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Abstract
Reactive transport in fractured media is conceptualized as a multi-scale problem that couples a
pore-scale component, which comprises Navier–Stokes flow, multi-component transport and
aqueous equilibrium in the fracture, and a Darcy-scale component, which comprises multicomponent diffusive transport, aqueous equilibrium and mineral reactions in the porous
matrix. The model that implements this multi-scale approach builds on an existing porescale model and is able to capture complex fracture geometries with the embedded-boundary
method. The embedded boundary acts as the interface between pore- and Darcy-scale
domains. Adaptive mesh refinement is used to match resolutions at the interface while using
coarser resolution away from the interface when not needed in the Darcy-scale domain. The
new model is validated and then compared to results from a pore-scale model. Multi-scale
model results are shown to be equivalent to pore-scale results under diffusion-controlled
reactions in the pore scale and very fast dissolution in the Darcy scale. The multi-scale model
provides a more accurate solution for a given resolution as it effectively sets the equilibrium
concentrations as boundary conditions. The multi-scale model is capable to capture flow
channelization observed in an experimental fractured core and, at the same time, limitations
in the dissolution of calcite by diffusive transport through an altered porous layer. Discrepancies in effluent calcium concentrations between the multi-scale results and results from
a reduced-dimension Darcy-scale model for this fractured core experiment are attributed to
the solution of the flow field and the gradients that develop inside the fracture. Discrepancies
in effluent magnesium concentrations exemplify the limitations of the approach because the
multi-scale model requires calibration of reactive surface areas as Darcy-scale continuum
models.
Keywords Multi-scale model · Reactive transport · Fractured media · Embedded boundary ·
Adaptive mesh refinement
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1 Introduction
Understanding fracture evolution is essential for many subsurface energy applications, including subsurface nuclear waste storage, fracking, shale gas production, CO2 sequestration, and
geothermal energy extraction. Geochemical processes in particular play a significant role
in the evolution of fractures through dissolution-driven widening, fines migration, and/or
fracture sealing due to precipitation.
Conceptually, fractured systems have often been represented as being composed of fast
flow paths—the fractures—and slow flow paths—the rock matrix—where aqueous geochemistry is dominated by reaction–diffusion processes (e.g., Steefel and Lichtner 1994, 1998a, b;
MacQuarrie and Mayer 2005). Darcy-scale continuum models treat fractures as preferential
flow paths with their permeability a function (often, a cubic law) of the fracture aperture
(MacQuarrie and Mayer 2005). Mass exchange between the fracture and the porous matrix
may be captured with dual porosity or multiple interacting continua models (Pruess 1992).
Reaction rates affected by diffusion limitations through porous layers at fracture surfaces
may be calculated of the reaction rate as a function of the thickness of the dissolving front
(Deng et al. 2016) or with consideration of the layer of precipitate that coats the surface
(Noiriel et al. 2007). Darcy-scale models of fractured domains have the limitation that they
may oversimplify flow within the fracture and fail to capture transport limitation within the
fracture toward its surfaces as well-mixed conditions need to be assumed in each grid cell of
the model (Starchenko et al. 2016). These models do not provide an accurate estimation of
fracture hydrodynamic properties at realistic fracture roughness, e.g., (Deng et al. 2013).
In contrast, pore-scale models are characterized by their ability to resolve the fracture
surfaces explicitly (Starchenko et al. 2016). In pore-scale models, the interfaces between the
different fluid and solid phases that make up porous media are resolved and it is therefore
possible to solve for flow and reactive transport within the pore space. Pore-scale models can
capture the diffusion boundary layers that develop around reactive surfaces and contribute
to the formation of effective reaction rates (Li et al. 2008; Molins et al. 2014, 2017). They
can also simulate the channelization of the flow path due to dissolution in transport-limited
conditions (Szymczak and Ladd 2009). Pore-scale models, however, even when they use
multi-resolution methods and high-performance computing capabilities, have a limit in their
ability to resolve the fine-scale heterogeneity that characterizes natural porous media (Anovitz
and Cole 2015). This is especially true in multi-mineral systems that display a very wide range
of mineral reactivities at a range of spatial scales (Deng et al. 2016, 2017a). Fractured media
are an extreme example of this, with a relative large pore space (the fracture) and a rock matrix
with porosity at a much smaller scale. There is a sharp contrast—with a clear separation of
scales—between the porosity in the fracture and in the rock matrix.
Multi-scale models seek to combine two or more scale representations within a single simulation framework (Scheibe et al. 2007, 2015b, a). Although multi-scale models are sensitive
to the approach employed to segment the images of reconstructed porous media (Soulaine
and Tchelepi 2016), they are especially suited to fractured media due to the large contrast
between the fracture and the matrix. An approach for combining pore- and Darcy-scale
representations that has quickly gained much traction in the earth sciences is the one conceptualized by the Darcy–Brinkman–Stokes equation (Golfier et al. 2002; Popov et al. 2009;
Gulbransen et al. 2010; Yang et al. 2014; Soulaine and Tchelepi 2016; Soulaine et al. 2017).
Darcy–Brinkman–Stokes equation describes flow in open pore space and in a porous continuum with a single equation. In the pore space, terms associated with porous-media flow
become negligible, and in the porous continuum, the terms associated with pore-scale flow
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become negligible. Although these models have been extended for reactive transport (Golfier
et al. 2002; Soulaine et al. 2017), they have not been specifically applied to fractured media.
Because processes at different scale are solved in a single equation, this approach does not
easily allow for different spatial and temporal discretization in the different portions of the
domain.
Hybrid multi-scale models provide a different approach that makes it possible to consider different spatial and temporal discretizations in different portions of the domain. In
this approach, pore- and Darcy-scale domains are separated and coupled by enforcing the
continuity of pressures and mass fluxes at the pore/continuum interfaces (Battiato et al.
2011; Roubinet and Tartakovsky 2013; Yousefzadeh and Battiato 2017). Coupling between
sub-domains can be accomplished by using finite-element spaces to determine interface conditions, such as in the mortar method (Balhoff et al. 2008; Mehmani et al. 2012). Although
mortar methods also allow for a flexible approach to map discretizations across the interface,
they add significant complexity in the code implementation. From a software development
point of view, it may still be convenient however to use a hybrid approach. This allows for
the use of existing capabilities that tackle one of the sub-problems and couple them to new
capabilities that tackle the other.
The objective of this work is the development of a multi-scale model for the simulation of
reactive transport processes in fractured media that captures diffusion limitations to fracture
surfaces as in pore-scale models and diffusion limitations through porous layers around
fracture surfaces. The model seeks to simulate processes in complex pore-scale geometries
in 3 dimensions using multiple resolutions in different areas of the domain within a highperformance computing framework. Rather than developing it from scratch, we build on the
existing Chombo-Crunch code base (Molins et al. 2012; Trebotich et al. 2014; Molins et al.
2014) to develop an overarching framework that includes a pore-scale model for the fracture,
a Darcy-scale model for the rock matrix, a novel coupling approach based on an adaptive
mesh refinement embedded-boundary method to provide the connection between the subdomains, and a sequential iterative solver for the coupled problem. This model is described
in the following section. Next, a set of simulations are presented to validate and demonstrate
the features of the multi-scale approach, particularly in relation to pore-scale modeling with a
focus on diffusion limitations in the fracture. In the last section, we use experimental data and
results from a previously published reduced-dimension Darcy-scale model that also discusses
the role of transport limitations through the porous matrix in fractured media.

