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Abstract

Vortex methods are particle methods for solving time-dependent incompressible
flow problems by discretizing the vorticity into vortex elements and following these
elements in time. The main difficulty with vortex methods as originally formulated
is that the cost of the evaluation of the velocity field induced by NV vortices is O(V?).
This is expensive. particularly in three dimensions where the number of elements
can increase rapidly in time due to vortex stretching. Several methods have been
developed for reducing this cost by exploiting the fact that the velocity induced by
a vortex element is harmonic; the method of local corrections (MLC) is one such
method.

The MLC is a particle-particle particle-mesh method. in which the calculation
of the velocity field induced by a collection of vortices is split into two parts: (i) a
finite difference velocity field calculation using a fast Poisson solver on a uniform
grid superimposed on the vorticity field, and interpolation of that velocity from the
grid points to the vortices; (ii} a local corrections step in which local interactions are
computed directly. We present a fast adaptive vortex method which adds adaptive

mesh refinement to the MLC.



In many calculations the vorticity is concentrated in subregions of the domain.
By adding adaptive mesh refinement, which allows for finer grids in regions of con-
centrated vorticity, we reduce the number of local corrections where the savings
are largest without introducing unnecessary additional grid points in regions of few
vortices. Among the achievements of this work are the development of an efficient
multigrid Poisson solver on an adaptively refined mesh, a hierarchical version of
the local corrections algorithm, and an optimal refinement algorithm for adaptively
choosing the local mesh density so as to minimize the cost of the algorithm for a
given distribution of vorticity. This MLC with AMR has been implemented in two
and three space dimensions. Calculations with a vortex ring in three dimensions
show the breakeven point between the MLC with AMR and the direct method is
N = 3000; for N = 64,000 MLC with AMR is approximately twelve times faster

than the direct method.
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Introduction

Vortex methods are used to approximate time-dependent incompressible flows.
They are particle methods based on the Lagrangian formulation of the flow equa-
tions, in which the quantity carried by the flow is vorticity. The configuration of
vortex elements at a given time determines the velocity field via the Biot-Savart law;
the velocity is then used to update the positions of the vortices. In three dimensions,
the vorticity itself must be updated as well. Vortex methods are especially useful
for flows which are dominated by the presence of vorticity, e.g., shear flows, wakes
and jets. In these flows most of the vorticity is confined to a relatively small portion
of the flow, and then a method based on the vorticity can be very economical.

Point vortex methods were first introduced by Rosenhead in 1935 [50]. A general
vortex method for simulating high Reynolds number flow was developed for two
dimensions by Chorin [22], and for three dimensions by Chorin [23] and Leonard
[40]. Convergence of these methods has been extensively studied, and proven for a
variety of cases [5, 8, 9, 10, 28, 29, 31, 34, 35, 47].

The usefulness of vortex methods has been seriously limited in the past by their
cost. The accuracy of the methods and their ability to resolve small scales increase
with the number of particles, N, as does the time and expense. The cost of standard
vortex methods is O(N?), making them prohibitively expensive for relatively few
vortices (on the order of thousands). Fast vortex methods have been developed
to try to maintain the accuracy and adaptivity of the standard vortex method
while increasing their speed. These fast methods approximate the O(N?) velocity

calculation with a fast calculation whose cost is O(N log ¥ ) for large N.



This thesis presents an extension of a fast vortex method known as the Method of
Local Corrections (MLC). In the MLC, developed by Anderson [1] in two dimensions
and extended to three dimensions by Buttke and Colella, one introduces a uniform
grid that covers the computational domain enclosing the vortices, and calculates the
velocity field due to the vortices on that grid. A corrected form of this velocity is
then interpolated onto the vortices, and local interactions are calculated directly.
While the MLC is faster than the standard vortex methods for N greater than
several thousand, there is further efficiency to be gained by introducing adaptive
mesh refinement (AMR) [11, 12] to the grid. This thesis implements the addition of
AMR to the MLC, and shows that, especially in three dimensions, there is significant
. reduction of cost with no loss of accuracy. For example, for a vortex ring in three
dimensions with N == 64, 000, the speedup of the MLC with AMR over the uniform
MLC is approximately three, the speedup of MLC with AMR over the standard
vortex method is approximately twelve.

The thesis is divided into six chapters. In Chapter 1 we present the equations
governing incompressible fluid flow and their formulation for use in vortex methods.
We then introduce the standard vortex method, in two and three space dimensions.
Chapter 2 contains a review of past work. The first section presents the history
of the standard vortex method, the second section introduces several different fast
vortex methods.

Chapter 3 introduces the method of local corrections in two and three dimen-
sions, and presents an analysis of the parameters affecting the accuracy of the
method. A comparison is made with the fast vortex methods introduced in Chap-

ter 2. In Chapter 4 we introduce the concept of adaptive mesh refinement for



finite difference calculations, and then discuss the application of this technique to
the method of local corrections. Error and timing results for MLC with AMR are
presented here.

Chapter 5 describes the grid-related details of the final algorithm, including the
stencils for the discrete Laplacian and for interpolation in two and three dimensions,
standard multigrid, and multigrid with mesh refinement. Boundary conditions are
discussed here.

In Chapter 6 we present the results from calculations of a three dimensional
vortex ring. First we validate the new algorithm by comparison with calculations
done using the direct method, next we investigate the stability of the ring using
different discretizations and numbers of vortices. A discussion of the findings and

suggestions for future work conclude this chapter.



CHAPTER 1

Standard Vortex Method

1.1 The Navier-Stokes Equations

Incompressible fluid flow is governed by the equations

) 1
§;+(U»V)u = -Sup+vau,

V-u = 0.

These equations describe the velocity u and pressure p of a general incompressible
fluid with kinematic viscosity v = u/p, where u is the viscosity and p the density.

We nondimensionalize these equations by setting

W = wu/U
t = (U/L)t
r = z/L
? = p/pU?

where L is a length scale of the problem to be considered, and U is a typical velocity

scale. We then get the non-dimensional equations (now removing the primes):

du ‘
§+(“'V)u = -Up+

17 .
§Au (1,1)



Viu = 0 (1.2)

where Re = UL/v is the Reynolds number, the ratio of the inertial to viscous forces
in the flow. The Reynolds number measures the significance of the viscous term in
the equation; equivalently, the importance of viscosity in the physical flow.

The first term in the Navier-Stokes equations is the time derivative of velocity,
measuring the rate of change of velocity at a fixed position x. The second term is
the advection term, and describes the change of u at x resulting from the fact that
the particles of the fluid are moving past x. The first two terms together define the
material derivative Du/Dt, and represent the change in u at a fixed particle moving

in the flow.

1.2 Vorticity - Stream Function Formulation

In the rest of this work we consider only inviscid flow, defined by Re = oo, so that
the viscous term g Au makes no contribution. Equations (1.1) and (1.2) are four
equations for four unknowns, the pressure and three velocity components. These
equations can be rewritten in terms of vorticity w = V X u, by taking the curl of

both sides of the equation (1.1):

%%va)u_(w.wu:o (1.3)

Note that the pressure term is removed because the curl of a gradient is identically



zero. To complete the set of equations we include the definition of w,
w=Vxu (1.4)

This is now a system of six equations and six unknowns, u and w. Recalling D/Dt =

8/3t + (u- V), we can write (1.3) as
— - (w-Viu=0 (1.5)

The first term here is the material derivative of the vorticity; the second is known
as the stretching term. This formulation is the basis of the three-dimensional vortex
method, as will be seen in Section 1.3.

The incompressibility of u allows us to write u = V x ¥, where ¥ is uniquely
determined by u to within the gradient of a scalar (. The curl of a gradient is
identically zero, so { never enters into the equation for u; thus we are free to choose
¢ sothat V.-W¥ = 0.

Equations (1.4) and (1.5) define w in terms of u and describe the evolution of w
in time; we also need an expression for u in terms of w . The inversion of w = V x u

can be achieved by expanding w in terms of ¥,
w=Vxu=Vx(Vx¥) =YV -¥)-AT,

Since we are free to set V- ¥ = 0, we see that ~A¥ = w. Thus, knowing w, one
can solve this Poisson equation for ¥ (with appropriate boundary conditions on ¥),
and find u as the curl of ¥. The existence of ¥ and the équations relating ¥, w,

and u, allow us to work with velocity or vorticity fields interchangeably.



Now consider a velocity field lying in the z-y plane and dependent only on z and
Y, i.e., u(x) = u(z,y) and u-e, = 0. The curl of this field is everywhere parallel
to the z-axis, thus we write w = wey, and we may in this case think of vorticity
as the scalar value w. We can immediately see that the term w - Vu must be zero,
since w:Vu = wez - Vu = u%lz‘-, and %lz‘- = 0 by construction. The equations for two

dimensional flows reduce to

Dw ow
= .= . = 1.6
D7 = ;T (2 V) 0 (1.6)

v Ou

In two dimensions the vector stream function W reduces to a scalar stream

function ¥. The equations

a2 W
T oy’ T oz’

dw dw dw
+u—+v

ot oz -a—yzo’

-AY =w

define the vorticity-stream function formulation in two dimensions. Note that the
boundary conditions for this problem will most likely be given as the normal velocity,
or the tangential derivative of 3, hence 1 itself, at the boundary. This vorticity-
stream function formulation is the basis for several different fast vortex methods, as

will be discussed in chapter 2.



1.3 The Standard Vortex Method

1.3.1 Two Dimensions

We first consider the standard vortex method in two dimensions. Recall equation

(1.6),
i.e., the material derivative of the vorticity is zero. Thus vorticity is a scalar quan-
tity carried along particle paths, which suggests a computational method based
on tracking particles and thereby evolving the vorticity field associated with those
particles.

Define the flow map x : 8% x [0,T] — R?, so that x(a,t) is the position at time

t of the fluid particle which at time ¢ = 0 was at position a. Then x satisfies
%(a, t) = u(z(a,t),t). (1.8)

To find the velocity given the vorticity, recall that in two dimensions

_o 9
T oy’ T ox’
-AY = w.

The infinite-domain Green’s function of the two-dimensional Laplacian is

1
G(x) = —_log\/z2 + 42,

-

so the stream function at x = (z,y) due to a point vortex of strength wg at xo =



(th yO) is

Wiy
$(x) =~ log \/(z = z0)* + (3 - w)*,
and the velocity field is

w(z )_@__fig (v — )
Y ey T T2 (z—20)2 + (v - w)°

9 _wo (z = 2o)
8z~ 2m(z - 20)* + (¥ - 90)*’

v(zsy) ==

More generally, the solution to —Ay = w for any w(x) is ¥ = G *w, where * is the

convolution operator, i.e.,

Y(x) = /;p G(x - x') w(x)dx’.

We define the kernel K(x) as the vector with components (%—f, -—%%) so that we can

write u = K #+w, or

u(x) = /;2 K(x — x') w(x)dx’".

Consider now an initial vorticity field w(a, 0). Since the vorticity moves with the

fluid, we can write
dw
E(x(a,t),t) =0, | (1.9)

The original vortex method as developed in 1935 [50] discretized the vorticity

field as:

N
w(x,t) = D wit) 6(x - xi(t)), (1.10)

1=1



where x;(t) and w; are the position at time ¢ and circulation, respectively, of the ith
vortex, and §(x) is the Dirac delta function. Substitution of (1.10) into equations

(1.8) and (1.9) yields equations describing the evolution of w; and x;:

dx,- Al
W =ulx,)= 3 Kx(t) - xi(1)) wi(?)
Pley ¥

and

dwi,.
==

Both G(x) and K(x) as presented above are singular at |x| = 0, which leads
to an ill-conditioned numerical method [38]. Various techniques have been used to
desingularize the kernel; we describe here the “vortex blob” introduced by Chorin
[22]. The smoothing is achieved by replacing the Dirac delta function in the initial

discretization by fs(r), where fs(r) is the core shape function. Thus we write

N
w(x, t) = Y wi(t) f5(lx - xi(t)]).
=1

The equation governing x;(t) then becomes

dX{ N N
S = 3o (K f)(xi(t) - ;M) wity = > Ks(xi(t) — x;(2)) wi(t),

j=1lg#i =15

where K5 = K * fs. The evolution of w; is unaffected.

In Chorin's method

1/2xér forr<é
fs(r) = ’
0 forr>46 _

10



where r = /2% + y2. We require that the integral of the core function over the
region of its support be unity; this explains the 2x§ above. With this core function

the velocity field at x due to a single vortex blob of circulation wp at xg is

u(z,y) = =52y = w)h(r), (1.11)
v(z,y) = —;’—:‘)_-(:c — z9)h(r), (1.12)

where r = \/(z — z9)? + (y — %0)* and

1/r2 forr>é
h(r) :{

1/6r forr<é

Thus in two dimensions the vortex method is composed simply of an initial
discretization of the vorticity field, and a discrete time-stepping procedure to solve
the evolution equation for x;.

There are several choices to make in discretizing the initial vorticity field. The
first is how many vortices N to use, i.e., what the intervortex spacing h, should be.
The second is what core radius § to choose; some calculations define § = hl,0< g <
1, others let § = Ah, for some constant 4,1 < A. It has been well-established in
two dimensions that the core radius should be larger than the intervortex spacing,
but there are no definitive guidelines for choosing an optimal core radius.

There are several choices for how to determine the values of w; given w(x,0),

once one has chosen N and §; the two most common are:

1) w; = w(x;(0))dA;, where dA; is the area represented by the ith vortex element;

2) wi = [y, w(x,0)dx.

Knio and Ghoniem [39] use a third approach, which is discussed further in Chapter 6.

11



Note that the w; carry the circulation of a patch of vorticity, not the vorticity itself.
To solve for the positions x;(t) of the vortices, in our computations we use the

following second-order time-stepping scheme:
x; = x4+ u(x})At (1.13)

x:.‘+1 = x:‘ + S(U(X?) + u(x;))At,

where x? x x,(nAt), xM*! = x;((n + 1)At), and x is an intermediate value.
1.0.1 Three Dimensions

Recall from section 1.2 the three dimensional evolution equation for vorticity:
— = (w-V)u. (1.14)

In three dimensions vorticity is a vector, and is not preserved along particle trajec-
tories. Thus we can no longer track constant-strength vortex blobs; there must be
some mechanism for correctly evolving the vortex strengths.

As in two dimensions we discretize the original vorticity field into N nonsingular

computational elements:

N
wix,t) = Y wilt) fs(Ix = xi(t)). (1.15)

i=1

Here w; and x;(t) are the vector strength and location, respectively, of the ith vortex

12



element, f5(r)is the core function used in [4],

;%,- forr<é
fs(r) = -
0 forr>é
We again require that the integral of the core function over the region of its support
be unity; this accounts for the 2;3-‘5— seen in the expression.
Several different forms of this discretization have been developed to represent
vorticity in three dimensions. One is the most obvious extension from two dimen-
sions; again let the vortex element be a blob, but now with a vector strength. We

can advect the positions of these blobs according to

dx; N
X 1) = uxi 1) = 3 Ka((t) = x5(8)) w5(0),

=1

and we then need an expression for the evolution of wj(t). Anderson and Greengard
[5] present two alternatives for the evolution of the vortex strengths:

dw;
_dt— = w,—(t) . Vu(x.-)

and

wi(t) = (Vax) w;(O),

where (V,x) is the deformation matrix of the fluid, the derivatives of the present
position with respect to the original position. The convergence of both methods has
been shown as long as the flow is regular. The first of these is simply a result of the
substitution of (1.15) into (1.14); for a derivation of the second see [26].

We choose a third approach: the representation of vorticity along line segments

13



rather than in spherically symmetric blobs:

N
w(x,t) = 3 Ti(t) &i(t) fsllx ~ xE (1)),

i=1

where I';, ¢; and x,—c are now the circulation, vector length, and location of the center,
respectively, of the i** segment, and w; = I';{;. This representation was developed
by Chorin [23, 24, 25], and is similar to the vortex filament method developed by
Leonard [40, 41]. In [40, 41], the vorticity is defined along space curves which
are referred to as vortex filaments, and the geometry of these curves is evolved in
time. In [23, 24, 25|, the filaments are discretized into short, connected segments.
This greatly simplifies the computational element, since each segment is assumed to
stay uncurved (although it can certainly be reoriented), and the core undergoes no
deformation. The effect of curvature of filaments is handled implicitly by allowing
vortex segments to change orientation relative to each other while staying connected.
This segment method was used in calculations in the works cited, and has been
shown to converge in [31].

Initially, segment midpoints x¢ are placed on a Lagrangian mesh on the support
of the vorticity; each segment is then aligned along the direction of the vorticity at
that point. The length of the segment is determined by the desired resolution of the
calculation; the top and bottom of the segment, x‘«T and xiB, are determined by

xT(0) — xB(0) = ¢(0),

1

1 .
5(x7(0) + xP(0)) = x{ (0).
The circulation T'; of each segment is found as in two dimensions, as a product
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of pointwise vorticity and cross-sectional area represented by the segment, or the
integral of initial vorticity across that area. Thus these segments are pieces of vortex
lines in the flow (vortex lines are simply defined as curves tangent to the vorticity).
By the Kelvin Circulation Theorem we know that circulation around vortex lines
is constant in time, and so the circulation of these computational elements can be

held constant in time,
DT;(¢)

Dt - %

However, the lengths ¢; of the segments change as the endpoints move, and so the
strength of each vortex evolves as well. This method differs from the two methods
mentioned above in that the stretching is incorporated implicitly by the relative
motion of the endpoints of each segment.

Since the divergence of the curl of a flow field is identically zero, we know that
vortex lines cannot end in a flow, they must extend to infinity or end on a boundary
in inviscid flow. In order to approximate this numerically, for our computations
without boundaries (using infinite domain or periodic boundary conditions) we ini-
tialize the vorticity into segments connected in closed loops; for segments z — 1,3
located on the same filament, xfg = x:{,. Vortex segments, once connected, remain
connected for all time, thus for N vortex segments there are only NV rather than 2V
independent endpoints.

One consequence of the variable lengths of the segments is that as the vorticity in
a region of flow increases, the lengths of the segments may become disproportionately
large. Thus, as a part of the algorithm, one must check at each time step whether
the segment lengths have exceeded a preset critical length. If they have, we divide

the long segments in half, giving each new vortex the same circulation as the original
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vortex. This can result in the number of vortices growing rapidly as the calculation
proceeds, and underscores the need for adaptive (in time) algorithms.

