extra coil(s) to produce 2nd-order null instead of usual (1st-order) x 

point in SOL. 

•  Why:  
–  Primary benefit, spreading of heat load via increased flux expansion. 
–  Secondary benefits: further spreading among multiple divertor legs 

via MHD convection 
–  Further isolation of main SOL and divertor legs RE instabilities 

(increased shear) 
– Other benefits, e.g. reduced peak heat load during ELMs 
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Exact versus approximate snowflake divertors 
•  Exact snowflake: perfect tuning of coils to achieve 2nd-order null 
•  Structurally unstable: if one of the coils has current a bit too high or 

low, the 2nd-order null splits into 2 nearby 1st-order nulls 
•  Snowflake plus:   Snowflake minus: 

•  Above examples are symmetric approximate snowflakes.  
They needn’t be.  e.g.: 

 
•  If the 1st-order nulls are close enough, macroscopic 

behavior mostly indistinguishable from exact snowflake. 
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Figure 4. Snowflake configuration in the symmetric case. The separatrices are shown with bold
lines. The lines with ticks on them represent the coordinate axes. In (a) and (c) the horizontal axis
coincides with one of the branches of the separatrix. In each panel, a flux surface adjacent to the
separatrix is also shown. (a) An exact snowflake. (b) A snowflake-plus configuration, in which
there is one first-order PF null on the main separatrix. (c) A snowflake-minus configuration, where
there are two nulls on the main separatrix.

In what follows, we assume that c4 > 0. This choice of the sign corresponds to the convention
that the magnetic flux ! is positive well inside the plasma confinement region. (Note that
as the magnetic field null does not generally coincide with the origin, the flux (23) is not
necessarily null at the separatrix itself, being of order ε3.) The flux function, after the just
described rotation of the frame, becomes

! = l1x + l2z − q3x
2 + 2q2xz + q3z

2 − 3c4x
2z + c4z

3. (29)

The rotation, obviously, leads to a redefinition of the coefficients in this expansion (i.e.
the coefficients l and q in equation (29) are different from those in equation (23)) as well as
redefinition of the coordinates x and z, but, for brevity, we retain the old notation.

Consider the situation discussed in [1, 3], where the system was assumed to have a
symmetry plane x = 0. This symmetry corresponds to the absence of the odd terms in x

in equation (29), i.e. to l1 = 0, q2 = 0. Equation (28) shows that exact snowflake will then be
produced if

l2 =
q2

3

3c4
(30)

and will be situated at z = −(q3/3c4). The shape of several flux surfaces for q3 = 0 is shown
in figure 4(a).

If condition (30) is violated, one can have two qualitatively different cases. The case

l2 <
q2

3

3c4
(31)

corresponds to a ‘snowflake-plus’ configuration, where only one first-order null remains on
the main separatrix (figure 4(b)), whereas the case

l2 >
q2

3

3c4
(32)

corresponds to a ‘snowflake-minus’ configuration, with two nulls on the main separatrix
(figure 4(c)).

On the other hand, if the system does not possess a symmetry plane, possible deviations
from the exact snowflake lead to the formation of more complex configurations that we discuss
in section 4.
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Figure 5. The effect of the parameter ϑ (equation (39)) on the magnetic configuration. In all
panels the distance between the nulls (the unit distance) is the same. The axes labels are shown
only in (a). The dashes are used to show lines connecting the nulls. The confinement region is
lightly shaded. (a) Symmetric snowflake-minus configuration, ϑ = 0; the dashed line coincides
with the horizontal axis. (b) Asymmetric snowflake-minus, ϑ = π/12; far above the divertor area,
the secondary separatrix is very close to the main separatrix; see further explanations in the text.
Thick bars S1 and S2 depict possible location of the divertor plates. (c) The next step in increasing
ϑ : ϑ = π/6. (d) A tilted symmetric snowflake-minus (ϑ = π/3); it is different from (a) in that
the confinement area has only a point (not the line) contact with the divertor region; (e) at larger
ϑ , a transition to the different geometry, asymmetric snowflake-plus, occurs: in this geometry, the
secondary separatrix gets completely separated from the confinement region; shown is the case for
ϑ = 5π/12. (f ) At ϑ = π/2, one recovers the symmetric snowflake-plus geometry.

and the line connecting the nulls (figure 5(b)), and measured toward the lower half-space,
so that

X = D cos ϑ, Z = −D sin ϑ. (39)

As the null lying on the main separatrix does, due to our choice of the origin, coincide with
the origin, we have to assume that ϑ > 0 (i.e. the second null lies below the horizontal axis).
The parameters D and ϑ can be expressed through the input parameters l, q, c in equation (3),
but we do not present these lengthy expressions here.