2 Model Description
The fractured media domain (Ω ⊂ R 3 ) is composed of a pore-scale sub-domain (Ωp ) and
a Darcy-scale sub-domain (Ωd ) that completely define it (Ω = Ωp ∪ Ωd ). The pore-scale
domain is exclusively composed of pore space of arbitrary geometry, the fracture opening
(Fig. 1). The Darcy-scale domain is composed of pore space and mineral phase that form
a porous continuum, i.e., one can choose a representative elementary volume where bulk
properties can be defined. The Darcy-scale domain comprises the porous matrix in which the
fracture is embedded and where mineral dissolution–precipitation reactions are assumed to
take place. Flow takes place preferentially in the fracture domain, and flow in the Darcy-scale
domain is assumed negligible compared to pore-scale flow. While this assumption may not
hold in all cases (e.g., Ling et al. 2018), especially if evolution of the media is considered
over long time frames, it aligns with the focus of this manuscript on the study of diffusion
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Fig. 1 Conceptual diagram illustrating the multi-scale simulation approach depicting a sinusoidal fracture
in a porous domain. The fracture opening is captured with the pore-scale embedded-boundary Cartesianmesh domain (left). The porous matrix is captured with the complementary Darcy-scale embedded-boundary
Cartesian-mesh domain (center). The interface between the sub-domains is used as connection between them
by enforcing continuity of fluxes and concentrations to solve the coupled multi-scale problem (right)