We find the velocity field induced by a single vortex element in the same manner
as in the previous section. We know w = V X u, and we can invert this expression
using the stream function W, to find u from w. The infinite domain Green’s function

for the three dimensional Laplacian is

1
G = 47

where r = /22 + y? + 22,

The kernel K(x) = V x G satisfying V x (G *w) = K *w is now the matrix

0 z -y

1
a3 | 72 0 =
y -z 0

Again we desingularize the kernel, replacing K by K5 = K * f5(r), Then the velocity
u is defined by u = K4 » w. The velocity field at x due to a single vortex segment

with center at xg, circulation I' and length ¢ = (¢£,,¢,,¢,) is

U = %(fy(z - Zo) - zz(y - yO)) h(’l‘)
v = Zr;(z,(z — 20) - La(z = 20)) h(r)
w= %(fz(y - %) = £y(z — z0)) h(r)
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where

1/r3 forr >4
h(r) =
(4-35)/8% forr<é

In these calculations we evaluate the velocity at the endpoints, but the vorticity is
assumed to be centered at the segment midpoints. The positions of the endpoints

are evolved according to

T B
B0 = (0,0, D (1) = w0, 1),

where

N
u(x,t) = ) T(t) (Ks(x — x5 (1))¢(1).

i=1

The locations of the center points are updated by

X8 =

(xT +xB).

N o=

We use the same time-stepping procedure (1.13) as in two dimensions.

We should note here that this vortex segment method is not really so different
from the first blob method presented above. Both change the strength of the vortex
using the gradient of the velocity; the segment method defines the endpoints of the
segments as material points in the flow, and thus the difference in u between the
endpoints of a given vortex segment is just f(w - V)u. In the blob method there
is actually more freedom in how to evaluate the velocity gradient, and one can use

a higher-order finite difference operator if one chooses. Hﬁowever, the blob method
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requires computation of additional information about the velocity field.
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CHAPTER 2

Review of Previous Work

2.1 History of the Standard Vortex Method

The standard vortex method in two dimensions was first developed in 1935 by
Rosenhead [50], who approximated the motion of a two-dimensional vortex sheet
by evolving in time the positions of point vortices. Point vortices have since been
replaced as the computational element, since the system of point vortices is too
singular to accuarately represent the physical vorticity field.

In the past twenty years, more sophisticated two-dimensional core functions have
been substituted for the original point vortex. Chorin [22] was the first to introduce
the two dimensional vortex blob method; present calculations all use vortex elements
with nonsingular core functions.

Different algorithms have been suggested for handling the stretching term in
the vorticity formulation of the three-dimensional Euler equations. Chorin first
proposed the vortex segment method [23, 24, 25|; Leonard [40, 41] introduced an
alternate method; Beale and Majda [8, 9] and Anderson and Greengard [5] present
further formulations and comparisons with the previously suggested methods.

The convergence of vortex methods has been rigorously established in two and
three dimensions for inviscid flow without boundaries. Proofs show higher order

convergence depending on the smoothness of the core function. The first conver-
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gence proof was given by Hald [34] who showed convergence to second order in the
intervortex spacing for two-dimensional flow. Numerical experiments by Hald and
del Prete [35] verified second-order convergence. Beale and Majda [8, 9] improved
Hald’s results by showing that the vortex method can converge with arbitrarily
high-order accuracy, provided that the initial vorticity distribution is sufficiently
smooth and that the core function satisfies certain moment conditions. They also
extended a proof to three dimensions. Later, Beale and Majda [10] suggested a class
of infinitely differentiable core functions which in theory provide higher order accu-
racy. Greengard [31] proved convergence of the three-dimensional filament method
we use. Further contributions to the theory have been made by Cottet and Raviart
[29], Cottet [28], and Anderson and Greengard [5]. A useful discussion of vortex
methods is given in Leonard [40, 41], and in Anderson and Greengard [5].

Perlman [47] presents a study of the observed (as opposed to theoretical) ac-
curacy of the two dimensional vortex method with different core functions. She
concludes that, for radially symmetric vorticity with compact support, high-order
core functions improve the accuracy of the vortex method as long as the flow re-
mains smooth. See [47] for further details of the dependence of accuracy on the core
function.

In choosing the core function we use, we keep in mind the comments of Anderson
and Greengard [5], “... the improvement in accuracy in using a high order method
over a lower order one becomes extremely small after the initial configuration of the
particles has been sufficiently distorted.”

Perlman also investigates the difference in methods of assigning vorticity to the

blob, and concludes that Hald’s choice [34] of assigning to each vortex element the



vorticity contained in the blob around it leads to second order accuracy for any core
function; the approach chosen by Beale and Majda (8, 9] of assigning the value of
the vorticity at the location of the blob times the area of the blob can provide higher

order accuracy.

2.2 Fast Vortex Methods

Several fast vortex methods have been developed, relying on different formu-
lations of the governing equations. These types of methods are not restricted to
incompressible flow; they are in fact much more general techniques, used, for ex-
ample, for galaxy simulations and in plasma physics. The goal of the fast vortex
methods is to reduce the cost of the velocity calculation in the vortex method; this
is done by exploiting local regularity in the elliptic differential equation solved to
find the velocity from the vorticity. This local regularity cax; be used in two ways:
first, it enables one to use fast methods to solve the Poisson equation; second, it
allows one to represent the field away from the support of the right-hand side with

a small number of computational degrees of freedom.

2.2.1 Cloud-in-Cell Method

One of the earliest fast techniques is known as cloud-in-cell, or vortez-in-cell
when applied to vortex methods. We describe it here in terms of the vorticity
equations.

Recall the vorticity-stream function formulation from Chapter 1:



u=VxW¥ w=Vxu,

and thus

w=-AWP.

With the vortex-in-cell method, one begins by discretizing the vorticity into
Lagrangian elements, as is standard in vortex methods. Then, however, the vorticity
itself is averaged onto an Eulerian grid placed in the domain. The equation AW =
—w is solved on the grid, u = V x ¥ is calculated at the grid points, and then u
* is interpolated from the grid points onto the vortices. Boundary conditions for the
Poisson equation are most likely given in the form of the normal velocity, hence the
stream function at the boundary.

The accuracy of vortex methods has been s;hown to depend on the order of the
core function used in the discretization of the vorticity, but with the vortex-in-cell
techrique there is no obvious way to incorporate the effects of the core function.
The inability to separate the near-field and far-field effects is a serious limitation for

the vortex-in-cell technique.
2.2.2 PPPM Method

PPPM (Particle-Particle Particle-Mesh) methods address the limitations of cloud-
in-cell techniques by incorporating near-field effects directly. The basic idea behind

PPPM methods is that there are two types of interactions between particles: near-
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field and far-field forces. The far-field forces are smooth and can be accurately
represented on a grid, and these comprise the Particle-Mesh part of the calculation,
which is essentially cloud-in-cell. The near-field forces, as described in the original
method, affect only nearby particles, and so can be calculated directly (Particle-
Particle). The idea of having part of the velocity field represented on the grid and
part calculated directly between particles is fundamental to the Method of Local
Corrections. However, in the MLC it is not a separate force which is calculated
between particles, rather it is the correction to the velocity field which is local, and

is therefore computed directly. See [36] for a more complete description of Cloud-

in-Cell and PPPM.
2.2.3 Method of Multipoles

More recently a fast summation method based on multipole expansion was de-
veloped by Greengard and Rokhlin [21, 32]. This method again uses the vorticity-
stream function formulation, representing the velocity field in terms of ¥ originally,
then taking derivatives to find the velocity components.

In the multipole method in two dimensions, use is made of a theorem in complex
variable theory that allows us to expand the stream function due to a collection of

point vortices with strengths w; at locations z; = z,; + 1y;, as

¥(z) = Re(Qlog z + i %)

k=1 "

if the vortices lie within a disk of radius r around the origin and |z| > r. This



expansion can be truncated at p terms with analytically known error. Here

m m u;zk
Q= ng, ar = Z——ICJ-

=1 i=1

Consider the calculation of the potential at a set of n points y;, [y;| > r, due to a
collection of m vortices at locations x;, |x;| < r. The cost of the direct calculation is
O(n-m). Alternatively, the cost of evaluating the coefficients of a p-term multipole
expansion of the potentials due to m vortices, and then evaluating the expansion
at the n points y;, is O(n-p + m - p). For p fixed by choice of accuracy, the cost
is O(n + m), a substantial reduction from O(n - m) for n and m sufficiently larger
than p. |

Note that the two collections of points must be “well-separated”, so a sorting of
the vortices is necessary, and the vortices must be grouped into collections which
can each generate a single p-term multipole expansion. Theorems describing how to
shift and combine expansions are used to reduce the number of computations. The
interactions of vortices which are not “well-separated” from each other are calculated
directly.

The original version of this method [32] was non-adaptive (i.e., constant “bin”
size) and for two dimensions. Since the original work, the method has been made
fully adaptive, so that the grouping of the vortices for expansions is dependent on
the local vortex spacing, and has been extended to three dimensi.ons [21]. In two
dimensions the expansion is a complex power series; in three dimensions spherical
harmonic expansions are used.

The ideas developed in the method of multipoles haye been extended recently.

Anderson’ [2] has developed an “implementation of the fast multipole method with-
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out multipoles,” based on the same principles as the fast adaptive multipole method,
but using a representation by Poisson integrals rather than multipoles. The two
common ingredients, as noted by Anderson, are that a large number of particles
are combined into a single computational element and that particles are sorted and
combined in an efficient manner.

In Anderson’s variant in two dimensions, the computational element is a ring
with p points rather than a p-term multipole expansion. The stream function in-
duced by the vortices inside the ring is first calculated at these p points on the ring.
Poisson integrals are then used to find the field outside the ring, using only the val-
ues at the points on the ring. Again, for m vortices inside the ring and n evaluation
points outside the ring, the work is of O(m- p + n - p), rather than O(n - m) for the
direct method.

In three dimensions, harmonic functions have a more complicated form, con-
tainiﬁg Legendre polynomials in the cosine of the azimuthal angle. However, once
Poisson’s formula is written in terms of these functions, the rest of the method is
very similar to the two dimensional case.

One last fast adaptive summation method is presented by van Dommelen and
Rundensteiner [54]. This method is most similar to the adaptive multipole method;
the differences are that Laurent series rather than Taylor series are used, and that
the sorting and collecting of vortices, followed by their correct combination into
muitipole expansions, is done by a numbering of the groups based on a binary
representation of the bin locations, gaining efficiency in the adaptivity. The authors
note that their contribution is “primarily a programming technique which allows an

easily addressable adaptive description of irregular distributions of points.”



CHAPTER 3

Method of Local Corrections (MLC)

3.1 Description of the Algorithm

The Method of Local Corrections, developed by Anderson [1] in two dimensions,
and extended to three dimensions by Buttke and Colella, is a method which re-
duces the cost of calculating the velocity at the vortices. We describe below how
this velocity evaluation is done; the initial discretization and time-stepping are as
described in Section 1.3.

The goal of the MLC is to replace the full O(N?) velocity calculation with a
fast calculation whose cost varies as O(Nlog N) for large N. This is achieved by
separating the velocity calculation into two parts: calculation of the far-field velocity
on a grid and interpolation of a corrected velocity from the grid onto the vortices,
and local interactions calculated between nearby vortices. The algorithm can be
expressed as follows.

(I) Find at every grid point i a field g? which satisfies
Q
gl ~ (Atuthy;.

Here A" is the discrete Laplacian operator with mesh spacing h; uf‘h is defined as

the exact velocity field induced by the vortices at the grid points, calculated without



core function effects,

N
uf? = uTet(ih) = 3 K((ih) - xn) wa.

n=1

(II) Solve

for the velocity i1 on the grid with appropriate boundary conditions.

(OI) For each vortex p, define

u(xp) = I(a5xp) + D, Ks(xp — xi )k,

k near

where

and I is the interpolation function.

Note that if gﬂo were defined exactly as the discrete Laplacian of the velocity
due to every vortex at every grid point, and the boundary conditions were specified
exactly, then 4; = u;'h at every grid point. However, this is greater accuracy than
is needed (since other errors in the method would swamp this error), and so in
the method of local corrections we approximate the discrete Laplacian rather than
computing it at every point. We define the contribution of each vortex to g“o as
exactly APu®* on grid points near the vortex, but set ng = 0 at grid points far
from the vortex, thereby approximating the value of the discrete Laplacian with
the value of the exact Laplacian, which is zero since the velocity due to a point

vortex is harmonic. The error of the approximation is just the error of the discrete



Laplacian for a harmonic function, which is proportional to the higher derivatives
of u®®?°, Near the vortex these derivatives are large, but it is only away from the
vortex, where the derivatives are small and hence the error is small, that we make
the approximation.

If in step (III) we were to interpolate the full velocity field from the grid onto
the vortices, the dominant error in the method would come not from the error in
approximating the discrete Laplacian of a harmonic field, but from the interpolation.
The velocity field due to vortices near to the evaluation point is singular. Putting
the velocity on a grid and then interpolating it back to the vortex locations is not
sufficiently accurate, since the interpolation error is large where the derivatives of
the velocity are large, i.e near the singularity. Also, in calculating the velocity on
the grid we represent each vortex as a point vortex, and we now want to incorporate
higher-order core function effects for a more accurate calculation. Therefore, the
velocity which is interpolated from the grid onto the vortices is only the corrected
velocity, i.e., that due to vortices sufficiently far away. So, in the interpolation step,
we subtract the velocity due to near vortices from the velocity on the grid, and
interpolate this corrected velocity onto the vortices. The corrected velocity only
represents the influence of far vortices, and is a discrete harmonic function. The
local interactions are then added directly, incorporating the core function effects.

In the above algorithm we need a mechanism for distinguishing between near
and far vortices. Since the cost of calculating the distance between each pair of
vortices is O(N?), all vortices are sorted into bins at the beginning of each time
step; this sorting is based on the locations of the vortex centers. The centers of the

bins are placed at the grid points, and each bin is defined as the box of width A



around its center. All sorting of near and far vortices is done using the bin indices.

Let Q° = [0,1]¢ be the physical domain of the problem in d space dimensions;
place a uniform [0, M]? mesh with mesh spacing h = & over the domain. Define Bi
as the bin centered on the point ik, and define the | - |g norm such that |i — m|p is
the minimum distance (in units of the mesh spacing) between any point in B and

any point in B™. Around every grid point now define Rl and Rio as:

Ri - U Bm’
m:jm~i|g<(D+1)

R= U Bm
m:|/m-i|p<D
where D is called the spreading distance, and typically is in the range 1 < D < 4.
The right-hand side for the Poisson equation, g“o, is found as follows. See Figure
3.1 for a picture of the two dimensional case.
(1) For each i in the interior of Q°

(a) compute by direct interaction the exact velocity at every grid point m

in R due to every vortex n in Bl such that |xn — mh| > &, € slightly larger than

machine precision, with no core function effects:

ugh = Z K(mh - x,) wn.
ﬁ:x..éBi
(b) Calculate the Laplacian of this velocity field at every point in Rf). The

stencils for the discrete Laplacian are presented in Chapter 5. Define

. AMush inside RY
¢~

0 in interior(Q2°) — Ri.
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Note that gj is defined at every point in the interior of Q°, but carries information
only about the vortices in Bl
(2) Superimpose these fields gl to form

= T g

i€ interior((1°)

(3) The velocity is then found by
i =(ah) g,

The work to represent the velocity field on the entire grid due to all the vortices is
broken down as follows: for each vortex, evaluate the exact velocity in a subset of
the grid; for each bin of vortices, evaluate the Laplacian in an even smaller subset
of the grid; for the whole domain (i.e., only once) solve the equation A*a = gno.
The details of how we solve the Poisson equation are described in Chapter 5.

For the local corrections part of the algorithm, around each grid point i define

si= |y B@™,
m:|/m-i|p<C
where C is called the correction radius, and typically falls in the range 1 < C < 4.
If the correction radius C and spreading radius D are the same then §i = Rl A
vortex p in bin Bl is defined as near to a vortex k in bin B¥ if Bl is in SK. Note
that p is near to k implies k is near to p (this is not necessarily true when AMR
is added to the MLC). The local corrections step is performed one bin at a time;
see Figure 3.2 for a picture of the two dimensional case: For each i such that Bl

contains vortices:
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(4) Define the interpolation stencil {X,},a@ = 1...,S5 where § is the number
of interpolation points. Compute by direct interaction the exact velocity at each
point X, due to every vortex n in Sj such that |x, — X,| > ¢, without core function

effects, and subtract this field from the existing velocity at these grid points:

0(Xe) = 0(Xo) -~ Y, K(Xa~—Xn)wn.

ﬂ:XnESi
Note that if C = D then this corrected field & satisfies A*& = 0, i.e., the field to be
interpolated is discretely harmonic.
(5) Interpolate this corrected field i from the interpolation points X, onto each
vortex p in B;:

u(%p) 1= I(8(X1), oy 6(X5); Xp)

After this interpolation, the velocity of every vortex in B; is due only to the vortices
outside Sj.
(6) Now add the velocity due to every vortex n in S to the existing velocity of

every vortex p in B; using K rather than K:

() = u(xp) + Y Ks(xp = Xn) wn.

n:Xn ESi

In two dimensions velocities are evaluated at the locations x; of the vortices; in three
dimensions recall that the vorticity is centered at the segment midpoints, but the

velocity is evaluated at the segment endpoints. Thus in three dimensions the final
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two steps would be written:

u(xg/B) = I(&(X‘),...,ﬁ(xs);xg'/a) + Z K&(ngs _ xf) o,

n:Xn GSi

where

0(Xo) = 0(Xa) ~ Y, K(Xa-x%)wn.

n:x,.esi
Although conceptually the algorithm is similar in two and three dimensions,
numerically it is more complicated in three dimensions. Rather than a 9-point
Laplacian we use a 27-point Laplacian; rather than a 5-point interpolation scheme
in two dimensions we require a 19-point interpolation stencil in three dimensions.
The stencils of the discrete Laplacian and the interpolation functions are presented

in Chapter 5.

3.2 Parameter Analysis

There are a number of parameters which affect the accuracy and cost of the
method of local corrections. We distinguish here between the error inherent in using
a vortex method to approximate the solution to the Euler equations and the error
which results from approximating the standard vortex method with the method of
local corrections.

The first type of error, that of the vortex method itself, depends on three param-
eters: 1) h,, the intervortex spacing (in two dimensions this is only one quantity; in
three dimensions, one may differentiate between the intervortex spacing in the plane

normal to the direction of vorticity, and the length of the vortex segments), 2) fs,
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the core function, and 3) At, the time step. The standard approach to choosing the
parameters tends to be that one first chooses as many vortex elements as compu-
tationally possible. One then selects a core function to give the desired theoretical
order of accuracy.

Since there is no grid in the standard vortex method, there is no CFL (Courant-
Friedrichs-Levy) condition, hence no limit on the time step due to stability consid-
erations. There is certainly a limit due to accuracy considerations; in practice the
procedure is to justify the choice of a time step by repeating the calculation at a
smaller time step and showing that the results do not change. There are other ways
to choose, such as requiring that a vortex not move farther than some fraction of
the intervortex spacing (in two dimensions), or that a vortex not rotate through an
arc more than some fraction of its length (in three dimensions).