Using equations (36) and (37), and introducing dimensionless variables x̃ = x/D,
z̃ = z/D, one finds equations characterizing the shape of the separatrices by just one parameter,
ϑ (up to a scaling factor D):

− 3 sin ϑ

2
x̃2 + 3x̃z̃ cos ϑ +

3 sin ϑ

2
z̃2 − 3x̃2z̃ + z̃3 = 0, (40)

−3 sin ϑ

2
x̃2 + 3x̃z̃ cos ϑ +

3 sin ϑ

2
z̃2 − 3x̃2z̃ + z̃3 = − sin 3ϑ

2
. (41)

This remarkable self-similarity is a consequence of the power-law representation of the
flux function up to the terms of the third order. The nearby flux surfaces can be
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Objectives for modeling snowflakes with COGENT 

•  Snowflake divertors are getting a lot of attention at DIII-D and 
elsewhere, need to model them. 

•  Initial objectives similar to those for conventional divertors: 
– Neoclassically driven flows and radial transport in presence of 

divertor losses 
– Distribution of collision-driven losses to divertor plates 

•  Have divertor geometry in the mix as COGENT capability is expanded 
(e.g. to include 5-D physics) 
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COGENT gridding strategy for conventional divertors: 
abandon field-line following near x point 

•  When the divertor version of COGENT was first developed it was noted 
that the nominally 4th-order discretization was yielding results for 
advection converging more slowly than (Δx)4 

–  Explanation: curvature, metrics becoming singular as x point is 
approached. 

•  Solution: Gridding that follows flux surfaces away from x point but 
departs so as to preserve smoothness near x point 
–  Flows near x point not flux-surface-following anyway 
– Use 4th-order interpolation to fill ghost cells 

 

Original	
  grid

X
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Strategy for extension to snowflakes: simple! 

•  Implication of extrapolated grid strategy for snowflake divertor: Since 
field-line following is abandoned anyway, a single grid structure 
generated for an exact snowflake divertor geometry is likely to work for 
nearby approximate snowflakes 
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First step: model local region about poloidal field null 

•  Ryutov et al PPCF ‘08: cubic expansion of flux surface about null. 
–    Neglecting current near null, have flux function  

–  And fields 

•  With suitable choices of coefficients, can make exact snowflake and 
approximate snowflakes 

•  Strategy: 
–  Starting from exact snowflake coefficients, generate extrapolated grid 

as discussed above 
– Do runs with B on this grid evaluated for exact and approximate 

snowflakes, compare physics results (next slide) 
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Figure 3. Asymptotes of the separatrices. Their orientation is independent on the details of the
field structure near the origin. To emphasize this fact, the central part is not shown. In (b), the
frame is turned in such a way as to put the confinement zone (shaded) into the upper-most segment.

divertor configuration, where infinitesimal change in the plasma and PF coils currents leads to
its splitting into a configuration with two single-null separatrices.

The distance between the nulls is, in the most general case,

D =
√

(x1 − x2)2 + (z1 − z2)2 = 4
√

P 2 + 4Q2. (22)

Now we discuss the shape of the flux surfaces. We use a flux function that accounts for
conditions (15):

! = l1x + l2z − q3x
2 + 2q2xz + q3z

2 + c1x
3 − 3c4x

2z − 3c1xz2 + c4z
3. (23)

At large x and z, equation (23) determines the shape of the asymptotes for the separatrix. The
equation characterizing the tangents to the asymptotes in the x, z plane is

c1 − 3c4t − 3c1t
2 + c4t

3 = 0, t ≡ z/x. (24)

These asymptotes are a good representation of separatrices at the distances exceeding the
distance between the nulls but still small compared with the minor radius.

Equation (24) always has three real roots, corresponding to three asymptotes. One can
show that these three asymptotes are separated by 120◦ (i.e. when one considers both positive
and negative x, there are six rays separated by 60◦). Conversely, by specifying the orientation
of the ray, one can find the ratio c1/c4:

c1

c4
= t (t2 − 3)

3t2 − 1
. (25)

The parameter t is related to the angle α between a ray in the first quadrant and axis x:

t = tan α, (26)

see figure 3(a). Due to the presence of six rays equidistant in α, the range of α can be chosen
as 0 < α ! π/3.