limitations on rates. Thus, transport of geochemical species inside the porous matrix takes
place by diffusion only.
The approach is to solve flow in the fracture (i.e., in pore-scale domain) to obtain the
steady-state advective velocity. Once the steady-state velocity is obtained, the transient reactive transport problem is solved. The solution for each time step is obtained by solving
sequentially the pore-scale problem and the Darcy-scale problem, updating the boundary
conditions applied to the interface between the two sub-domains, and iterating the solution
as needed until convergence for these boundary conditions, the coupling unknowns. The
model builds on a previously developed embedded-boundary pore-scale solver (Molins et al.
2012; Trebotich et al. 2014; Molins et al. 2014) by adding a Darcy-scale reactive transport
solver for the complementary embedded-boundary domain representing the porous-medium
domain, and the framework that allows for the sequential, iterative solution of the porescale/Darcy-scale coupled problem. This framework also enforces the appropriate boundary
conditions on the shared embedded boundary that represents the interface between the two
sub-domains. Adaptive mesh refinement is used around the interface to match the resolution
in pore-scale and Darcy-scale domains, and it allows for coarsening of the mesh where fine
resolution is not necessary.

2.1 Equations
Flow in the pore scale is described by the incompressible Navier–Stokes equations
∂u
1
+ (u · ∇)u + ∇ p = νu
∂t
ρ
∇ ·u=0

(1)
(2)

where ρ is the fluid density, ν is the dynamic viscosity, p is the fluid pressure, and u is the
fluid velocity.
Reactive transport in the pore-scale domain is described by the advection–diffusion equation and the law of mass action for aqueous complexation equilibrium
∂ψi
+ ∇ · uψi = ∇ · Di ∇ψi
∂t
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m j = (K j γ j )−1

Nc

(γi ci )ξi j
i=1

⎛

Nx


ψi = ρ ⎝ci +
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( j = 1, . . . , Nx )

(4)

(i = 1, . . . , Nc )

(5)

⎞

ξi j m j ⎠

j=1

where Nc is the number of components, Nx is the number of aqueous complexation reactions,
ψi is the total concentration of component i, ci and γi are the concentrations and activity
coefficients of the primary species, m j and γ j are the concentrations and activity coefficients
of secondary species, and ξi j is the stoichiometric coefficient of primary species i in reaction j.
Total concentrations are defined as the sum of the individual species concentrations times the
corresponding stoichiometric coefficients (Eq. 5). Heterogeneous reactions are not considered
in the pore scale, i.e., the solid phase is completely contained within the Darcy-scale domain.
Flow in the Darcy-scale domain is negligible (q  0), and therefore, mass and momentum
conservation equations for fluid flow are not solved. As a result, reactive transport in the
Darcy-scale domain is obtained by solving the diffusion equation, coupled to the mass action
law for aqueous complexation equilibrium and a kinetic rate expression for heterogeneous
mineral dissolution–precipitation
∂θ Ψi
= ∇ · (θ τ Di ∇Ψi ) + Ri
∂t
Nc