The second type of error is that of approximating the standard vortex method
with the method of local corrections. This error can be separated into two parts: (a)
the error in representing the velocity on the grid, and (b) the error in interpolating
the corrected velocity from the grid onto the vortices. The first error results from
approximating the value of the discrete Laplacian of the velocity due to a vortex
element by zero away from that element; this error depends on the spreading distance
D. As D increases for constant grid spacing h, we make this approximation on fewer
points farther away from the vortex element, and thus in the limit as D for each
vortex covers the entire domain this error goes to zero. The second error results
from interpolation. For a constant grid spacing, h, as we increase the correction
radius C we are interpolating not only a smaller fraction of the total velocity field

(since the velocity we are interpolating is due to fewer vortices), but also a smoother
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function, since the corrected velocity is due only to vortices outside the correction
radius. Thus as C increases the interpolation error goes to zero, and in the limit C
= M, for a [0, M]¢ grid, the method of local corrections effectively reduces to the
standard vortex method.

We present several parameter studies in two dimensions. Consider first the error
in finding the velocity field on the grid. In Tables 3.1 and 3.2 we see the error
in the z-component of velocity on the grid for varying spreading distance D and
mesh spacing h. Table 3.1 shows the relative error in the z-component of velocity
at the point (.75,.75) (in a domain [0,1]?) due to a single vortex of unit strength
at (.505,.505). Table 3.2 shows the discrete relative L, norm of the error in the
velocity.

There are several conclusions we can draw from these tables. First, we see that
D = 1 does not give sufficient accuracy, but D need be no larger than 2 or 3 for
good accuracy. Recall that we need not seek accuracy in the MLC greater than that
of the vortex method itself.

Second, note that the error in both tables varies inversely with the mesh spacing,
so that the greatest accuracy in velocity is found on the coarsest grid. In the cases
of h= ‘18" D = 3 and D = 4, we see that the error is especially small; this we would
expect since the exact velocity is put on all points of the grid, the discrete Laplacian
is applied and then inverted, and the exact velocity field is regained to the specified
precision of the solver, which is 1071¢ in this calculation.

In Tables 3.3 and 3.4 are the relative point and L, norm of the error in velocity

due to a smoother distribution of vorticity, a circular patch of vorticity of radius .2

34



D=1 D=2 D=3 D=4
h=113.02x10"%4.51x107% 9.88x 1071 | 9.88 x 10°1°
h=2%]354x10"3|6.01x10°| 4.05x10™® | 6.30 x 10~°
h=42|247x 1072 | 1.02x 107* | 5.82x 1075 | 2.39x 10~°
h=2 | 293x107! | 6.51x 10™* | 8.20x 10 | 3.70 x 10~6

Table 3.1: Relative point error in u at (.75,.75) due to a single vortex of unit strength

at (.505,.505) as a function of spreading distance D and mesh spacing h.

D=1 D=2 D=3 D=4
h=11994x10"%|243x107%  1.16 x 1071% | 1.16 x 107!°
h=<1241%x1072 | 501x107° | 531 x 107® | 1.09 x 107
h=3|140x10"? | 9.3¢ x 1075 | 8.80x 107® | 1.94 x 10~°
h=21208x10"" | 441x107* | 1.30x 1075 | 2.89 x 107°

Table 3.2: Relative L, norm of error in u due to a single vortex of unit strength at

(.505,.505) as a function of spreading distance D and mesh spacing h.
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centered at (.5,.5). The original vorticity was given by

47(1 - 4R*)7 for R< 0.5
w(z,y,0)= ,

0 for R > 0.5

where R? = (z — .5)2 + (y — .5)%. We see here a slightly weaker dependence of the
error on h than for the single vortex. We do not include data for D =3 or D = 4
when h = % because the grid is too small to accommodate that large a spreading
distance around a patch of radius .2.

Note also from Tables 3.1 through 3.4 that for D > 2 the relative error is in
places an order of magnitude or more smaller for the smooth distribution than for
the point vortex.

Consider now the error due to interpolating the velocity field from the grid oato
the vortex locations. In the calculations for Table 3.5 we put the exact velocity
onto the grid points, and then measure the L, norm of the error in velocity at the
vortices, thus capturing the error due entirely to interpolation. The parameters for
the results in Table 3.5 are the same as for Tables 3.3 and 3.4, except that the
velocity is exact now on the grid, so D is effectively infinite.

In comparing Tables 3.4 and 3.5, both for smooth distributions of vorticity, we
draw two conclusions: (1) the error due to approximating the Laplacian of the ve-
locity on the grid is of the same order of magnitude as the error due to interpolation;
(2) the error depends more strongly on the correction radius C and the spreading
distance D than it does on the mesh spacing h.

In Table 3.6 we present results from (1], which show the relative error in vortex
locations after a finite time two-dimensional calculation with the method of local

corrections using different core functions, due to Chorin [22] and to Beale and Ma-
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D=1 D=2 D=3 D=4
h=3%|253x10"3]|5.59%x 10°%
h=L|257x10"%|4.82x 107% | 7.58 x 107® | 1.05 x 10~
h=4|747x107%|3.24x 1075 | 4.68 x 107 | 1.53 x 10~°
h=a |112x107%]3.22x107% | 4.21x 1075 | 1.57 x 10~°

Table 3.3: Relative point error in u at (.75,.75) due to a patch of vorticity centered
at (.5,.5), radius .2, as a function of spreading distance D and mesh spacing h. The
intervortex spacing is .01, the core radius is (.01)"", and there are 1257 vortices.

D=1 D=2 D=3 D=4
h=1%|8.76x10"*|2.47x 1075
h=4 |267x107%|210x107% | 2.36 x 107¢ | 1.12 x 10-®
h=:]704x10"*|3.08x107%|3.59x107% | 1.55 x 1076
h=4 |139x107% | 3.57x 1075 | 4.40x 107¢ | 1.71 x 107°

Table 3.4: Relative L, norm of error in u due to a patch of vorticity centered at
(.5,.5), radius .2, as a function of spreading distance D and mesh spacing h. The
intervortex spacing is .01, the core radius is (.01)7%, and there are 1257 vortices.

C=1 C=2 C=3
h=3%|914x107*| 4.45x 1075
h=4|268x107% | 550x 1075 | 1.44 x 1073
h=35]|679%1075 | 1.19x 1075 | 5.04 x 10~°
h=2 3.99 x 107 | 1.43 x 10~°

Table 3.5: Relative Ly norm of error in velocity at the vortex locations. Parameters

are as in Table 3.3.
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DIRECT C=D=1|C=D=2|C=D=3

Chorin core 8.36 X 1073 | 8.59x 103 | 8.35x 10~3 | 8.36 x 103

Beale-Majda core | 4.15 x 1073 | 4.32 x 1073 | 4.14 x 1073 | 4.14 x 1073

Table 3.6: L, norm of error in vortex locations at time ¢ = 1 using two different
core functions. Anderson [1].

jda [9]). The calculations are done first using the direct method, then with the MLC,

varying C = D. The core functions are:

Chorin:
1/(27ré) forr < é
fs(r) = ;
0 forr > 6
Beale-Majda:
e-—(r/&)2 r?
filr) = T2 - 1),

where r is the distance from the vortex. Here the original vorticity was as for
Tables 3.3 and 3.4, § = A%, the time-stepping procedure was 4% order Runge-
Kutta, and the time ¢t = 1 corresponded to a maximal rotation of one revolution.

We present this here to verify that the higher-order accuracy of the second
core function is in fact preserved by the method of local corrections for a finite
time calculation. In addition we see from Table 3.6 that the error of the solution as
calculated using the MLC does not vary with C = D here, and is essentially the error
of the solution as calculated using the direct method. We conclude from this that
the error inherent in the vortex method in fact swamps the error in approximating
the standard vortex method by the MLC for finite time calculations.

Baden [6] performed parameter studies of the method of local corrections in

two dimensions, varying the number of vortices, the mesh spacing, and the time
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N h At =0.1 At =0.05 | At =0.025 | At = 0.0125 | At = 0.00625
1005 | 1/30 [ 9.09x 1073 [ 4.57x 1073 [ 3.50 x 1073 | 3.24 x 10~> | 3.18 x 10~°
1/60 | 9.08 x 1073 | 4.56 x 10™3 | 3.49 x 1073 | 3.23 x 102 | 3.17x 1073
4020 | 1/30 [ 7.66 x 1077 [ 3.65x 107> | 1.48 x 1073 | 1.22 x 10™° -
1/60 | 7.66 x 1073 | 3.65x 10~3 | 148 x 1073 | 1.22 x 1073 -
direct | 7.66 x 1072 | 3.65x 1073 | 1.47x 1073 | 1.21x 1073 -
16043 | 1/30 | 7.17x 107> | 1.97x 1075 | 7.48 x 10~* | 4.83 x 1074 | 4.22x 1074
1/60 | 7.17x 1073 | 1.97x 1073 | 7.50x 10™* | 4.85x 10™¢ | 4.24x 107*
1/120 | 7.17x 1073 | 1.97x 1073 | 751 x 107 | 4.86 x 10~% | 4.25x 10~*

Table 3.7: L, norm of error in vortex locations after finite time as a function of
number of vortices N, mesh spacing h, and time step At .Baden [6].

step. The core radius was § = h-7®, and the correction and spreading distances were
C = D = 2. The initial distribution of vorticity was the same as used by Anderson
in the above calculation, and Chorin’s core function was used. The results are
displayed in Table 3.7. Baden’s results show:

(1) The time step At should vary proportionally with the intervortex spacing.
We define the optimal time step as the largest time step for which reducing the time
step does not significantly lower the accuracy. The choice of appropriate time step
can be inferred from the table by moving across a row and noting when decreasing
the time step does not appreciably decrease the error.

(2) Accuracy improves with decreasing intervortex spacing. Note that the im-
provement here is not large, because the original vorticity distribution is so smooth.

(3) Given a fixed number of vortices, the error is independent of mesh spacing.

Again we see by comparing the direct and MLC calculations ‘'with ¥ = 4020

that the error inherent in the vortex method swamps the error due to the MLC.

39



3.3 Comparison of Fast Vortex Methods

In this and the previous chapter we have discussed several different types of
fast vortex methods: cloud-in-cell, PPPM, multipéle method, and the method of
local corrections (MLC). These methods have several fundamental similarities and
differences.

The first distinction we make is between grid-based and non-grid-based methods.
Cloud-in-cell, PPPM, and MLC use a grid to represent the velocity field before it
is interpolated onto the vortices. The different multipole methods have no grid
representation of data; they only use a grid for sorting purposes.

The essential similarity between all the above methods is their reliance on the
regularity of harmonic functions. This regularity ensures that the solution to Pois-
son’s equation is very smooth away from the support of the right-hand side, and
therefore one can approximate the far-field effects with a small number of compu-
tational degrees of freedom with little loss of accuracy. The solution to Poisson’s
equation with a rapidly varying right-hand side may be rapidly varying near the
support of the right-hand side, but far away the solution is smooth regardless of the
singularities in the right-hand side or its derivatives.

All of these methods rely on this regularity to represent the field due to a collec-
tion of grouped “charges” by a smaller number of computational degrees of freedom
with good accuracy. In cloud-in-cell, PPPM, and MLC, the representation of the
field, whether stream-function ¥ as in cloud-in-cell, or u as in MLC, is on a grid.

In the multipole algorithm, it is the coefficients in the multipole expansions that
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determine the field; in Anderson’s Poisson integral method, it is the values of the
stream function at points on a circular ring.

It is interesting to consider a comparison with Fourier transforms and multigrid
as well. In using Fourier transforms, one is also representing physical data in another
space, here the spectral representation. If the data is sufficiently smooth, then one
need only keep the lower-frequency coefficients, and one has the same conceptual
representation as with the multipole expansion. To find the field due to a collection
of charges, one could find the first p terms of the Fourier series of the field due
to these charges, then evaluate that series at points in physical space. Since the
interaction of close vortices would need to be represented with higher frequencies,
one would need a way of correctly separating the near-field and far-field effects, just
as with all the fast methods. See Strain [52, 53] for a discussion of how to implement
a method based on Ewald summation and fast transforms of Gaussians and Fourier
series.

Multigrid also uses the concept that a smooth field can be represented accurately
in a coarser way than a rapidly varying field. The coarse grid transmits information
across the grid much more rapidly than a fine grid, since in this iterative method
information is only transmitted one grid point per relaxation. Multigrid can be
used to solve a Poisson equation with a rapidly varying right-hand side, but the
work is apportioned to make the solution as efficient as possible—relaxation on the
coarser grids captures the smoother components of the field, and the finer detail of
the solution is found on the fine grid.

The programming structure of multigrid and of the adaptive multipole-type ex-

pansion methods is virtually the same [2, 37]. In the adaptive multipole-type meth-
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ods one sweeps from finer to coarser levels, creating nested boxes to use as computa-
tional elements. In multigrid, one descends from fine grid to coarse grid and relaxes
on the grid at every step. Forming an element at one level by combining elements
from a finer level is equivalent to the restriction operator in multigrid. Creating an
inner approximation from potential values induced by an inner ring approximation
associated with a parent box in the multipole method is similar to the prolongation
operator in multigrid. There are two sweeps necessary in the multipole-type method;
first the creation of the outer ring approximations, then the evaluation of the inner
ring approximations; these we liken to the two sides of the multigrid V-cycle, first
going from fine to coarse grid, then returning from coarse to fine grid.

We will also see in later chapters that the MLC with adaptive mesh refinement
(AMR) fits very easily into the multigrid structure. The original MLC algorithm
represents all the information on a single grid, but with AMR we introduce multiple
levels, and keep the least smooth information on the finest grids, the smoother
components on the coarser grids.

The differences between multipole-type methods were mentioned in Chapter 2;
here we contrast a grid-based and a non-grid based method, i.e. the method of
local corrections and the multipole method. Note that the appropriate comparisons
are between the original multipole method and the original MLC, or between the
adaptive multipole method and MLC with AMR. Both of the latter have the same
degree of adaptivity, in that the data structure used to represent the field values
varies in fineness with the vortex spacing. In both cases the goal is to represent
as much of the field as possible in the “fast” way (by multipole expansion, or on

the MLC grid) within certain limits of accuracy, and thea to capture the remaining
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fine-detail structure of the field by direct interaction. The direct interactions are
done identically, the difference lies in how the smooth far field is represented.
Boundary conditions can be handled much more easily in a grid-based method.
We will discuss in Chapter 5 how to calculate the different types of boundary con-
ditions; here we want mainly to point out that with a grid representation it is fairly
straightforward to satisfy various boundary conditions (infinite domain, periodic,
or no-flow wall). To impose no-flow wall boundary conditions for a non-grid based
method requires conformal mapping, or solving Laplace’s equation on a grid and
interpolating the solution from the grid to the vortices. The elliptic solver and the
interpolation are already incorporated in the MLC, so no-flow wall conditions are
in fact trivial to impose. The same applies to periodic boundary conditions; on a
grid it is simple to “wrap” the values around the periodic direction, but without a
grid one must create image vortices in the periodic direction, requiring additional

computational effort.
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Figure 3.1: Grid showing Bl R, R?, for creation of g’ in two dimensions. Small dots
are vortices.

8 s' X«

~

Figure 3.2: Grid showing B!, S for local corrections in two dimensions. Small dots
are vortices, large dots are the grid points in the interpolation stencil.
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CHAPTER 4

MLC with Adaptive Mesh Refinement

4.1 Adaptive Mesh Refinement

Adaptive mesh refinement (AMR) is a technique for selectively refining the mesh
in a grid-based calculation. Using AMR, a base grid is maintained for all time and
new finer grids are added adaptively in time, overlaying regions of the base grid.
The motivation for adaptive mesh refinement is that for most problems the level
of refinement needed to capture important features of the solution can vary widely
throughout the problem domain. Certain areas in the domain where there is little
activity need only a coarse grid; other areas may need a very fine grid. In finite
difference calculations the penalty for using a single coarse grid is loss of accuracy;
the penalty for using a single fine grid is time—the cost of a single time step of a
three-dimensional finite-difference calculation will grow by a factor of eight for every
factor of two refinement.

AMR has been implemented in finite-difference codes [12], but never in the
method of local corrections. The automatic, adaptive mesh refinement strategy that
we use in this work was developed by Berger and Oliger [11] for hyperbolic equations
on rectangular grids. Earlier work was done by Bolstad [17] in one dimension,
and Gropp [33] for scalar problems in two dimensions. The algorithm has been

extended to three dimensions {15] and mapped grids (14, 16]. Here we consider
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only rectangular grids in two and three dimensions. For our algorithm, we use a
modified version of the code discussed in [12, 15}, a robust and efficient version
of the algorithm for time-dependent shock hydrodynamics. There has also been
considerable effort to use adaptive mesh ideas for solving elliptic equations using
finite difference or finite element approaches; for a review, see [43].

Adaptive mesh refinement is simple in concept, but nontrivial to implement. In
the simplest form of AMR, the basegrid is defined as the original uniform rectangular
mesh with mesh spacing h, and one first determines in what regions of the base grid
a finer mesh is needed. A grid with mesh spacing ﬁ-, m typically 2, is created in
these regions. One then determines what regions of the refined grid need refining,
- and a new finer grid is created if needed. This process of refinement can be repeated
many times in an iterative fashion. The questions whether to refine by more than a
factor of two at each level, how to properly nest the grids, and whether grids must
be rectangular, depend on the application.

Note that AMR does not adapt the grid by moving grid points into one region,
thereby leaving a coarser mesh elsewhere. With AMR, a refined grid is placed on
top of a region of the coarse grid, but the resolution in all regions never becomes
coarser than that of the original base grid.

The refinement criterion in finite difference calculations is an error measure based
on Richardson extrapolation. For these calculations one computes the solution on
a coarse grid and on a fine grid. If the difference between the solutions is above
a certain tolerance, €n,,z, the region is refined, and the solution is computed on a
new finer level. If once again the difference between the fine and finer solutions is

greater than €,,,,, the region is again refined. Regions aré refined until the difference
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between the solution at that level and at the next level of refinement is below the
tolerance. For AMR with the MLC, the refinement criterion is based on the number
of vortices per bin. We discuss this further in Section 4.4.

For AMR as used with the MLC, grid regions at each level must be rectangular.
We allow multiple rectangles per level, and in general, we allow these rectangles to
overlap. We define level £ points or grids as those with mesh spacing hy = ho/2%.
The set of all rectangles generated by the grid creation procedure at level ¢ defines
G¢, and we call

F4
GO:( = U G!

i=0
the composite grid at level £. See Figure 4.1 for a sample composite grid at level
2. Certain computations are performed on each rectangle separately; the Poisson
equation is solved on the composite grid for each level above and at the base grid
level. Note that “above” refers to a finer level, “below” denotes a coarser level.
Initially, the regions of a level £ mesh needing refinement are represented by a set
of flagged points at level £ 4 1; this set contains the points which must be included
in the grids generated at level £ + 1. The creation of the individual rectangles given
a list of flagged points is achieved using a modified bisection algorithm presented
in [13]. This algorithm aims to create as few rectangles as possible at each level,
to reduce the computational overhead and allow the longest possible vector lengths
for the Poisson solver, but each with at least a minimum efficiency, measured as
number of flagged points divided by number of total points within the rectangle.
The required efficiency is an input parameter, and in our cases has been in the range
50% to 30%.