Obviously, by rotating the (x, z) frame, one can always orient the z-axis so that it would
become a bisector for asymptotes 1 and 2 (figure 3(b)). This orientation corresponds to
α = π/3, so that c1 = 0. We will also identify the confinement region as the region lying
between two upward-pointing asymptotes (shaded region in figure 3(b)) and call these upward-
pointing branches of the separatrix in figure 3(b) the ‘main separatrix.’

Under the condition c1 = 0, expressions for ξ, ζ , P and Q are greatly simplified. We get

ξ = q2

3c4
, ζ = − q3

3c4
, (27)

P = l2

3c4
+

q2
2 − q2

3

9c2
4

, Q = l1

6c4
− q2q3

9c2
4

. (28)
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The last terms in the rhs of these expressions contain a small parameter εa/R compared with
the first terms, and we will neglect them. So, we use the following expressions:

q1 = −q3, c3 = −3c1, c2 = −3c4. (15)

Note that the toroidicity effects dropped out of our analysis; these effects appear only in
the order εa/R; their consistent account would require retaining the fourth-order terms in
expansion (4).

With these approximations made, we get from equations (9), (10)

− (R + x)Bx = l2 + 2q2x + 2q3z − 3c4(x
2 − z2) − 6c1xz, (16)

(R + x)Bz = l1 − 2q3x + 2q2z + 3c1(x
2 − z2) − 6c4xz. (17)

3. Nulls, flux surfaces and asymptotes

We start from identifying the position of PF nulls, i.e. from solving a set of equations Bx = 0,
Bz = 0. Simple but lengthy calculations, presented in the appendix, lead to the following
result for the location of two field nulls:

x1,2 = ξ ±

√
P

2
+

√
P 2

4
+ Q2, z1,2 = ζ ± (sign Q)

√

−P

2
+

√
P 2

4
+ Q2. (18)

where

ξ = q3c1 + q2c4

3(c2
1 + c2

4)
, ζ = q2c1 − q3c4

3(c2
1 + c2

4)
(19)

and

P = l2c4 − l1c1

3(c2
1 + c2

4)
+ ξ 2 − ς2, Q = l2c1 + l1c4

6(c2
1 + c2

4)
+ ξς. (20)

In the case where both P and Q are zero, the two roots (x1, z1) and (x2, z2) merge. According
to a consideration presented in [7], this gives rise to an exact snowflake. Unless conditions
(11), (12) are satisfied, this snowflake will not be situated at the origin, but rather at the point
x = ξ, z = ζ .

As mentioned in [3], the exact snowflake is topologically unstable. This means that even
infinitesimal change in the system parameters leads to its splitting into a configuration with
two PF nulls (albeit separated by a small distance if perturbations are small). To contrast this
with an ordinary first-order X-point, we note that, for a small change of parameters, the null
just moves slightly, but the general shape of the separatrix does not change.

One special case of such a splitting of a snowflake configuration is the one where the two
nulls end up lying on the same separatrix (as in figure 1(c)). As, in a symmetric case, this
configuration would correspond to a smaller-than-optimum current in the divertor coils [3], it
was named ‘a snowflake-minus.’ In some sense, this configuration is analogous to a double-
null divertor [14], although the two nulls are now situated not in the upper and lower parts of
the tokamak and separated by a distance of a meter or so, but close to each other, within less
than ∼10 cm. One can show (we skip this simple derivation) that the configuration with two
nulls on the same separatrix is realized if

Q = ±
√

3
2

P, P < 0. (21)

The snowflake-minus configuration is also topologically unstable in the sense that the
infinitesimal change in the plasma parameter leads to a configuration where the nulls lie on
two different separatrices. The situation in this regard is, again, the same as for the double-null

5
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REMARKS 

•  Will use grid generator developed by P. Schwartz, which does least-
squares optimization of grid smoothness and field line following with 
weights that vary with field-line curvature 

•  Initial testing with pure advection (no collisions): Initiate (half) 
Maxwellian in main SOL; predictable difference of fluxes on various 
divertor plates depending on type of approximate snowflake 

•  Subsequent studies: add collisions (neoclassical); add model of MHD 
convective mixing near null; full SOL.  Compare with analytic models 
that may be available, and with experiments 
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Figure 4. Snowflake configuration in the symmetric case. The separatrices are shown with bold
lines. The lines with ticks on them represent the coordinate axes. In (a) and (c) the horizontal axis
coincides with one of the branches of the separatrix. In each panel, a flux surface adjacent to the
separatrix is also shown. (a) An exact snowflake. (b) A snowflake-plus configuration, in which
there is one first-order PF null on the main separatrix. (c) A snowflake-minus configuration, where
there are two nulls on the main separatrix.