M j = (K j γ j )−1 (γi Ci )ξi j
i=1

⎛
Ψi = ρ ⎝Ci +

Nx


(i = 1, . . . , Nc )

(6)

( j = 1, . . . , Nx )

(7)

(i = 1, . . . , Nc )

(8)

⎞

ξi j M j ⎠

j=1

Ri =

Nm


ξik Ak rk

(i = 1, . . . , Nc )

(9)

k=1

where Nm is the number of mineral reactions, θ and τ are the medium porosity and tortuosity,
Ψi is the total concentration of component i, Ci and γ i are the concentrations and activity
coefficients of the primary species, M j and γ j are the concentrations and activity coefficients
of secondary species, ξik is the stoichiometric coefficient of species i in mineral reaction k,
Ak is the bulk reactive surface area of mineral k in units of area per unit volume, and rk is
the reaction rate in units of mass per unit surface per unit time. For calcite dissolution, the
reaction rate may be calculated using a transition-state theory-type rate expression (Plummer
et al. 1978; Chou et al. 1989):

Q CaCO3
rCaCO3 = k1 γH+ CH+ + k2 γH2 CO∗3 CH2 CO∗3 + k3 1 −
(10)
K CaCO3
where K CaCO3 is the solubility constant of calcite and Q CaCO3 is the ion activity product of
the reaction. For dolomite dissolution, Deng et al. (2016) used:

Q CaMg(CO3 )2
rCaMg(CO3 )2 = k4 γ H0.5+ CH0.5+ 1 −
(11)
K CaMg(CO3 )2
where K CaMg(CO3 )2 is the solubility constant of dolomite and Q CaMg(CO3 )2 is the ion activity
product of the reaction. The uppercase notation in Eqs. (6–11) indicates that these quantities

123

706

S. Molins et al.

apply to a porous-medium continuum, where both fluid and solid phases are assumed to
coexist at each point in space, rather to each discrete phase separately as in a pore-scale
description.
At the interface between pore-scale and Darcy-scale sub-domains, continuity of fluxes
and concentrations is enforced such that
ci |EB = Ci |EB
Di ∇ci |

EB

= θ τ Di ∇Ci |

(12)
EB

(13)

where the superscript EB indicates the embedded-boundary interface (Sect. 2.2).
An iterative method is employed to obtain the solution of the coupled problem, i.e.,
Eq. (3–5) + Eq. (6–11) + Eq. (12–13). This method entails solving each sub-problem subject to
boundary conditions determined from the solution of the complementary sub-problem. That
is, Darcy-scale concentrations at the interface are used as Dirichlet boundary conditions for
the pore-scale problem, Eq. (12). Upon solution of the pore-scale sub-problem, concentration
gradients are evaluated at the interface and used as Neumann boundary conditions for the
Darcy-scale sub-problem, Eq. (13). Convergence in the coupling unknowns, i.e., the values
of the boundary conditions, is used to determine whether the solution of the iterative problem
has been achieved.