The process of grid creation is described below in more detail. Assume that we



have a list of flagged points for each level £ up to a maximum level of refinement.

Starting with the finest level,

(1) Ensure proper nesting of the grids by flagging at the present level all points
lying under a grid at a level finer than the present level. (This does not apply at

the finest level.)

(2) Add buffer points around the currently flagged points at this level. The pur-
pose of the buffer zone in finite difference calculations of hyperbolic problems is to
ensure that discontinuities or other regions of high error do not propagate out from
a fine grid into coarser regions before the next regridding. In the MLC with AMR,
buffer points are necessary so that the full representation of the right-hand side due
to a vortex in a flagged bin can fit on the interior of the grid at that level, and
that local corrections can be done properly. This buffering step is actually done in
a slightly different manner for AMR with MLC than for AMR in a finite difference

calculation; this is discussed further in the next section.

(3) Define a cluster as the minimum rectangular box containing all the flagged

points (including the buffer points) at this level.

(4) Check the efficiency of each cluster at this level. If it is greater than the mini-
mum efficiency, check the next cluster. If this is the only cluster and it satisfies the
efficiency requirement, or if all of the clusters have at least minimum efficiency, go

to step (6).
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(5) Create new clusters. For each cluster which does not satisfy the efficiency re-
quirement, calculate the number of points in a cross-section of the cluster for each
coordinate direction. Then calculate an approximation of the second derivative of
this data, and locate the lowest value of the derivative, indicating a local mini-
mum in width of the rectangle. Repeat in each coordinate direction, and choose
the lowest value of this derivative over all directions. Bisect the rectangle along
the cross-section with the lowest value of the derivative. Two new clusters are now
created by taking the minimum rectangle containing all flagged points on each side

of the bisection. Return to step (4) to check these new clusters.

(6) Store each cluster as a part of the level £ grid in the data structure. Note
that these rectangles do not overlap but may share common boundaries. If cur-

rently at level £ > 1, return to step (1) for the points at the next coarsest level.

The bisection procedure in step (5) above is constrained not to create new clus-
ters with less than a minimum prescribed thickness. Also, if the procedure cannot
decide where to bisect, the cluster is bisected at the midpoint of its longest direction.

The data structures for AMR adapt in time with the evolution of the grids.
They allocate space for the solution vector in each rectangle independently, using
only the necessary amount of space. A pointer vector is also maintained, indexed
by the number of the rectangle it describes, containing the grid indices defining the
rectangle, and the pointers to the locations in memory where the solution and other

necessary values are stored.



4.2 MLC with AMR

The accuracy of the method of local corrections has very weak dependence on the
mesh spacing of the grid used to calculate the far-field velocity, as long as the mesh
spacing is sufficiently larger than the interparticle spacing. Thus, we can choose the
mesh spacing within limits by timing considerations; just how to do this is discussed
further in Section 4.4. The goal of AMR with MLC is to reduce the cost of the local
corrections by creating smaller bins in regions where the vortices are concentrated
while increasing as little as possible the cost of solving of the Poisson equation.

Adaptive mesh refinement introduces a hierarchy of grids, Gttt =0,... 0eas
with mesh spacing h? = h%/2¢. GO is the base grid and G%me+ is the finest grid. Only
GP covers all of Q9 the full computational domain.

Initially, the regions at level £ to be refined are defined as the bins at level ¢
(those centered on level £ grid points and with width h;) containing more than
Nmaz vortices; if a bin on a level £ grid contains more than N, vortices, then all
level € + 1 grid points which lie within or on the boundary of that bin are flagged.
In two dimensions, a single level £ bin needing refinement results in 9 flagged points
at level £ + 1; in three dimensions a level £ bin needing refinement requires 27 level
? 4+ 1 points to be flagged. This ensures that the bin at level ¢ will be completely
covered by the bins that are created at level £ + 1 . since the boundaries of bins at
level £ and at level ¢ + 1 do not coincide. How to determine N,,,, is discussed in
Section 4.4.

Once the grids G¢ are created for every level ¢, 0 < ¢ < {,,;, using the procedure

described in Section 4.1, we sort all vortices into sets V4 A vortex p is a level ¢
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vortex, and hence a member of V¥, if p is contained in a level ¢ bin which is in the
interior of G¢ and centered on a grid point more than b+ 1 level ¢ grid points from all
boundaries of G¢, where b = max(C, D). Note that not all level £ bins contain level ¢
vortices. The velocity due to a level £ vortex is represented on G%; this containment
criterion ensures that the method of local corrections can properly represent the
right-hand side of the Poisson equation and perform the local corrections correctly
for the level ¢ vortex on the level £ grid.

The method of local corrections is performed once on G%¢ for each level ¢. For
the level ¢ calculation, the right-hand side for the Poisson equation is defined using
vortices in V¢ only, and boundary conditions due to vortices in V* only are defined
" on the base level grid. The Poisson equation is then solved on G%¢, generating
a velocity field @™ on each G™, 0 < m < ¢, of the composite grid G%¢. Note
that because the Poisson equation is solved separately for each group of vortices
V¢, the right-hand side is only nonzero on G¢; elsewhere on G°¢ it is set to zero.
The velocity is then interpolated onto all vortices, with local corrections required
only on G¢. This procedure is repeated for all levels, £, 0 < £ < £.,,, adding the
contributions from each set of vortices V¢ until the velocity of every vortex p due

to vortices at all levels has been calculated. We can express the full algorithm as

lma:

u(x,) = Z “l(xp);

£=0
where

@t x) if m < ¢
¢ —
u'(x) =
TR %) + Trevek near Ks(X = Xp)or if m =,
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and

abt = gl - Z I{(X - Xk)‘-'-’k-
keVe k near

The level m at which the interpolation is done is the finest level such that m < ¢
and X, is in the interior of G™. The interpolation stencil I™ is composed of points in
G™ with spacing h,,. Note that p need not be in V¢ for the interpolation stencil for
X, to be I¢; vortices in V¢! which lie interior to and near (but not on) the boundary
of G* will use I‘. Note also that the vortices in V¢ correct only the velocity @ on
G*; grid points in G? are the only points within distance Chy of the vortices in V¢,

We discuss here the difference in the buffering step of the grid creation algorithm
between AMR for the MLC and AMR for finite difference calculations. For AMR
with the MLC, rather than adding buffer points around individual flagged points,
we add buffer regions around rectangles already created at each level. There are two
approaches to this buffering depending on whether we want overlapping rectangles.

In the first approach, which will generate nonoverlapping rect.angles, at each level
¢ we begin by performing steps (1) and (3)-(5) once, generating feasible rectangles
around the originally flagged bins. Next we add a buffer of b+1 level ¢ points in each
coordinate direction from the boundary of the rectangle, and flag all the points now
contained in all the rectangles, including the new points. We perform steps (1) and
(3)-(6) now with this new list of points. The new rectangles will not overlap, but may
share boundaries. We repeat the process for sequentially coarser levels until grids
at all levels £ > 1 are defined. The advantage of nonoverlapping rectangles is that
in the multigrid relaxation, we need not worry about transmission of information
between rectangles at the finest level of the composite grid. The disadvantage is

that the bisection algorithm may create a division in the middle of an originally
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flagged region, and thus vortices which would for overlapping rectangles be level ¢
vortices are instead level £ — 1 vortices. This will not worsen the accuracy, but will
reduce the savings of the mesh refinement.

The second approach is: starting at the top level ¢ = £,,,, perform steps (1)
and (3)-(5) once at level ¢, then add a buffer of b+ 1 level £ points in each coordinate
direction from the boundary of the rectangle once it is created by the algorithm.
After the buffer is added, define each newly enlarged rectangle as a grid, and repeat
at level £ — 1, until £ = 0. This will potentially create overlapping grids. The disad-
vantage is that solving the Poisson equation takes more iterations; the advantage is
that every vortex is represented at the highest level appropriate.

There is one exception to the buffering procedure: we allow the fine grid bound-
aries to exist at physical boundaries, without being buffered by intermediate grids.
This is necessary for the problems in which the vorticity extends to the boundaries.

The MLC with AMR is outlined in greater detail below, using the same num-
bering of steps as in Chapter 3. Once the grid hierarchy is created and the vortices

are sorted, for each level ¢, £ = 0,..., 8oz

(1) For each level ¢ bin B containing vortices in V¢, define

Ri:l - U Bm:l’

mmeG m-ijp<(D+1)

il _ m:é
Ry = U B¢,
m:meGtim-ilg<D

where the |:|g norm is defined such that |i— m|p is the minimum distance (in units

of the mesh spacing h;) between any point in B and any point in B™¢,
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(a) Compute by direct interaction the exact velocity at every level ¢ grid

point m in R¥ due to every level £ vortex n in B' with no core function effects:

ugt = > K(mhe—xp) wa.
nineVe x, Bl

(b) Calculate the discrete Laplacian on the level £ grid of this velocity field

at every point in RL¢. Define

. Aheyshe inside RY¢
gl:li =

0 in interior(G?) — RL¢,

(2) Superimpose these fields gi¢ to form

gG‘ = Z gi:t‘
i

(3) Solve the Poisson equation on the composite grid G*¢, with gG‘ as the right-
hand side, for the velocity @™ on G™ in G%¢. Multigrid relaxation on a hierarchical
mesh is described in Chapter 5.

Define for every level £ bin Bt

Si:l = U Bm:f_
m:meG!|m-i|jg<C
Then for each level j bin BYi at each level jy 7 = lmaz,...,0, define m as the
finest level at which B is fully contained in the interior of G™. Note that m =}
only if B is in the interior of G’ and not contained in the interior of any finer grid.

If BiJ is on the boundary of G? and not contained in any finer grid then m = j — 1.
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(4) Compute

4™ (X4) if j <€
ﬁl:m(xa) = i o .
ut:t(xa) - Zn:nEVl.XnGSi:‘ K(xa - Xn) wo = £
at the interpolation points {X,} on G™.

(5) Interpolate %™ from the interpolation points X, onto each vortex p in B;

which does not lie in a finer level bin in the interior of a finer level grid:
ul(xp) - Im(ﬁl.’:m(xa); xp)

Note that it is possible for two vortices in the same level 7 bin not to have the same
interpolation stencil, since one may lie in a level j 4+ 1 bin in the interior of G7t!
while the other lies in a level j + 1 bin on the boundary of G’*!. The first would
use the interpolation stencil I/t while the second would use I7.

(6) For only thos;:- vortices p in Bt using the interpolation stencil I, add the
velocity due to every level ¢ vortex n in S¥¢ to the existing velocity using Ky rather

than K:

uf(x,) := uf(x,) + > Ks(x, — Xp )

nneVe x,est!

There is a certain asymmetry in the local corrections calculation, because the
statement that vortex k is near to vortex p no longer implies that vortex p is near
to vortex k, since the definition of near depends on the level at which the vortex is

located. Thus it is possible that vortex k can be used tolocally correct the velocity
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of p, but vortex p is not used to correct the velocity k. This is in fact the correct
way to define the local corrections, since this asymmetry is present in the original
far-field calculation, and an asymmetric correction is appropriate. The correction
must be consistent with the construction of the initial velocity field: if the right-
hand side in the first step above is computed out to D level ¢ grid points, then the
local corrections should extend out C level ¢ bins.

The algorithm as described above applies in two or three space dimensions. The
savings gained by adding AMR to MLC is greater in three than two dimensions,
however, because the vorticity typically is concentrated in a smaller fraction of the

domain.

4.3 Error and Timing Results

When AMR is added to the method of local corrections, we see substantial
savings at large N. For few vortices, the direct method is more cost-effective than
MLC or MLC with AMR because of the overhead due to the presence of a grid, but
for many vortices MLC with AMR requires considerably less computational effort
than the direct method.

Table 4.1 shows the relative L, norm of the error in the velocity field at the
vortices in a three-dimensional vortex ring calculation as compared to the direct
method. The core function used here is that presented in Chapter 1, and § = h;"5.
We see very little variation in the error as the base grid and the maximum level of
refinement vary. The exceptions are: (a) on a uniform 8 x 8 x 8 grid the correction

radius encloses all the vortices, thus the error of the MLC relative to the direct
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Relative L, Error
LEVEL | 16232 vortices | 8011 vortices
8 1.6e-5 1.6e-4
8-16 1.9e-3 2.2e-3
8-32 1.8e-3 2.0e-3
8-64 _ 7.9¢e-4 8.8e-4
16 T 7.le4 7.8e-4
16-32 6.9e-4 7.7e-4
16-64 7.5e-4 8.2e-4
16-128 7;_6e—4 _
32 7.1e-4 7.8e-4
J2-64 7.5e-4 8.2e-4
32-128 7.6e-4

Table 4.1: Relative L, norm of the error for different levels of mesh refinement.
Calculations for a three-dimensional vortex ring of radius .1 around the z-axis and
cross-sectional radius .02.

method is very low, and (b) For a base grid of 8 x 8 x 8 with ¢, > 0, the error
is higher than for a base grid of 16 x 16 x 16 or 32 x 32 x 32 because there is some
loss of accuracy in the boundary conditions for the coarser grid, and this error is
transmitted to the velocity at interior points through the solution of the Poisson
equation.

The first column in this table specifies the level of refinement; “8” refers to a
uniform 8 x 8 x 8 grid, “8-32” refers to a 8 x 8 X 8 base grid with two levels of
refinement above that (so that the finest level has h = 1/32). The second column
is the relative L norm of the error for a ring with 8011 vortices, the third column
is the relative L, norm of the error for a ring with 16232 vortices. The ring has a
radius of .1 around the z-axis and cross-sectional radius .02.

Table 4.2 displays results of timing comparisons for a single velocity evaluation
at NV endpoints between the direct method, the MLC with a uniform grid, and

MLC with AMR. We see that at N & 3000 the MLC becomes faster than the
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Time (CPU seconds) (Grid)
N | Direct MLC MLC with AMR

1023 | .34 69 (8) 69 (8)
2016 | 1.48 | 1.83 (8) 1.83 (8)
3940 | 4.92 | 4.61 (8) 4.39 (8-16)
8766 | 24.2 | 15.8 (16) 11.1 (8-16)

17641 | 98.0 | 49.5 (32) 24.5 (3-64)
31988 | 322.6 | 105.7 (32) |  49.3 (8-64)
63759 | 1281. | 314.5 (64) | 104.3 (8-128)

Table 4.2: Timings for a single velocity evaluation using the direct method, MLC
and MLC with AMR, for calculations of a three-dimensional vortex ring. Timings
are on a Cray Y-MP with the ¢ft77 compiler.

direct method, and at NV = 64000 the MLC with AMR is approximately three times
faster than the MLC on a uniform grid, and over twelve times faster than the direct
method. All MLC with AMR calculations have a base grid of 8 x 3 x 8. The uniform
grid calculations use grids ranging from 8 x 8 x 8 for N < 4000 to 64 x 64 x 64 for
N = 64000; the MLC with AMR has refinement varying from £,,,, = 0 for ¥V < 4000
t0 €mar = 4 for N = 64000; these timings are for the optimal grid for each method.
Again these results are from vortex ring calculations; here the ring has a radius of .1
around the z-axis and cross-sectional radius .0275. All the calculations in Tables 4.1
and 4.2 have C = D = 1.5, a value found to give sufficient accuracy with this core
function in a variety of calculations.

All timings were done on a Cray Y-MP with the cft77 compiler. Note that we
would expect a vector machine to improve the performance of the direct method
relative to the MLC, since the direct calculation is simple and can be completely
vectorized. Thus, the savings from using MLC or MLC with AMR would be expected
to be even greater on a scalar machine. See Baden [7] for a discussion of how

vectorization affects the timings of the MLC in two diménsions.
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4.4 Optimal Refinement Criteria

The issue of where and by how many levels to refine the mesh in MLC with AMR
is an important one, because it is the correct choice of refinement which allows such
dramatic savings in cost and time. We saw in Table 4.1 above that the error in the
velocity evaluation is independent of mesh spacing within certain limits. As we will
see in Chapter 6, for a fixed C = D, using too fine a mesh relative to the effective
radius of the core function results in a loss of accuracy. The accuracy of the MLC
algorithm relies on the radius for local corrections being sufficiently larger than the
effective radius of the core function.

Ideally, we would like to have a very simple criterion for refinement, e.g., refine
whenever the number of vortices per bin is above Nppar, where N, is the same for
different levels and different distributions. Unfortunately, this is not a sophisticated
enough criterion when adaptive refinement is allowed. As can be seen in Table 4.3,
which presents the timings on a Cray Y-MP for different levels of possible refinement
in calculations of a three dimensional ring with NV = 17641, refining naively can make
the algorithm much more costly.

The first step in developing an algorithm for choosing the optimal mesh refine-
ment is determining which operations in the algorithm vary in cost as the mesh
spacing varies. Table 4.4 shows the dependencies for a velocity evaluation in the
MLC with a uniform mesh in d dimensions, assuming a uniform distribution of vor-
tices in a fixed region of the domain, as a function of number of vortices N, total
number of grid points, M, and number of bins containing vortices, M,.

Table 4.5 shows the CPU time for the different stages of the velocity evaluation
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LEVEL | Time (CPU secs)
8 71.4
8-16 52.7
8-32 29.1
8-64 24.5
8-128 31.8
16 49.5
16-32 31.9
16-64 27.7
16-128 33.0
32 53.0
32-64 49.4
32-128 40.7

Table 4.3: Timings for a single velocity evaluation with different possible refinements
of the grid for calculations of a three-dimensional vortex ring with N = 17641. Note
that 8-64 is the optimal refinement here; this was the timing seen in Table 4.2. The
time for the direct evaluation is 98.02 seconds. Timings are on a Cray Y-MP with
the ¢ft77 compiler.

Operation Cost is proportional to
Calculation of g% N, M,
Direct calculation of boundary conditions NM=T
Solution of Poisson equation Mlog M
Correction and interpolation of velocity field N
Direct local interactions ﬁ%

Table 4.4: Operation count for the MLC on a uniform grid with M total grid points,
M, bins containing vortices, and N vortices.

Time (CPU secs)

Operation 8-32 | 8-64 | 3-128 | 32

Calculation of g® ™ 14 | 1.8 | 39 | 14

Direct calculation of boundary conditions 3.2 | 3.2 3.2 | 103
Solution of Poisson equation 14 | 3.8 | 104 | 11.7
Correction and interpolation of velocity field | 6.0 | 86 | 10.7 | 6.8
Direct local interactions 176 | 7.2 3.3 | 19.5

Total time for full velocity evaluation 29.7 | 24.6 | 31.7 | 49.5

Table 4.5: Time per operation in the MLC, with three different levels of AMR and
for optimal uniform grid case. Timings are on a Cray Y-MP with the cft77 compiler.
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for three calculations using MLC with AMR and the fastest uniform grid calculation.
The initial data is a vortex ring with N = 17641, as for Table 4.3. In each case the
base grid is 8 x 8 X 8 (hence the cost of boundary conditions does not change), and
fmar varies from 2 to 4.