In what follows, we assume that c4 > 0. This choice of the sign corresponds to the convention
that the magnetic flux ! is positive well inside the plasma confinement region. (Note that
as the magnetic field null does not generally coincide with the origin, the flux (23) is not
necessarily null at the separatrix itself, being of order ε3.) The flux function, after the just
described rotation of the frame, becomes

! = l1x + l2z − q3x
2 + 2q2xz + q3z

2 − 3c4x
2z + c4z

3. (29)

The rotation, obviously, leads to a redefinition of the coefficients in this expansion (i.e.
the coefficients l and q in equation (29) are different from those in equation (23)) as well as
redefinition of the coordinates x and z, but, for brevity, we retain the old notation.

Consider the situation discussed in [1, 3], where the system was assumed to have a
symmetry plane x = 0. This symmetry corresponds to the absence of the odd terms in x

in equation (29), i.e. to l1 = 0, q2 = 0. Equation (28) shows that exact snowflake will then be
produced if

l2 =
q2

3

3c4
(30)

and will be situated at z = −(q3/3c4). The shape of several flux surfaces for q3 = 0 is shown
in figure 4(a).

If condition (30) is violated, one can have two qualitatively different cases. The case

l2 <
q2

3

3c4
(31)

corresponds to a ‘snowflake-plus’ configuration, where only one first-order null remains on
the main separatrix (figure 4(b)), whereas the case

l2 >
q2

3

3c4
(32)

corresponds to a ‘snowflake-minus’ configuration, with two nulls on the main separatrix
(figure 4(c)).

On the other hand, if the system does not possess a symmetry plane, possible deviations
from the exact snowflake lead to the formation of more complex configurations that we discuss
in section 4.
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Figure 5. The effect of the parameter ϑ (equation (39)) on the magnetic configuration. In all
panels the distance between the nulls (the unit distance) is the same. The axes labels are shown
only in (a). The dashes are used to show lines connecting the nulls. The confinement region is
lightly shaded. (a) Symmetric snowflake-minus configuration, ϑ = 0; the dashed line coincides
with the horizontal axis. (b) Asymmetric snowflake-minus, ϑ = π/12; far above the divertor area,
the secondary separatrix is very close to the main separatrix; see further explanations in the text.
Thick bars S1 and S2 depict possible location of the divertor plates. (c) The next step in increasing
ϑ : ϑ = π/6. (d) A tilted symmetric snowflake-minus (ϑ = π/3); it is different from (a) in that
the confinement area has only a point (not the line) contact with the divertor region; (e) at larger
ϑ , a transition to the different geometry, asymmetric snowflake-plus, occurs: in this geometry, the
secondary separatrix gets completely separated from the confinement region; shown is the case for
ϑ = 5π/12. (f ) At ϑ = π/2, one recovers the symmetric snowflake-plus geometry.

and the line connecting the nulls (figure 5(b)), and measured toward the lower half-space,
so that

X = D cos ϑ, Z = −D sin ϑ. (39)

As the null lying on the main separatrix does, due to our choice of the origin, coincide with
the origin, we have to assume that ϑ > 0 (i.e. the second null lies below the horizontal axis).
The parameters D and ϑ can be expressed through the input parameters l, q, c in equation (3),
but we do not present these lengthy expressions here.

Using equations (36) and (37), and introducing dimensionless variables x̃ = x/D,
z̃ = z/D, one finds equations characterizing the shape of the separatrices by just one parameter,
ϑ (up to a scaling factor D):

− 3 sin ϑ

2
x̃2 + 3x̃z̃ cos ϑ +

3 sin ϑ

2
z̃2 − 3x̃2z̃ + z̃3 = 0, (40)

−3 sin ϑ

2
x̃2 + 3x̃z̃ cos ϑ +

3 sin ϑ

2
z̃2 − 3x̃2z̃ + z̃3 = − sin 3ϑ

2
. (41)

This remarkable self-similarity is a consequence of the power-law representation of the
flux function up to the terms of the third order. The nearby flux surfaces can be
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