The “8-64" calculation is the fastest of the four, and we see that the savings
relative to the uniform grid calculation are mostly in solving the Poisson equation
(even though the top level of the refined mesh is finer than the uniform mesh), in
the local corrections, and in the boundary conditions. We expect the cost of the
boundary conditions to be proportional to the number of points on the boundary of
the base grid, but here the cost of the boundary conditions increases by less than a
" factor of 4 for a 16-fold increase in number of boundary points. This is due to the
fact that the vector lengths in this calculation are longer for the larger calculation.
Thus the time for the calculation is not a simple linear function of the total number
of operations.

The cost of calculating boundary conditions for the MLC can be reduced in two
ways: (1) by adding AMR so that the base grid, on which the boundary conditions
are calculated, can be kept relatively coarse, and (2) by implementing fast bound-
ary methods as discussed in Chapter 5. We defer further discussion of boundary
conditions to Chapter 5, except to note that the cost of boundary conditions is not
a strong consideration in the choice of ¢,,,, because the boundary conditions are
only computed on the base level grid. The boundary conditions must be computed
for every level containing vortices, but each vortex enters the boundary calculation
only once.

We now consider the cost of solving the Poisson equation and the cost of the local
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corrections. Assume a uniform distribution of vortices on a fixed region of a single
uniform mesh, with N, M and M, = fM as defined above, with f the fraction of bins
containing vortices. We show below that the optimal mesh spacing is that for which
the time for solving the Poisson equation and the time for computing the direct
interactions are equal. Alternately, maintaining the optimal level of refinement
requires keeping N/M constant.

The claim follows directly from writing the time to solve the Poisson equation as
Ty, = ¢y M log M, and the time for the local interactions as Ty = ¢coN?/(fM), where
¢y and ¢, are constants. We approximate M log M by M, and then the combined
time for both operations is T = T} + T2 = eiM + ¢;N2/(fM). The minimum of
T with respect to M occurs at M = N./c3/fc;. The values of T} and T, at this
minimum is are Ty =Th = N \/(q_cgw . Thus the minimum combined time occurs
when T} = T,, and the value of M such that 7" is a minimum is proportional to V.

In most cases it is not possible to find a mesh spacing such that the times to
solve the Poisson equation and to compute the local interactions are approximately
equal, but this analysis can serve as a general guide in choosing the optimal level of
refinement. Unfortunately, it is not in a very useful form, since we seek a value for
Npmar to use in refining individual bins.

The cost of solving Poisson’s equation using multigrid is proportional to the total
number of points P at all the levels of the multigrid V-cycle: P = zf.g;;(.a side /25)¢
where €,;n = logy, M4, for a grid in d dimensions with M4 points per side. This
can be approximated by the number of points on the finest level grid for uniform grid
relaxation, since the sum is dominated by the M .:iide term in that case. However,

when we evaluate the cost of using multigrid on a hierarchical refined grid, the



approximation may no longer be valid, since the finer levels will not necessarily
have many more grid points than the base level. For example, the cost of multigrid
on a uniform 16 x 16 x 16 grid is 8 times the cost of multigrid on a uniform 8 x 8 x 8
grid; however, if only half of the grid in each coordinate direction is refined above
a base grid of 8 x 8 x 8, then the cost of multigrid with the partial refinement is
approximately twice the cost of multigrid on the uniform 8 x 8 x 8 grid.

It is possible to derive a formula expressing the time needed to solve the Poisson
equation as a function of number of levels and sizes of regions of refinement at each
level, using the fact that the cost of multigrid is proportional to the total number
of points at which relaxation is being done. To evaluate the actual CPU time on
a specific machine, we must first perform sample calculations in a test problem to
find the values of the constants of proportionality which relate actual CPU time to
number of levels and number of points per level.

The earlier discussion of timings assumed a uniform distribution of vortices in
a region of the domain, and used this assumption to show that the time for local
corrections is proportional to N2/M,. For problems of interest, however, the distri-
bution is often very nonuniform, and not easily classified geometrically. For these
distributions we cannot express the time for local corrections before we know the
exact geometry of the distribution. However, given the locations of the vortices
at each time step, we can count the number of local interactions which would be
calculated, and thus at the time of execution get an estimate of the time needed for
local corrections at any given level of refinement.

The algorithm we propose is: at the beginning of a time step, for each possible

level of refinement evaluate the time needed to solve thé Poisson equation and the
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time to do the local corrections, using the operation counts and timings from the
machine on which we are computing. Find the lowest of these times, and choose the
associated level of refinement for the actual calculation. This process need not be
repeated every time step, since the geometry does not change significantly in a few
time steps, and the choice of optimal refinement is not sensitive to small changes in
geometry. See [2] for further discussion of this type of algorithm.

The difficulty with this method is figuring out which combinations of rectangles
to evaluate. The easiest option is to first count the maximum number of vortices
per bin at each level of refinement up to the maximum level allowed. Divide this
maximum into, say, four increments, and let N,,,, sequentially take the value of each
of these four numbers. For example, if we find for a given mesh spacing that there
are at most 120 vortices per bin, we would evaluate the cost of the algorithm with
Noar = 0, Nz = 30, Nppar = 60, Nppor = 90 at that level. For each case generate
a grid hierarchy, and find the operation count associated with the composite grid.
Then evaluate the times for these operations using the proportionality constants
established earlier, and compare the total times to find N,,,, which yields the fastest
calculation. In practice, we would not refine more than four or five levels above the
base grid, so the number of cases to be evaluated is limited.

The reason we choose to compare timings as described in the above paragraph
is that the alternative, trying to decide whether to refine each bin on a bin-by-
bin basis, is too complicated. Since the regions of refinement must be rectangles,
refining any one bin may have as a consequence the refinement of many other bins,
or alternatively it may have no consequence at all, since this bin would have been

refined anyway as one of the “unflagged” bins in a rectangle. Thus it is not practical

64



to use a bin-by-bin refinement criterion, and the method we use should be sufficient.

Figure 4.1: Sample composite grid at level 2.
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CHAPTER 5

Grid-Related Topics

The standard vortex method is a grid-free method; the method of local correc-
tions introduces a grid overlaying the vortices. Adaptive mesh refinement introduces
new complexity to the grid-related parts of the algorithm. In this chapter we de-
scribe in detail the parts of the algorithm which are defined on the grid: the two- and
three-dimensional discrete Laplacians; the two- and three-dimensional interpolation
stencils; the solution of the Poisson equation using multigrid, with and without

"AMR; and a variety of boundary conditions.

5.1 Finite Difference Stencils

5.1.1 Discrete Laplacian

In two dimensions, we use a nine-point stencil for the discrete Laplacian, which

is O(h*) for general u, O(h®) for harmonic functions:

1
(Ahu)i,j = m(-‘ZOu;J‘ + Uiy, + Uigrj +F Uit + Uij+1) +

Ui—1,j—1 + Uit1,j-1 + Uim1,j+1 + Uig1,j+1)

In three dimensions, consider the cube of points (i+s) = (¢ + 81,7 + 82,k + s3),
|si] < 1, immediately surrounding the point i. Define face points on the cube such
that |s1] + [s2] + |83l = 1. Similarly define edge points by |s1| + |s2]| + |s3]| = 2, and

let corner points be those satisfying |s1] + [s2| + |s3] = 3.
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Then the 27-point Laplacian can be written

1, 128 1 1 7
(Atu) = et D tigst o D st 3 Y i)

corner points T edge points face points

These formulae for the discrete Laplacians can be found in [27].
5.1.2 Interpolation Stencils

In the two dimensional MLC, Anderson [1] exploits the fact that the velocity
induced by a point vortex is a potential low field away from the vortex to construct
an interpolation function with a highly compact stencil relative to its accuracy.
Since the flow field is potential, the velocity components v and v are the real and
imaginary parts, respectively, of a complex analytic function, and thus we can use
a complex version of Lagrange’s formula for polynomial interpolation [30].

The complex interpolation stencil around the point (k,¢) that we use for two
dimensional calculations has five points, z,, = (k + i) + $m, where 53 = 0 + 01,
83 =1+ 01,83 = ~1+017, s4 =0+ 17, and s5 = 0 — 1:. The interpolation algorithm
is

5
(u ~1v)(z) = Z A Wy s

ma=1

where u,, = (u — iv)(2,) and

_ ?=l.i;£m(‘z - :f)
= — .
Hi:l,i#m(zm - Z,‘)

am

In three dimensions, the velocity field induced by a single vortex element is no

longer a potential flow field away from the support of the vorticity. However, the
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velocity is divergence-free, and the Laplacian of each of its components vanishes.
Buttke and Colella take advantage of these features to construct an accurate inter-
polation function with a compact stencil, and we present it below.

Consider that we want to interpolate a scalar function u onto position (zg, Yo. 20)
from an interpolation stencil centered at grid point (4,7, k) of a uniform grid with
mesh spacing h. Assume that (zo,yo,20) lies closer to (ih,jh,kh) than to any
other grid point. Define z = z9 — th,y = yo — jh,z = 2o — kh. We see that

|z} < %, ly] < -’2!, |z] <€ -’i} Using a Taylor expansion, we can write

u{zo, Yo, 20) = u(th, jh, kh)
+zuy + Yyuy + zu,
+3(22uzz + YUy + 2%Usz) + TYUzy + Y2Uyz + TIU:
+3 (23 trrg + Puyyy + 2u.2;)
+%($29umy + 2y Uzyy + T 2Usps + T2 s + YPzuyy + y2iuys)

+TYzugy, + O(hY)

where u, = %g-, Upy = 3%, Upyz = Za}%fé_z’ and so on. All derivatives here are
evaluated at (ih, jh, kh).

To create a fourth-order interpolation scheme, we must approximate the first
derivatives to O(h3), the second derivatives to O(h?), and the third derivatives to
O(h), since z,y, and z are of O(h).

Define
= Uipl gk+1 T Uip1, k=1t Uitl -1,k T Yit1,j+1,k
Sz F Uit gkl t Uicljk=1 F Uinij—1k T %io1,;+1.k

fo = (3 =57 + 2(uisr, ik — tim1,jx))/(12R),
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o .. . . , .
Sy = Uij4l k4l T Uier k=1 T Uikt 41k + Uinl 41k

Sy = Uij-1k+1 T Uigork—1 F Yitl,j-1k T Uiz1,j-1k

fy = (85 = sy + 2(uij+1k — vij-1,6))/(12h),

and
3: = Uil ket T i1kl T Uil jk+1 F Uie g k4
87 = Uij1k-1F Uijo1,k-1 F Uit1,jk—1 + Yiz1,jk-1
fo = (87 =87 +2(uij k41 — wijh-1))/(12h).
If we Taylor expand each term in the above expressions for f., f,, f: about
(th,jh,kh), we see by cancellation of the zeroth and all the first and second order
terms that these are third-order approximations to the first derivatives.

Now define
fer = (Uig1 ik + Uic1 kb — 2uijk)/h?

Foy = (Wi e + Uij-rk — 2uijk)/ B2

for = (Wijker + ®ij k1 — 2uij )/ h

fry = ((Wit1 501 = i1 j41,6) = (igrg-1k = Uio1j-1k))/(407)
Fro = ((Vig1 k41 = Uim1jks1) = (%it1,5 k-1 = Uim1yk-1))/(4R7)
fyz = (Wi jarher = wijmrhrr) = (Migarko1 — tig-14-1))/(4R°)

These are the standard second-order centered-difference expressions for the sec-
ond derivatives of a function.

Now, since we only need the third derivatives to be first order in A, we approxi-
mate uzzy by a centered difference in y of the above expression for f.r. The above
expression was second-order; by approximating the first derivative of that we lose
an order of accuracy, but first order is all we need. Similarly for the other third

derivatives. Thus
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Jzzy = (((%ig1 j+1,6— 280 j4+1,k +ui—1.j+1,k)“(ui-r-l.j—l.k“zui,j—l,k+ui—1,j—-1‘k))/(2h3)
fezz = ((Uig1 k41 = 25 j ki1 + im1 ka1 ) = (Uit kot = 2Uij k=t + Uim1 jk—1))/(2R%)
Fory = (it b1 =28 1k + Ui 1 b= ) = (Ui jm1 b1 = 28 otk F Ui 1 k1)) (2R7)
Forr = ((Wig15ke1 = 201 ik F Uit jb=1) = (Bim1 k41 = 2Uim juk + Uiz 5k=1))/ (2R
Fvr = (i1 41k = Ui ik F Uin1j=1k) = (Bim1 jo1 b= 2Uin1 ok + Uim j—1.k) )/ (2R7)

Fove = (Wi ja1derr — 2% 5 ka1 + i1 k1) = (Ui b1 k=1 = 2Ui ke + Ui jm1 k=1) )/ (2R)

.fzy:: = (((ui+1,j+1.k+1 - U{-l,j+1,k+l) - (U:’+1‘J-1,k+1 - ui—l,)—l,k+l))
—((ui+1,j+1,k—1 - u:’-l,j+l,k—1) - (u£+1.j—1,k-1 = Uie1,5~1,k~1 )))/(8h3)

In order to maintain a compact stencil (i.e., one contained in the 3 x 3 x 3 cube
surrounding the center point), instead of approximating u,,, by the first derivative

in r of u,,, we use the fact that u is harmonic to write

Ugzr = (ua:z)x = (_uyy - Uyz)r = —Ugyy — Ur:zz,

Uyyy = (uyy)‘y = (_urz = u:z,)y = =Uzry = Uyzz;

Uzzz = (uzz)z = (-ux:c - uyy)z = —Uzpz — Uyy:z.

Then the Taylor expansion becomes:

TI.(IL‘O, Yo, 2'0) = ’U,(Zh _]h A‘.h)
+Tur + YUy + zu,

1 2 2 e .
+§(:r2um + YUy + 2°U. )+ TYULy F YUy + TIUL



+%((3.’L‘2 - yz)yu:::y + (322 - 32)2'“:::2 + (31}2 - Iz)zuyyx + (3y2 - zz)zuyyz

+(332 - xz)zuzz: + (322 - yz)yuzzy)- + zYzury, + 0(h4)1

and the interpolation scheme, in terms of the above defined terms, can be written

u(zo, Yo, 20) = u(ih, jh, kh)
+zfe+yfy +2f
+3(2? foe + Y2 fyy + 22 fr2) + 2y fry + Y2y + 22 S
+3((32% = Y)Y fozy + (327 — 2%)2 frze + (3y® — &%) fiyz + (3y® — 2%)2fyy2

+(322 = 2Nz frox + (322 = Y2)Yfazy) + Y2 f2y: + O(RY).

5.2 Multigrid

The method of local corrections requires the solution of the Poisson equation,
ARG = g% on the domain Q°. We use multigrid [18] with Gauss-Seidel relaxation,
red-black ordering, and V-cycles to do this inversion. See {19] for an introduction
to and further description of multigrid techniques.

Consider the equation, Au = p, where A4 is a linear operator. In our problem,
A=Al p= gﬂo. Define u as the exact solution to Au = p, and v as the numerical
approximation to u. Multigrid is a multilevel relaxation method, i.e., it solves this
equation by iterating on the equation v™*! = v™ + A(Au™ — p), where ) is the

relaxation parameter and m is the relaxation counter, until v is sufficiently close

to the exact solution u. We define A so that the term vI™ does not appear in the

71



right-hand side of the equation for v[**!, i.e. A = —Co, where Cj is the coefficient
of the v; term in the definition of (A%v);.

Define e = u — v. Since u is an unknown, e must also be unknown; however,
e = 0 implies v = u, i.e., convergence of the numerical solution to the exact solution
of the original equation. Define the residual R = p— Av. Substituting u = v+e into
Au = p gives A(v + e) = p, and using the definition of the residual gives de = R;
this is the residual equation. Solving the residual equation is equivalent to solving
the original equation 4u = p. We will relax on the residual equation rather than
the original equation.

Two common relaxation methods are Gauss-Seidel and Jacobi relaxation; Gauss-
Seidel relaxation differs from Jacobi relaxation in that new values of v™¥! are used

as soon as they are created. In the Jacobi method, all values of v™*! depend only on

m+1 m+1

values of v™; in the Gauss-Seidel method, values of v depend on values of v
as well as values of v™. Red-black ordering refers to the order in which the uf* are
updated. Thinking of the grid in two dimensions as a checkerboard, we first update
all the red squares, then using the new values we update all the black squares. For
the standard 5-point Laplacian in two dimensions, using A as defined above, the
“red” points and “black” points decouple from each other, in that the values at the
red points depend only on the values at the black points, and reciprocally. For the
9-point stencil of the discrete Laplacian in two dimensions and the 27-point stencil
in three dimensions, the alternate grid points do not decouple.

The problem with single-level relaxation is that while high frequencies are damped

efficiently, low frequencies persist for many iterations. Multigrid was developed to

speed up the iteration process, and relies on the fact that what is a low-frequency

=
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mode on a fine grid is a higher-frequency mode on a coarser grid. Thus in a sin-
gle V-cycle of multigrid, residual equations are successively coarsened onto lower
levels, until 4e = R is solved exactly at the lowest level. Corrections e are then
interpolated back up to the finest level, where they are added to the solution wv.
Boundary conditions for the relaxation at coarse levels are homogeneous Dirichlet
if the original boundary conditions are Dirichlet; they are periodic if the original
boundary conditions are periodic.

In two dimensions, we define the coarsening operator [ C. such that Reoarse —

ICRfi“‘, for 1, 7 even:

R = TR + AR + RIS + RS + R

fi 1 1
+(Rz-;-7;ej+1 + R{-ﬁfj—l + R!f ’;CJH + Rtf";?) 1))

In three dimensions, recall the definition of face points, edge points, and corner
points from Section 5.1. Then we define the coarsening operator, I¢, such that

Rcoarse ICRjine, for i all even, by

1 . . . ,
‘i:;’;”e - é—;(SRijme + Z Rfme +9 E Rfme + 4 Z R}'me)

corner points edge potnts face points

The coarsening operator, I, is used for the residuals, but to coarsen the correction

or velocity we use a point-wise coarsening, P, such that
(Pe™); = e

We define the interpolation operator I¥ in the interior of a grid as simple bilinear



interpolation in two dimensions, trilinear interpolation in three dimensions.
Consider now a computational grid in d dimensions, [0, N]¢; define lpin =
log; N, and let hg = 1/N. In keeping with the notation of Chapter 3, we de-
fine Q% 0> € > £, as the €% level grid. Initialize v® = 0 in the interior of Q°; on
dQPC it carries the boundary conditions. The solution of A% 1% = p is then found as

follows.

RO := p — Ahoy0

While (|R%| < &)
e? := MGRelax(0, R°, ho)
10 = 20 4 €°
RO := p — Ahoy0®

EndWhile

Procedure MGRelax(¢, R, hy)
el =0
el = Relax(R(,e‘,hl)
If (£ > &pnin) then
he_y 1= 2h,
R:1 = IC(RE — AMeet),
et~! := MGRelax(¢ — 1, R hy_y)
ef 1= el + IFel-1,
e’ := Relax(R¢, ef, hy)
Endif

Return e’
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Procedure Relax(R’, ef, hy)
Repeat v times:
If (2., 4n) mod 2 = 0) then

ef := ef + A((Aree!); - RY)

Else
ei‘ = ef
Endif

If ((22_,in) mod 2 = 1) then

ef := ef + A((AMe); - RE)

5.3 Multigrid with AMR

When AMR is added to the MLC, we need to solve the Poisson equation on a
composite grid G%er, 0 < €,,p < €maz. The correct equations to satisfy on GOtr

are (recalling the grid notation from Chapter 4}:

Ah"op ultor = p‘"’P in interior(Ge“’P),
Areyt = pt=0, 0< < Liop In interior(G*) — interior(G**1),

w= Pultlo<i< liop In G.



Note that we do not attempt to satisfy any equation with A’¢ in the interior
of G**1; only the finest level equation possible is satisfied at any given point in the
domain. The equation containing Ak is satisfied on the boundary of Q**1,¢ > 0,
however, and this gives the appropriate matching condition.

Since the G® do not cover the entire domain Q°, we need to interpolate values
onto the boundaries of the G¢, ¢ > 0 during each multigrid V-cycle. We use a
fourth-order interpolation function, I2, on these boundaries.

A single V-cycle of the modified multigrid procedure is presented below, starting
from the finest level £ = ¢,,, of the composite grid G%%<r on which we are solving.
This procedure is initialized by setting v*,p® = 0 for 0 < ¢ < {4,,, except that ¥ is
set equal to the Dirichlet boundary conditions on dG°, and per is the right-hand
side induced by the vortices on the finest grid.

We note here that the multigrid procedure with AMR is very similar to that
starting with a uniform grid, with the exception that the solution »¢ is updated at
each relaxation on the boundaries G¢ as well as in the interior of G* for £ > 0. and

¢ is nonzero on G*. The corrections themselves carry the boundary

the correction e
conditions for relaxation at the finer levels. This is in contrast to the levels £ < 0 1n

multigrid, for which the boundary conditions are homogeneous Dirichlet.

Rlor = pleen — APtuop yliop
While (|R%?| < ¢)

f = Ztop

Rt = pt — Aheyt

While (£ > 0)
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el:=0
e! := Relax(R¢, el hy)

pi-l = P(vl + el)
{ IC(R! — AMe!) in interior(GY)
R-1 =

—Ahe—1 -1 in interior(G‘™!) - interior(G*)

£:=0~1

EndWhile

MGRelax(0,R?, hg)

v0 =00 4+ €0

While (£ < £,0,)
el := et + IFe"1 in interior(GY)
el := e + I%e*~! on 8G!
el = Relax(R?, e, hy)
vii= vl 4 et
£:=0+1
EndWhile

EndWhile

Although this is written above in nonrecursive form for clarity, in the actual

implementation relaxation at successively finer grids is performed recursively.

5.4 Boundary Conditions

For this section on boundary conditions, unless stated otherwise we assume that

all vortices in the domain are D 4+ 1 or more bins from the boundaries, where D is
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the spreading distance. It is possible to compute boundary conditions for vortices
near boundaries, but there are additional complications with the method of local
corrections for such vortices, since there are not enough grid points to adequately
represent the right-hand side of the Poisson equation. For a nonperiodic calculation
requiring vortices near boundaries we could calculate the velocities due to those

vortices using the direct method, and use the MLC for the remaining vortices.
5.4.1 Infinite Domain

The first boundary conditions we consider are infinite domain conditions, i.e. the
boundary conditions corresponding to flow with no physical boundary. We present

here two types of methods for computing these: direct and fast methods.

Direct Method

The direct method of computing the infinite domain boundary conditions is the
most straightforward. Simply evaluate the exact velocity at every boundary point
due to every vortex, using the velocity expression for the desingularized vortex. If
there are )V vortices and the numerical domain has edges of M points, then the cost
of this method is O(N M%) for a problem in d space dimensions.

A simple way to speed up the velocity calculation at the boundaries is to evaluate
the velocity directly at every other grid point, and interpolate the v;alocir.y onto the
remaining points using a sufficiently accurate interpolation scheme. However, this
calculation is still proportional to the number of vortices; below we present methods

which do not rely on the direct O(N M?~!) calculation.
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Fast Methods

With the direct method we use the infinite domain Green’s function for each
vortex to define the infinite domain boundary values; for the fast method, we use
a different potential theory approach. Consider the computational domain Q with
boundary 9Q, on which we want to find infinite domain boundary conditions. The
fast method can be summarized as follows: (a) solve the original Poisson equation on
a domain Q7, Q7 = Q or Q7 contained in {2, with homogeneous Dirichlet boundary
conditions on 9Q7; (b) define a surface S equal to or interior to Q" and interpolate
the values of the solution onto S if § # Q7; (c) extend the solution harmonically
exterior to S; (d) compute the jump in the normal derivative of this extended
solution on S, and define this jump as the surface “charge”; and (e) evaluate the
field exterior to the surface due to the surface charge.

Note that the boundary conditions for the initial solution of the Poisson equation
need not be homogeneous; they may take any value. The key to this method is that
the jump in the normal derivative of the solution to the original Poisson equation,
extended harmonically, is equal to the surface potential induced by the imposi-
tion of Dirichlet boundary conditions which were not the infinite domain boundary
conditions. If the original Dirichlet boundary conditions were in fact the correct
infinite domain boundary conditions, then the jump in the normal derivative for the
harmonic extension of the solution would be zero. The field due to this single-layer
potential exterior to S is exactly the field due to the original “charges” (the vortices)
in the interior. Thus, knowing just the surface potential we can compute values of
the fleld due to the vortices at any point exterior to this surface.

We present two ways of implementing this method: first, for Q" # Q and § =
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90", second for 07 =  and S # Q7. Let G be the grid in Q with spacing h. In the
first approach:

(1) Create a grid G” centered in  with mesh spacing h, = nh, n in the range
9 to .95.

(2) Create the right-hand side g ~ u"¢ in G” using the procedure described
in Chapter 3.

(3) Solve Atn = g?” on G” with {i = 0 on 8G".

(4) Extend @ to be zero outside 07, and compute p = d0/IN|outer — U/ INinner,
the jump in the normal derivative, at all points on dG"7. Note that the constant
function with value zero is the harmonic extension of the solution, and since 4 = 0
on and exterior to 90, /97 |outer = O.

(5) Approximate numerically the integral

u>(x) = % /';m p(x)G(x — x")dx/,

where G is the infinite domain Green’s function of the Laplacian, x is on 29, x' is
on 30" The values of U™ are the correct infinite domain boundary conditions on
Q.

This method requires creating an additional right-hand side, solving the Pois-
son equation on G", and numerical integration of O(4M2(4=1)) work, where M is
the number of grid points per edge. The second implementation does not require
creation of an additional right-hand side, but does require additional interpolation.
In this approach, which uses only the original grid G, we create g on the original
grid once for both the boundary calculation and the final yelocity calculation. then

(1) Solve Afl = g® on G with @i = 0 on 8G.
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(2) Interpolate values of @ from interior points of G onto a surface S (circle in
two dimensions, sphere in three dimensions) defined in the interior of Q.

(3) Use Poisson integrals in two dimensions, spherical harmonics in three dimen-
sions, to extend the field harmonically outside S. Define F as @ interior to and on
S, and as the harmonic extension of @i exterior to 5. Define p as the jump in the
normal derivative of F : p = 9F/9n|,yuer — OF /0n|inner o0 S.

(4) Approximate numerically the integral

u®(x) = % /S p(x')G(x - x')dx’,

where G is the infinite domain Green’s function of the Laplacian, x is on 99, x’ is
on S.

What makes the fast method faster than the direct method is the fact that one
substitutes a calculation whose cost is proportional to the number of vortices for a
calculation whose cost is proportional to the number of grid points on the boundary.

For N much larger than M the savings can be substantial.
5.4.2 Solid Wall (No Flow) on Regular Domain

Solid wall boundary conditions are straightforward to implement; the procedure
is as follows.
(1) Compute the infinite domain boundary conditions, u®™, by any of the meth-

ods above.
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(2) Solve A¢ = 0 with Neumann boundary conditions,

where 8/8n is the normal derivative, n is the unit normal facing in the positive
coordinate direction.
(3) Compute u¥F = V¢ on the boundaries, using one-sided derivatives since ¢

is defined only on the interior and the boundary, then define

wall . NF

u u- 4+ u

Note that u®? satisfies u¥s# . n = 0 at each boundary, and the tangential com-
ponents correctly represent the sum of the vortex-induced velocity and the potential

flow.
5.4.3 Fully Periodic

Fully periodic boundary conditions are perhaps the simplest to implement, be-
cause we effectively need no boundary conditions, just a wrap-around rule. On a
[0, N]? grid, we keep only NV independent values in each direction, and require the
values at i = N to equal the values at ¢ = 0, and similarly in the other coordinate
direction(s). Thus, for the relaxation at every level of the multigrid V-cycle, we use
the above substitutions when the boundary values are needed. We also modify the
relaxation procedure to relax on the residual equation on the boundary points as

well as in the interior, since for periodic boundary conditions we allow vortices in



all bins, including boundary bins.

Local corrections are done with wrap-around as well; for example, a vortex in
the (¥, j) bin (in two dimensions) is within the correction distance of vortices in
bins close to the (0, 7) bin as well as vortices in bins close to the (N, 7) bin, since bins
centered at (0, 7) and (N, j) are physically equivalent. Finally, we allow vortices to

leave the domain through a boundary and reenter it through the opposing boundary.

5.4.4 Walls with Periodic

Consider now mixed no-flow and periodic boundary conditions. Let there be
walls at z = 0 and z = 1, and let the domain be periodic in the other coordinate
direction(s). We consider the three-dimensional case for most generality. Again, the
walls induce a potential flow, as does the periodicity, but in this case we need not
solve for the potential directly, rather we are able to alter the boundary conditions
to incorporate it implicitly. The steps are as follows, for u = (u, v, w).

(1) Solve Au = g,, where g, is the component of g? in the z-direction, with
periodic wrap-around in the y- and z- directions, and u = 0 on the z=constant
boundaries. This satisfies the no-flow condition at the wall.

(2) The vorticity at the wall must be zero since the flow is inviscid, so substituting
u(0,y,2) = u(l,y,z) = 0 into the definitions w, = Ow/dz — Su/dz and w, =
du/dy — Ov/dz, we get 8v/dz = 0 and Sw/dz = 0 at z = 0 and z = 1 since
O0u/dy = Ou/8z = 0 there. Thus, simply solve Av = g, and Aw = g,,, with periodic
wrap-around in the y- and z- directions and Neumann conditions dv/dz = dw/dz =

Qatz=0and z = 1.
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We treat vortices near the periodic boundaries as described in the previous sec-

tion; we do not allow vortices near the walls.
5.4.5 Mixed Periodic - Infinite Domain Conditions

While it is straightforward to implement mixed wall-periodic boundary condi-
tions, it is much more difficult to find the correct wall-infinite domain and periodic-
infinite domain conditions.

The approach most commonly used to generate fully periodic or semi-periodic
boundary conditions is to actually place particles, in this case vortices, outside the
original computational domain and include the effect of these particles directly. Of-
ten three or fewer additional domains are added. This approach does model the
local part of the periodicity, but does not capture the full far-field effect. The phys-
ical problem effectively has an infinite number of images, and the sum is not rapidly
convergent. Methods using Ewald summation and Fourier series can accurately rep-
resent the field from a true periodic distribution of vorticity, but the method as
developed by Strain [52, 53] works only for distributions periodic in all space dimen-
sions. Below we present methods for deriving the correct boundary conditions, in
two then three spatial dimensions, for a vorticity distribution which is periodic in

only one dimension.

Two Dimensions
For mixed periodic-infinite domain boundary conditions in two dimensions we
use a slightly different approach than that used for the fast method in Section 5.4.1.

In the fast method for infinite domain boundary conditions, we found the single-
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layer potential on a surface surrounding the vortices which was used to represent
the field exterior to the surface due to the vortices. We used the harmonic extension
of the original solution to calculate this surface potential. Here, we also extend the
original solution harmonically, but rather than computing a line charge as a jump in
the normal derivative of the extended solution, we use matching conditions to find
the correct harmonic functions so that there is no jump in the normal derivative.
The sum of the original function and these harmonic functions is then the correct
solution of the original equation with infinite domain boundary conditions. This is
a variation of the method presented in [3].

Consider the domain Q = [0, 1]2; we seek the solution 1o Au = f with periodic
boundary conditions in the y-direction and infinite domain boundary conditions in
the z-direction. For the MLC, u and f would be @i and g®, respectively.

In a two dimensional domain, given values of a function € on a single line z = a
which is periodic in 'y, we can* define harmonic functions for ¢ > a and z < a such
that the values of the harmonic functions on z = a are equal to the values of ® on

r=a:
o
¢R(CL‘, y) - Z éke2«ikye—-2ﬂik((x—a)
k=—00

for z > a and

$h(z,y)= 3 Biermkverrikiiz=e)

k=—o0

for z < a, where

~ 1 .
b= [ a(y)e vy,
0

Computationally we work with finite sums, so we redefine the limits in the above

85



sums as k = —M to k = M. To capture M Fourier modes we need J = 2M + 1
physical points.

The procedure for finding the boundary conditions is as follows. Given a right-
hand side f, we first solve Au = f with homogeneous Dirichlet boundary conditions
in the z-direction and periodic boundary conditions in the y-direction. We then
interpolate u to define g?"’ = u(Az,jAy), g9;7 = u(l — Az,jAy), Az a small
parameter, Ay = 1/J.

Next, we construct four functions as follows:

M
Q')(f){(x’y) - Z stROe21ukye—-21r|k|z forz > 0
k=-M
M -~ .
o8 (z,y) = Z pROemiku AT for £ < 0;
k=-M
M N )
C ez, y)= D ofte?mRvem -l for p > 1;
k==M
M -~ . i
¢{‘(I,y) = Z pELemky 2mkl(z-1) for ¢ < 1,
k=-M

with ¢R0 L0 BRI and ¢L1 to be defined by the matching conditions. Define

J
S0+ __ O+ 27ikjA
9k “ZQJ' er sy,

i=1

J
Al= _ 1— 2wk A
9 ——Zgj € 12y,
=1

J

ak(z) = Y u(z, jAy)e? ™Ry,
i=1 ‘ T
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Now define F(z,y) =

45%06%11:!1‘ + ¢£1e2"|’°|(1‘-1) forz <0
M
z Fk(x)eQriky — e‘2m’ky ¢kROe—27r(k[:r: + ¢£le21r|k|(r—1) + '&k(ll) for0O<z<1
k=—M
¢kROe—21r[k[z + ¢kﬂle-2"|k|(1—1) forz >1

The matching conditions for infinite domain boundary conditions require that
the function F and its normal derivative be continuous at the boundaries. We can
impose these matching conditions on the Fourier coefficients Fi(z) independently
since all functions have the same y-dependence. The conditions are as follows (re-
calling that v and therefore i) are zero at z = 0 and at z = 1):

1) continuity at z = 0

i) continuity at z =1

ZR1 L1,
¢k = ¢k )
171) continuity in normal derivative at z = 0

Buk

27 |k|$L° = Bz

|.’L‘=0 - erklé’kROy

1) continuity in normal derivative at z = 1

auk

—2m k(6 = ——

(.7::1 + 27""""2’%1

Solving this system of four equations in four unknowns and defining the derivatives
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dug) G0 dw _0-g"
dz '==0 Az ' 9z =t Az
we find
) 1 g0t
Lo RO Ik _
¢k ¢k 41r[k| Axe

At £ = 0 and at z = 1, the correct boundary conditions are

M
umzzed(o’ y) = Z (¢§0 + ¢£1€-2xikt)82mky,
k=M

M
umwed(l,y) = Z (¢foe-—‘2r§k£ +¢)£l)e2mky,
k=-M

and the final solution is

M
um:red(z’y) = Z (¢§Oe—2ﬂ|k|z +¢€1€—27\'|ki(1-x) +’&k(3}))€2mky’
=-M

for0<z<1.

Three Dimensions

Consider the equation A*u = g in three dimensions on a domain  with bound-
ary 9Q. We use an extension of the fast methods presented in Section 5.4.1 to find
boundary conditions on 9Q which are periodic in the z-direction, infinite domain
in the z- and y- directions. Here, we perform the same initial steps (a)-(d) as in
that method, to the point of finding the charges on a surface S in the interior of Q
as the jump in the normal derivative, with the exception that we solve the Poisson

equation on {27 using boundary conditions which are periodic in the z-direction and
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homogeneous Dirichlet on the other boundaries, rather than homogeneous Dirichlet
on all boundaries. Again we can use either of two approaches: define 2" interior to
Q and let S = 90", or define Q7 = Q and let S be a right circular cylinder interior
to Q.

Once we know the surface potential p on S we want to find the field due to a
periodic extension of p in the z-direction. For simplicity, first consider a charge p at
xp only, where xo = (zo, Yo, 20) lies on S. The field due to this charge and all of its

periodic images in the z-direction is the infinite sum,

o0

p
u(:r, ¥, z) = 4_7r E 1/1‘35,
1=1

where r3; = \/(z = 20)2 + (y —%0)* + (¢ — 20 - J)*.

This function u(z,y, z) is periodic in z; its Fourier transform in z is

1 .
in(z,0) = 2= [ u(z,y )7 dz = Ko(rak),

where Ky(rok) is the modified Bessel function of order 0 and parameter ro, rp =

V(z — 29)? + (y — ¥o)?. Then the field due to the periodic charges can be approxi-

mated by the finite sum

J

J
u(z,y,2) = Z a(z,y)e*? = z Ko(rak)e* s,
k=-J k=-J

where J is the number of Fourier modes, M, = 2J + 1 is the number of grid
points on JQ in the z-direction. Thus, for a line of M, sources of strength p; at
x; = (2o, Y0, 20 + JA2), = 1,...,M,, on S, the velocity induced by those sources

and all of their periodic images can be expressed in terms of M, sums of modified
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Bessel functions:

1 M: J .
U(Jt, Y, Z) = 4—7; Z Pn Z I(O(rﬁnk)e‘kzy
n=1 k=-J

with 72, = /(2 — 2,)? + (y — yn)?. Thus, rather than numerically calculating the
convolution of the charges on S with the infinite domain Green's function, we nu-
merically calculate the convolution of the charges on § with this periodic Green's
function, the sum of modified Bessel functions.

Because the location of all of the points on dQ" and S are constant for all time,
these Bessel functions need only be evaluated once at the beginning of a calcula-
tion and then stored, rather than evaluated at every time step. Also note that by
reflection symmetry in the z — y plane, we need only do (3?)(4M?) evaluations
rather than the full (4M?)? evaluations, where M = M, = My, =M, ie M isthe

number of grid points in each coordinate direction.

5.4.6 Mixed Wall-Infinite Domain Conditions

Mixed wall-infinite domain boundary conditions are a special case of periodic-
infinite domain boundary conditions. Consider a physical domain [0, 1] x [0, 1] in
two dimensions; we want to find boundary conditions which are no-flow in the y-
direction and infinite domain in the z-direction. Let the domain contain vortices
wi, ¢ = 1,..., N located at x;. Define new vortices w; in the domain [0,1] x [1,2],
such that w; = —w,_n, (z;,¥) = (£;-~7,2 = ¥;-~), ] = N + 1,....2N Define
Q =[0,1] x [0,2], and compute periodic-infinite domain boundary conditions on Q
using techniques from the previous section. The boundary conditions on [0,1]x [0,1]

are now infinite domain in the z-direction and no-flow in the y-direction. Once the
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boundary conditions are found, the rest of the velocity calculation may be com-
pleted considering only the original vortices. The extension to three dimensions is

straightforward.
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CHAPTER 6

Three Dimensional Results : Stability of a
Vortex Ring

6.1 Vortex Rings

The vortex ring has been studied analytically, experimentally, and numerically.
Analytically, linear stability theories indicate that a thin vortex ring is unstable to
certain azimuthal bending waves around its perimeter (56, 57, 58, 51]. Experimental
observations support this prediction [44, 435, 46, 42, 55]. The most complete numer-
ical study of this problem using vortex methods is by Knio and Ghoniem [39], and
we directed our initial studies for comparison with theirs. Knio and Ghoniem study
a ring using the direct O(N?) vortex method for vortex segments with third-order
exponential core functions. They do a study of the thin tube approximation, repre-
senting the vortex ring as a single filament of finite radius, as well as discretize the
ring with multiple filaments.

Consider a vortex ring of radius Ry, symmetric about the z-axis. The intersection
of this torus with the y-z plane is two disks of radius o, centered at 2 = £ Ry (see
Figure 6.1a). The ring is discretized by first placing points at different radial stations
within the cross-section centered at z = Rp; the positions of these points for the
different discretizations are shown in Figure 6.1b. (The meshes are labeled in Figure

6.1b according to the labeling in [39]; Mesh KG:II and KG:III are, respectively,



Meshes II and III in [39].) Then a circular filament whose center lies on the z-
axis is passed through each of these points, and each filament is discretized using
a finite number of segments. We define our computational domain as {0, 1]%; in all
our calculations Ry = 0.1 and o/Rg = 0.275. The base grid in all calculations using
MLC is 8 x 8 x 8, and C =D =1.5, unless otherwise noted. The other parameters
for all the calculations are shown in Table 6.1.

We examine the time evolution of perturbed vortex rings. The unperturbed core
has an exponential distribution of vorticity, Q(r). In all calculations the perturbation
is imposed as a displacement of the vortex segment endpoints in the radial direc-
tion (radial from the z-axis, not the center of the cross-section), sinusoidal in the
azimuthal angle with wavenumber n. The amplitude of the perturbation is .02R,,
and is coplanar with the original unperturbed filament.

Rather than the core function presented in Chapter 1 we use the core shape
function proposed by Leonard [41] and shown to be second-order by Beale and
Majda {10], which was used in [39]:

3 3
= —=_=(r/8)
fs(r) = 53¢ :

where 6 is the core radius of the segment. We again require that the integral of the
core function over the region of its support be unity; this accounts for the 4—335 seen
in the expression. The velocity field u = K; xw at x due to a single vortex segment

with center at xo, circulation I' and length ¢ = (¢;,¢,,£.) is then

1 — e~(r/8)

u = I‘—W(Q(Z - 2p) - (y -3/0))
i~ e—(f/6)3

v =T————(l(z — 2o) — £:(z ~ 20))

4773
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w = T————=—(l(y - %) — &y(z — 20))

In order to compare our results directly with [39], we define the remaining pa-
rameters appropriately, so that the dimensionless quantities a/Rg, Ar/ Ry (for the
first calculations presented), ¢/ Rg, and Q(r)At are the same in our calculations as
in [39]. In fact, we use the same values of At (At = 0.1 for N = 2000 calculations)
and Q(r), so that the results can be more easily compared. The initial analytic

vorticity is
e—{"/")a

o2a

k]

Qr) =

where a = (16007 /3)7(2/3) = 2268.85; the total circulation in [39] is 2 and in our
calculations is 2/1600, since the circulation is proportional to the cross-sectional
area, and Rg = 4,0 = 1.1 in [39] while in our calculations Rg = .1,0 = 0.0275.

In setting the circulation of the individual filaments, we first sought to compare
directly with [39], so we followed their approach. The circulation of each filament

was found by solving the linear system of equations,

N
w(x,0) =Y Tils fs(x — x,(0)) (6.1)
=1
at each vortex midpoint x = x;,j = 1,..., V. This discretization will be discussed

further in the next section.

The dynamics of a steady unperturbed vortex ring are relatively simple. The
ring translates along the z-axis (in the positive z-direction for Q(r) > 0) with a self-
induced velocity proportional to the circulation of the ring. In addition, the core

rotates about its center; a filament initially at ¢ = 0 with total length 27(Rq + r),
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is at some later time at ¢ = 7 with length 27(Rg — 7); still later it will return
to its original position and length. Similarly, all filaments move about the center
of the core, but maintain their relative radial positions. A vortex ring translating
at constant velocity and with a constant shape is a steady solution of the Euler
equations.

To accommodate the translation of the ring numerically, at every time step in
our calculations we calculated the average value of the z-coordinates of all vortex
segment midpoints, then subtracted this value from the z-coordinate of every end-
point and midpoint. Thus the vortex ring stayed centered in the [0,1]® domain.
This meant that the ring did not translate relative to the computational mesh; in
future we will instead recenter the ring once it has moved a full mesh spacing.

When the ring is perturbed in the radial direction with a sinusoidal perturbation
of a stable wave number, the perturbation moves around the ring but does not grow
in amplitude. The frequency of the rotation of the perturbation around the z-axis
is low at small wavenumber n, grows to a maximum, then decreases again as n
approaches the neutrally stable wavenumber, n,,. These modes n < n,, are linearly
stable. At n = n, the perturbation neither grows nor rotates. When a perturbation
of an unstable wave number is imposed, the perturbation is a standing wave and

grows in amplitude.

6.2 Presentation of Data

In this chapter we present the data in four different formats. The first is three-

dimensional pictures of the vortex filaments. While these ‘give a good sense of the
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overall dynamics, they are not quantitatively useful.

The second format is histogram plots of the amplitudes of the Fourier modes in
8 of the radial displacements of the centers of the vortex segments. The histograms
represent the unweighted averages of the amplitudes of the modes over all filaments.
Initially the vortex segments were evenly spaced in the #-direction; at later times
the segments have moved and some have split. After vortex splitting had occurred,
we measured only the radial displacement of the centers of the original segments,
trying to maintain data points as evenly spaced as possible in the #-direction. The

amplitude of the k** mode was defined as:

JV,“ Iastseg(i!;;)

1 2 Pj 2mijk/N
ar = Re D2 g2my /Naieg ,
k Ny Z (N,.,g _ Z R, )

1 ipa=1 _;-_-.jz’r:t:eg(iﬁt)

where p; is the distance of the center of segment j from the z-axis, Ny is the
number of filaments, and V,., is the original number of segments per filament. We
see in the long time calculations, using MLC or the direct method, that this method
of representing the data generates misleading plots after repeated vortex splitting
has occurred. The late-time histograms show all other modes being introduced at
close to the same amplitude as the n = 12 mode, yet in the three-dimensional views
a 12-fold symmetry is still present. These additional modes are seen at the same
amplitudes when the transform is taken using segment bottoms rather than centers.
Looking more closely at the histogram data, we see that the unweighted averaging of
the data over the filaments cloaks the symmetry that is in fact present in most of the
filaments. In the N = 2280 calculation, for example, 13 of the 19 filaments exhibit
only the n = 12 mode, yet the remaining 6 filaments, all at the outer radius, exhibit

all modes. By taking the unweighted average we lose this information. The presence
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of the additional “noise” correlates with the stretching undergone by each filament:
the 13 filaments with the n = 12 mode only all have fewer than 270 segments per
filament at ¢ = 120, the other 6 filaments all have more than 320 filaments, some as
many as 480 segments per filament. Each filament began with 120 segments.

Thus we observe that although these histograms represent useful information for
early times, after repeated vortex splitting they oversimplify the results, obscuring
the significant features. A more sophisticated analysis of this data is required.

In order to follow the time evolution more easily, we also present plots of am-
plitude vs. time for the single most unstable mode in the calculations. These plots
are based on the same data as the histogram plots.

The fourth type of plot is of the intersection of the vortex filaments with the
6 = 0 plane. Although this does not represent the full dynamics of the ring—for that
one would need many cross-sections—it does give an idea of the distortion of the
originally smooth Lagrangian mesh. In these plots the vertices of each polygon are
the filaments, and filaments which began at the same radial station are connected

by line segments. Note that these lines are not the vortex segments.

6.3 Summary of Results

In this section we present a summary of overall results from our calculations; in
the next section we give the details and data from the individual calculations.

(1) The MLC, with and without AMR, is accurate enough to reproduce stability
results for a perturbed vortex ring found using the direct method. Figures 6.2

through 6.7 show data from studies repeating the calculations of Knio and Ghoniem
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using the MLC instead of the direct method.

(2) The N = 2000 calculations do agree with linear stability analysis, but as we
see from the plots of the cross-sections of the core, the original Lagrangian mesh
becomes very tangled and crosses over itself at finite time. This occurs for N = 14000
calculations as well, but in the more refined calculations we see the development of
additional features of the core distortion which were not seen for N = 2000. Thus
we capture features of the core distortion at N = 14000 which are not seen for
N = 2000, but the phenomena are not yet fully resolved. Figures 6.7, 6.15 and 6.18
show these results.

(3) At the higher resolution (VN =~ 14000) the MLC excites the n = 4 mode,
but this mode and its multiples do not detract from the overall stability results; the
amplitudes of these modes grow from round-off error to a finite percentage of the
n = 12 amplitude, but seem to level off there, and do not interfere with the growth
or oscillation of the amplitude of the originally perturbed mode. In the histogram
plots we see all multiples of the n = 4 mode; this results from mode-mode coupling
of the n = 4 and n = 12 modes. It is the MLC itself, rather than the addition of
AMR, which induces these modes. They appear only for the higher resolution, and
are not strongly affected by changing C = D from 1.5 to 2.5. Figure 6.15 shows that
these additional modes do not detract from the stability results; Figure 6.10 shows
that the modes are not due to AMR, and Figure 6.11 shows that they are not due
to insufficiently resolved boundary conditions.

(4) Using a later discretization, we see better agreement between the N =~ 2000
and the N = 14000 calculations, and these differ from the earlier calculations in

that they show an initial decline in amplitude rather thai growth at all time. We
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suggest that this may be due to the fact the initial V = 2000 calculations studied a
ring with a different vorticity distribution, due to the method used in [39] to assign
the circulation of the filaments.

We also mention in the next section the attempts we made to verify the accuracy
of our calculations. At several points we checked the time step to ascertain that it
was in fact small enough so that further reduction did not change the results. In
addition we show the results from a calculation (Figure 6.12) using a correction
radius on a fine grid which was too small relative to the effective radius of the core

function; we see in all other calculations that this behavior has been eliminated.

6.4 Individual Calculations

Our goal in the first numerical experiments was to show that the method of
local corrections, with or without adaptive mesh refinement, is accurate enough to
reproduce the stability results found using the direct method. Figures 6.2 through
6.6 show results from calculations of rings with N = 2040, Mesh KG:II, N, = 17
discretization, and circulation calculated by solving the linear system of equations
(6.1). Knio and Ghoniem present contrasting results for rings perturbed with n = 9
and n = 12; n = 9 is a stable wave number for a ring of these dimensions, n = 12 is
the most unstable wave number.

Figure 6.2 shows the vortex ring perturbed with n = 9 at times ¢t = 10, 40, 70, 100,
the same times shown in {39]. This calculation was done using MLC on a uniform
8 x 8 x 8 grid; since there is no increase in the number of vortices and the geometry

remains stable, there was no need in this case for AMR. These results look identical
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to the results in [39]. We see from the pictures in Figure 6.2 and the time profiles
of the amplitude of the modes (Figure 6.3) that the ring perturbed with n = 9 is
stable; the amplitude of the perturbation decreases rapidly at first, then rises and
falls again in an oscillatory pattern. We see also from Figure 6.3a that an initial
perturbation of n = 9 triggers the first harmonic, » = 18, although at a much
smaller amplitude. This is again what is seen in [39], and agrees with the linear
stability theory.

Figure 6.4 shows the ring with an initial n = 12 perturbation at times ¢ =
30,60,90,120, also the times chosen in [39]. Here we see that the initial pertur-
bation of the same magnitude as the perturbation in the n = 9 calculation grows
steadily in amplitude. This distortion of the core increases the number of vortex el-
ements needed; recall that a vortex segment is automatically split into two segments
whenever its length exceeds a critical length, which is defined as twice the largest
initial length. As the number of vortex elements increases, the optimal level of grid
refinement changes, and although the calculation starts on a uniform 82 grid, when
the number of vortices exceeds 4000 the grid is refined one level.

In Figure 6.5 we show three different views of the calculation at ¢t = 140, again
for comparison with [39]. Since the calculations in [39] were done with the direct
method, they were stopped after ¢+ = 140, since the number of vortices had by
then grown from NV = 2040 to N = 6936. At t = 140 we had 6352 vortices, but
qualitatively there is very little difference seen between our results and those in {39].
We do observe in Figure 6.6a the onset of all modes at late time; these additional
modes are also found in the direct calculation (see Figure 6.13); We see from Figure

6.13 and the discussion in the previous section that these additional modes are
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associated with the vortex splitting rather than any grid-induced distortion. In
Figure 6.6b we see the growth of the n = 12 amplitude only as a function of time.
Note the difference in scale between Figure 6.6b(n = 12) and Figure 6.3b(n = 9).

In order to check the sensitivity to time step, we also ran the n = 12 calculation
with a time step of At = 0.4, four times larger than in the previous calculation. All
other parameters were kept the same. The results were qualitatively indistinguish-
able; the only numerical difference observed was that at ¢ = 140 there were 6352
vortices for At = 0.1, and 6380 vortices for At = 0.4.

In Figure 6.7 we show the intersection of the 17 filaments with the plane at
8 = 0 for the n = 12 calculation for times ¢t = 0 to t = 80. These plots show that
by t = 80 the original Lagrangian mesh has crossed over itself, and the accuracy of
this representation is questionable after that time.

Based on these observations, we refined the initial discretization to explore the
effects of higher resolution on the results of the calculation. Again we sought to
compare our results to those in [39], but before refining the mesh we switched to an
alternate discretization (Mesh KG:III) than that used in the previous calculations.
Rather than having equal numbers of filaments at each radial station in the core, we
let the number of filaments increase linearly with the radius r from the center of the
core, so that the intersegment spacing was more nearly constant in the cross-section.
This was found by Ghoniem and Knio to yield the most accurate discretization.
Again we found the circulation of the filaments by solving the system of linear
equations (6.1) at the vortex locations. In this case we had Ar = .1080Rg, 6 =
.155 Ry, the values from [39].

To test the effect of the different discretizations at N = 2000, we first ran the
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calculation for N = 2280 (Mesh KG:III, N. = 19) to t = 40, with the n = 12
perturbation of the same magnitude as before, The results are indistinguishable
from those found in the earlier ¥ = 2040 calculation; Knio and Ghoniem had also
found this.

Having established similar results with N = 2000 using Mesh KG:III, we then
increased the number of radial positions of the filaments from two to four, increasing
the number of filaments from 19 to 61 (Mesh KG:III, N, = 61). For this N =
61 x 120 = 7320 calculation, we first used a base grid of 8 x 8 x 8 with two levels of
refinement. Again we computed circulation of the filaments by solving the system
of equations (6.1). This calculation, as for all later calculations with four radial
stations, used At = .05, half the time step used for the calculations with two radial
stations. The fact that At = 0.4 was sufficiently small for the N = 2000 calculation
might indicate that At = 0.1 should be sufficient for the more refined calculations,
but this was not observed. An early calculation was run with At = 0.1 for ¥V =
15600, and it was not consistent with the same calculation run with At = 0.05.
Thus all later calculations used the smaller time step.

Figure 6.8 shows a picture of the 17 filaments (N = 2040) and the 61 filaments
(N = 7320) at t = 40, in order to give an idea of the increased resolution of the
refined discretization. Figure 6.9a shows the time profile of the amplitude of the
n = 12 mode; contrast this to Figure 6.6b. We see a marked difference in behavior:
in Figure 6.6b there is steady growth, while in Figure 6.9a, for the higher resolution,
we see oscillatory behavior for ¢ < 40 and no overall increase in amplitude.

In order to understand the difference in behavior between the N = 2000 and

N = 7320 results, we performed the N = 7320 calculation to ¢t = 40 using the



direct O(N?) method; these results are shown in Figure 6.9b. Both curves exhibit
a negative slope for 10 < t < 20, then the slope becomes positive; since these
calculations were not run to later time it was unclear whether the amplitude would
continue to grow or would level off. This is in contrast to the N = 2040 calculations.

Knio and Ghoniem in fact observed this effect in their calculations, as can be
seen in Figure 14 in [39], where they plot the log of the amplitudes of the n = 12
mode vs. time for different initial discretizations. The only result they present from
a calculation with four radial stations is for 33 filaments, and they also observe
oscillatory behavior rather than growth of this mode. This is in contrast to the
results with fewer radial stations, but no further discussion in [39] pursues the
possible inference that the coarser calculations are underresolved.

Figure 6.10 shows the difference between calculations using the MLC and those
using the direct method. Figure 6.10a shows the amplitudes for the calculations
with ¥ = 7320 using a 8 — 32 grid; we see here the n = 4 mode and its multiples.
Figure 6.10b shows calculations done with the direct method and we see no growth
in these other modes; we conclude that it is the fourfold symmetry of the grid in the
MLC which induces these modes. Since these modes were not seen in the V &= 2000
calculations on a uniform 83 grid, we next sought to determine whether it is the
MLC itself or the addition of AMR which produces the n = 4 disturbance. Figure
6.10c shows the results of a calculation done on a uniform 322 grid for short time. In
this figure we see already the introduction of these additional modes, and conclude
that it is the presence of the grid in MLC which produces these modes. rather than

the addition of AMR to MLC.

We next investigated whether the additional modes wére induced by insufficiently
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resolved boundary conditions. Figure 6.11 shows calculations for n = 12, N =
65 x 240 = 15600 (Mesh KG:II, N. = 65), with circulation computed for each
filament as the product of the point value of the vorticity at the location of the

filament and the area represented by that filament,
Tilry = 270 ATQ(ro). (6.2)

Calculations were done with MLC on grids of 8-32 (Figure 6.11a), 16-32 {Figure
6.11b) and with the direct method (Figure 6.11c); all results are for time t = 10.
We see again that is the MLC which induces the additional modes, but there is no
detectable difference between Figures 6.11a and 6.11b, which indicates the boundary
conditions are sufficiently well resolved. We see from all three calculations that the
amplitude of the n = 12 mode, initially at .02, has decreased markedly.

We present in Figure 6.12a the results of an early run done with N = 15600 as
above, using a grid of 8—64, which was the grid indicated by timing results done with
C = D = 1.5 to give the optimal speed of the algorithm. This choice of correction
radius and grid was appropriate for the core function presented in Chapter 1, since
the kernel Ks(r) = K(r) for r > 6. The exponential core function we use in this
chapter, however, effectively extends out to ~ 36, since K; differs visibly from K out
to that point. Thus for calculations using this core function the physical radius of
local corrections must be extended to accommodate the larger effective core radius,
either by increasing C or using a coarser grid. In Figure 6.12b we present the results
from the same calculation using a grid of 8 — 32; here the radius of local corrections
is large enough relative to the effective core radius to obtain good accuracy.

In the calculations presented above we have used discretizations used by Kuio
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and Ghoniem in [39]. However, those discretizations are not consistent with standard
convergence studies, which allow the core radius é to decrease as the intersegment
spacing Ar decreases; as they refine from two to four radial stations Ar decreases
from .1080R, to .0705Rg, yet § decreases only from .155Rg to .150R,. The reason
they must keep 6 so large is that solving the system of linear equations (6.1) to
determine the circulation of each filament is reasonable for § >> Ar, and ounce
the intervortex spacing is specified, the value of § is entirely determined in [39] by
matching the numerical circulation (the sum of the circulations of the filaments)
with the analytically specified circulation (the integral of Q(r) over space).

There is another subtlety hidden in this discretization. The size of the ring is
defined by o, the scaling in the exponential function €(r) which defines the vorticity
in the cross-section. The analytic circulation of the ring in [39] is 2, but this value
is equal to the integral of (r) over all area from r = 0 to r = ~c: the integral
of Q(r) over the area enclosed by 7 = o has the value 1.55. For the ¥ = 2000
calculations in [39], the outer segments are at 2Ar = .218R;. Assuming that each
radial station at r carries the vorticity from r — Ar/2 to r + Ar/2, these filaments
should only represent the core out to r = .2725 Ry, and thus carry a total circulation
of approximately 1.55. However, the method of assigning circulation by solving the
system of linear equations, and choosing é so that the total numerical circulation is
2, means that the vorticity is more concentrated than is indicated by Q(r). Thus we
would expect the ring to be more unstable.

The final three calculations we present are of rings discretized in a way that
permits a more customary convergence study. Figures 6.13 and 6.14 show the re-

sults from a ring discretized with two radial stations, Ar = .150Ry, § = .200R,,
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and a total circulation of 1.92/1600. We use a larger Ar here to capture 95% of
the circulation without having to assign the vorticity at » > 2.5Ar to any of the
filaments. The circulation of each filament is found as the integral of vorticity over

the area represented by each filament,

r=rg+.5Ar
Lilrg = 271'/ Q(r)rdr. (6.3)

=ro~.5Ar

Figure 6.13a shows the amplitudes of the modes for this calculation using MLC
on a uniform 8 x 8 x 8 grid and using the direct method. In this figure we see only one
curve; this is because the data from the calculation using MLC is indistinguishable
from the data found using the direct method. Figure 6.13b shows the time evolution
of the n = 12 mode for both calculations from ¢ = 0 to ¢t = 140; again we see ounly
one curve because the data are virtually identical. However, these calculations do
differ from the earlier V = 2000 calculations in that they now capture the initial
decline in amplitude. We suggest this may be due to our discretization (6.3}, since
we have not required that the full circulation of the ring be concentrated in too
small a core. Figure 6.14 shows the intersection of the 19 filaments with the § = 0
plane for the MLC calculation. Notice the increased resolution of the movement of
the outer filaments relative to Figure 6.7; for these calculations we have 12 rather
than 8 outer filaments.

Figures 6.15 and 6.16 show the results from a calculation done with .V = 61 x
240 = 14640; the discretization of the previous experiment was refined by a factor
of two in each coordinate direction. In this discretization there were four radial
stations, twice as many filaments as previously at each radius, and 240 segments

per filament. In this calculation we also increased the correction and spreading
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distances used in the MLC with AMR to be consistent with the effective radius
of the core function. All previous calculations had C = D = 1.5, here we used
C=D=25.

Figure 6.15a shows the modes of the previous N = 2280 calculation using MLC
and the present N = 14640 calculation using MLC with AMR at times t = 0 through
t = 70. Figure 6.15b shows the time evolution of the n = 12 mode for these two
calculations from ¢t = 0 tot = 70. We see in Figure 6.15a that the n = 4 modes
and its multiples are still present, though at smaller amplitude than than in Figure
6.10a. The modes that are not multiples of 4 remain at machine precision until
t = 60, as can be seen by a log plot of the same data (not shown). The onset of
the new modes which are not multiples of n = 4 occurs at the same time that the
creation of new vortex segments becomes significant. We see the new modes first at
t = 60 in Figure 6.15a; from t = 0 to ¢t = 40 only 12 segments were created, from

t = 40 to t = 50 220 segments were created, and from ¢ = 50 to t = 60 1022 new

vortices were created. See the discussion in the previous section about these modes.

We checked the convergence of the N = 14640 calculation here by redoing the
calculation between ¢t = 45 and t = 55 using a time step of At = .025, half of the
previous time step. The results were indistinguishable from those with the full time
step, indicating that the time step we had been using was sufficiently small.

In Figure 6.15 we see the results from the calculations with ¥V = 14640 and
N = 2280. In both cases the amplitude of the perturbation decreases from its initial
value, and then at later time (¢ = 30 in the coarse calculation, ¢t = 20 in the finer
calculation) the amplitude begins to rise. We see, however, that the finer calculation

shows a greater decline; this is indicative that further refinement studies are required.
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For the N = 14640 calculation we see the onset of the additional modes much
earlier than for the N = 2280 calculation. This is consistent with our previous
explanation of these modes; by t = 70 the N = 2280 calculation has added only 72
new vortex segments because of stretching, the N = 14640 calculation has added
2175 new segments, indicating its greater sensitivity to the stretching of the ring.

Figure 6.16 shows the intersection of the 61 filaments for this calculation with
the # = 0 plane. Contrast this with Figure 6.14 to see the increase in resolution of
the deformation of the core for t = 0 to t = 70. We see that the original Lagrangian
mesh crosses over itself at finite time, even at this higher resolution. We also see,
however, how much better resolved the calculation is. Note the fine development of
the outer “arm” which begins at ¢t = 30 and the beginning of the second outer arm
at t = 50; the N = 2000 calculations miss the first arm completely and resolve the
second arm with much less definition. We can see clearly at times ¢t = 50 and t = 55
that the filaments at different radial stations are each creating arms, yet are out of
phase with each other in ¢. Thus we see again the need for the higher resolution of
the radial modes; there is no indication yet that we have resolved correctly the full

distortion of the core.

6.5 Discussion and Conclusions

From the results presented in the previous section we conclude that:

(1) The MLC, with and without AMR, is accurate enough to reproduce stability

results for a perturbed vortex ring found using the direct method.

(2) While we do resolve more of the features (e.g., the arms) of the core distortion
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in the more refined calculations, we believe the dynamics of the core are still not
fully resolved, since i) the mesh still crosses itself at finite time with 61 filaments;
1) the filaments at different initial radii move markedly out of phase with each
other, so we do not yet know whether we have captured all of the radial modes; 7:2)
many more new vortex segments are created for the finer calculations, indicating its
increased sensitivity to the stretching taking place. However, we do not know what
calculations with increased refinement will show.

(3) At the higher resolution (N = 14000) the MLC excites the n = 4 mode, but
this mode and its multiples do not detract from the overall stability results.

(4) Using the the integral of vorticity to define the circulation of the filaments
(Equation 6.3), we see better agreement between the ¥ =~ 2000 and the N = 14000
calculations, and these differ from the earlier calculations in that they show an initial
decline in amplitude rather than growth at all time. We suggest that this may be
due to the fact that the initial N = 2000 calculations effectively studied a ring with
a more concentrated distribution of vorticity, due to the method used in [39] to
assign the circulation of the filaments.

We plan to conduct a more thorough study of the vortex rings, studying the effect
of different numerical and physical parameters on the core deformation and stability
of the vortex ring. We also plan to implement several diagnostics to investigate the
accuracy of our calculations. A recent study [49] discusses appropriate numerical
diagnostics for the three-dimensional vortex filament method. The invariants of the
Euler equations—total vorticity 2 = fwdV, linear impulse I = 1 [ x xwdV, and the
kinetic energy F = % fu-udV —are presented as the relevant quantities to evaluate

numerically; a convergent calculation should conserve these quantities.
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The kinetic energy of a vortex filament system can be separated into two parts:
the interaction energy, E;; = Zi,#i%i%, where r;; is the distance between
the #** and j*» segment, and the self-energy E;;. To correctly measure conservation
of energy in a calculation one must evaluate both parts of the energy. Chorin’s
derivation of the correct method for calculating E;; is presented in [49].

In this thesis we have developed a two- and three-dimensional fast adaptive
vortex method. Error and timing results show that the method of local corrections
with adaptive mesh refinement greatly reduces the cost of calculations with many
vortices while maintaining the accuracy of the direct vortex method. The cost of
the direct method is O(N?); the cost of the MLC with AMR is O() for large .V.

Calculations of a three-dimensional vortex ring show that while additional fea-
tures are captured using N = 14000 rather than N x 2000, further work is necessary
to increase our understanding of the role of the deformation of the core and of the
different radial modes in determining the stability of the vortex ring; this highlights

the need for fast vortex methods, so that we can study problems of this nature with

sufficient resolution.
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Parameter Figure
2.3 | 4-7,8a | 8b,92,10a | 9b,10b | 10c | 1ia,12b
Initial number of vortices 2040 | 2040 7320 7320 | 7320 | 15600
Ar/Ry .109 .109 .0705 0705 | .0705 0543
6/ Ro .155 .155 150 .150 150 0775
Number of radial stations 2 2 4 4 4 4
Vortices per cross-section 17 17 61 61 61 65
Initial segments per filament 120 120 120 120 120 240
Wavenumber of perturbation 9 12 12 12 12 12
£/ Ro 02 | .02 02 .02 02 02
At 1 1 .05 .05 .05 .05
C=D 1.3 1.5 1.5 1.5 1.5 1.5
Method (Grid) 8-8 8-8 8-32 Direct | 32-32 3-32
Method of Assigning Circulation | (6.1) | (6.1) (6.1) (6.1) | (6.1) | (6.2)
Maximum Time 100. | 140. | 40. 40. 10. 40.
Parameter Figure
11b | 1lc 12a 13,14 15,16
Initial number of vortices 15600 | 15600 | 15600 2280 14640
Ar/Rg 0545 | .0545 | .0545 .150 .0833
8/ Ry 0775 | .0775 | .0775 .200 111
Number of radial stations 4 4 4 4 4
Vortices per cross-section 65 65 65 19 61
Initial segments per filament 240 240 240 120 240 ||
Wavenumber of perturbation 12 12 12 12 12
e/Ro .02 .02 .02 .02 .02
At .05 .05 .05 1 .05
C=D 1.5 1.5 1.5 1.5 2.5
Method/Grid 16-32 | Direct | 8-64 | 8-8/Direct | 8-64
Method of Assigning Circulation | (6.2) | (6.2) | (6.2) (6.3) (6.3)
Maximum Time 20. 10. 40. 140. 70.

Table 6.1: Parameters used in vortex ring calculations.
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Figure 6.1: (a) Vortex ring and axes. (b) Locations of vortex filaments in the core
for discretizations KG:II and KG:IIL o
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Figure 6.2: Ring with NV = 2040 (Mesh KG:II), » = 9 perturbation at times ¢ =
0,10,40,70,100, circulation calculated by solving the system of linear equations
(6.1); calculation done using MLC. Shown at angle /3 from the z-axis. Note that
the initial perturbation does not grow in amplitude; 9 is a stable wavenumber.

113



(a)

Anp ) i tude
o

Anplitude

12

14

1"

.Me
02

Aupliivde

14

1

a4

12

14

16

18

24

.28
N ATy
.n2
. 988
.004

Anp i tude

F132
I

12

14

AL}

e

n

24

26

828
.ne
Me
.04
.82
N Al
000
.80
.4
992

Ampiitude

12

14

Yave Nusher

1

2

24

Tiae

7

Figure 6.3: (a) Amplitude vs. wavenumber for n = 9 ringﬁ at t = 0,10, 40,70,100;
(b) time evolution of n = 9 mode from ¢ = 0 to t = 100. Discretization as in Figure
6.2. The amplitude of the perturbation oscillates rather than grows in time.
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Figure 6.4: Ring with ¥ = 2040 (Mesh KG:II), n = 12 perturbation, circulation
calculated by solving the system of linear equations (6.1), at times t = 30, 60, 90, 120,
calculation done using MLC. Shown at angle /3 from the z-axis. Note that the
amplitude of the initial perturbation grows markedly; 12 is an unstable wavenumber.
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Figure 6.5: Ring from Figure 6.4 at time ¢ = 140 shown at angles 0,7/3, /2 from
the z-axis.
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Figure 6.6: (a) Amplitude vs. wavenumber at ¢ = 0, 30, 60,90, 120, 140 for ring with
N = 2040, n = 12 perturbation; (b) time evolution of n = 12 mode. Discretization
as in Figure 6.4. Note the difference in scale between these plots and Figure 6.3;

here the amplitude of the n = 12 mode reaches six times its initial value.
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Figure 6.7: Intersection of 17 filaments with the § = 0 plane for ring with v = 2040,
n = 12 perturbation at times t = 0, 10, 20, 30,40, 50, 60, 70, 80; discretization as in
Figure 6.4. Note that the Lagrangian mesh crosses over itself by ¢t = 70.
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Figure 6.8: (a) Ring with 17 filaments, N = 2040 (Mesh KG:II) at t = 40. Cal-
culation done using MLC. (b) Ring with 61 filaments, N-= 7320 (Mesh KG:III) at
t = 40. Calculation done using MLC with AMR. Both have n = 12 perturbation,
circulation calculated by solving the system of linear equations (6.1).
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Figure 6.9: Time evolution of n = 12 mode for calculatjons using (a) MLC with
AMR, (b)direct method; discretization as in Figure 6.8b. Note that the amplitude
shows a slight decline in each case, reaching a minimum at ¢t = 20.
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Figure 6.10: (a) Amplitude vs. wavenumber for calculations of N = 7320 ring,
n = 12 perturbation, at times t = 0,5, 10, 15, 20, 25, 30, 35, 40, using MLC with
AMR. Discretization as in Figure 6.8b. Note the n = 4 mode and its multiples
in (a) and (c); these are present for calculations using MLC and MLC with AMR,
but not for calculations with the direct method. This verifies that MLC, not the
addition of AMR to MLC, is respounsible for the additional modes. Note also that
the amplitudes of the additional modes do not keep growing; they seem to level off
by t = 30.
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Figure 6.10: (b) Amplitude vs. wavenumber for calculations of N = 7320 ring,
n = 12 perturbation, at times t = 0,5,10,15,20,25,30; 35,40, using the direct
method. Discretization as in Figure 6.8b. Note that with the direct method we do
not see the n = 4 mode and its multiples.
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Figure 6.10: (c) Amplitude vs. wavenumber for calculations of N = 7320 ring, n =
12 perturbation, at times ¢t = 0, 5,10 using MLC on a uniform grid. Discretization
as in Figure 6.8b. Note the n = 4 mode and its multiples in (a) and (c); these are
present for calculations using MLC and MLC with AMR, but not for calculations

with the direct method. This verifies that MLC, not the addition of AMR to MLC,
is responsible for the additional modes.
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Figure 6.11: Amplitude vs. wavenumber for calculations of ring with N = 15600
(Mesh KG:II), n = 12 perturbation, circulation of each filament calculated as the
product of the point value of vorticity at the location of the filament and the area
represented by that filament, at time t = 0, and (a) at t = 10 for MLC with AMR on
8-32 grid, (b) at t = 10 for MLC with AMR on 16-32 grid, and (c) at ¢ = 10 for the
direct method. Note that the extra n = 4 mode and its multiples appear for MLC
with AMR on a 8-32 grid and on a 16-32 grid, but not for the direct method. This
verifies that the boundary conditions on the 8 x 8 x 8 grid are sufficiently resolved,
since we see no difference with the base grid of 8 x 8 X 8 and 16 x 16 x 16.

124



L2280
e
.2

Amplitude

Asplitude

[] ————

Asplitude

.920
816
.2
.nee

Aspl i tude

.964

.28
.88
.02

Asplitude

L 2 4 [ 8 T 12 14 16 18 20 22 24
Wave Nusber
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be large enough relative to the core radius of the vortices to ensure accuracy.
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Figure 6.12: (b) Amplitude vs. wavenumber for calculations of N = 15600 (Mesh
KG:II) ring, n = 12 perturbation, at times ¢ = 0, 10,20, 30,40, using MLC with
AMR on an 8-32 grid. Contrast with Figure 6.12a.
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= 0,30, 60,90,120, 140, using MLC and the direct method. (b) Time evolution

of n = 12 mode for calculations using MLC and the direct method. Both curves are
plotted; they are indistinguishable.
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Figure 6.14: Intersection of 19 filaments with the # = 0 plane
for ring with N = 2280, n = 12 perturbation, at times t =
0,5,10,15,20,25, 30, 35,40,45, 50, 55, 60,65, 70, 75; data as in Figure 6.13. Calcula-
tion done using MLC; discretization as in Figure 6.13. We see that the Lagrangian
mesh crosses itself by ¢ = 65, similarly to the calculations shown in Figure 6.7
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Figure 6.15: (a) Amplitude vs. wavenumber for calculations of ring with N =
14640 (Mesh IIT), n = 12 perturbation, circulation calculated by integrating the
vorticity over the area represented by each filament (Equation 6.3), at times t =
9,10, 20,30, 40, 50,60, 70, using MLC with AMR (8-64) with C = D = 2.5 (solid).
This is contrasted with the N = 2280 calculation (dashed). (b) Time evolution of
n = 12 mode for the calculation with .\ = 14640 using MLC with AMR (solid) and
the calculation with N = 2280 using MLC (dashed).
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Figure 6.16: Intersection of 61 filaments with the 8 = 0 plane
for ring with N = 14640, n = 12 perturbation, at times t =
0,5,10, 15,20, 25,30, 35,40, 45, 50, 55, 60,65,70. Calculation done using MLC with
AMR, discretization as in Figure 6.15. The Lagrangian mesh crosses itself by t = 55,
but note the new features of the core distortion not seen in Figure 6.14.
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