2.2 Methods and Software
A Cartesian grid is constructed that covers the entire domain. The interface between the
pore-scale and the Darcy-scale domains is an arbitrary surface that intersects the cells that
make up the Cartesian grid (Fig. 1). The equations in the cells intersected by the interface
are discretized using the embedded-boundary method. The embedded-boundary (EB), or
cut-cell, method refers to a finite volume discretization in irregular cells on a Cartesian
grid that result from the intersection of a boundary and the rectangular cells of the grid.
Conservative numerical approximations to the solution are found from discrete integration
over the non-rectangular control volumes, or cut cells, with fluxes located at centroids of the
edges or faces of a control volume. The embedded-boundary method has been used before to
discretize reactive transport equations in complex pore-scale geometries (Molins et al. 2014;
Trebotich et al. 2014). In the current model, the EB method is used to discretize equations (1–
3) in the pore-scale domain and Eq. (6) in the Darcy-scale domain (see details in “Appendix
A”).
An advantage of the embedded-boundary method is that it is amenable to adaptive mesh
refinement (AMR) (Berger and Oliger 1984; Berger and Colella 1989). Block-structured
AMR is a technique to add grid resolution efficiently and dynamically in areas of interest
while leaving the rest of the domain at a coarser resolution. AMR has been combined with
embedded-boundary methods to model inviscid and viscous compressible flow in complex
geometries (Pember et al. 1995; Colella et al. 2006; Graves et al. 2013; Trebotich and Graves
2015). In the current model, AMR is used in combination with the EB approach to match
mesh resolution at the interface between sub-domains without requiring fine resolution in
parts of the domain where it is not necessary. Mesh refinement is adaptive in that it can be
dynamically adjusted as the simulation is performed based on given criteria.
The model has been coded using the Chombo library package, which provides tools
for the discretization and solution of partial differential equations in Cartesian grids using
the embedded-boundary method and adaptive mesh refinement (Adams et al. 2015; Colella
et al. 2003). A selection of solvers is available including geometric multi-grid and algebraic
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multi-grid methods. The latter was implemented using the PETSc software package (Balay
et al. 2018). The geochemical problem is solved by CrunchFlow (Steefel et al. 2014). In
the implementation, the pore-scale and Darcy-scale components are each an instantiation of
a class that solves a reactive transport time step in a given embedded-boundary domain. A
containment class controls how the two individual models communicate with each other and
a driver routine performs the iterative solution.

3 Cross-Sectional Model Demonstrations
This section presents a validation of the multi-scale model against a model that solves the
multi-scale problem with a single equation. Then, we build on this validation simulation
(i) to contrast the multi-scale model with the pore-scale model, which allows us to discuss
diffusion limitations to rates in the fracture opening, and (ii) to demonstrate the adaptive
mesh embedded-boundary approach to interface the sub-models.

3.1 Two-Dimensional Planar Fracture
A 2D planar fracture is used as validation example by comparing the results from the multiscale model against simulation results obtained with the multi-component reactive transport
code CrunchFlow (Steefel et al. 2014). For this purpose, a 2D simulation domain is constructed with dimensions 0.4 × 0.4 cm in the center of which a 0.1-cm-wide straight channel
representing a fracture is placed (Fig. 2a, Table 1). A mesh of 128×128 grid cells is employed
to discretize the equations. The Poiseuille solution for flow between parallel plates is applicable in the channel. The reactive transport problem involves the transport of 6 components,
including a non-reactive tracer, 9 complexation reactions, and a mineral dissolution reaction.
A solution out of equilibrium with respect to calcite (Li et al. 2008), which also includes a
non-reactive tracer (Table 2), is injected into the fracture at the constant flow rate of 0.04 cm/s.
No-flow conditions are applied at the interface and the upper and lower side of the Darcyscale domain. The effluent solution is allowed to be transported out of the domain across
the outlet side of the domain. Initially, the solution everywhere in the domain is far from
equilibrium with respect to calcite and the concentration of the non-reactive tracer is very
low. Calcite present in the porous matrix dissolves, while reactants diffuse into the matrix
and products diffuse into the fracture opening.
The new multi-scale model simulates the processes as described in Sect. 2 treating the porescale and Darcy-scale domains separately. In contrast, the equivalent multi-scale CrunchFlow
model solves the governing equations for the entire domain. While CrunchFlow does not
solve for pore-scale flow, it can read in a flow solution from an external file. The flow field
is prescribed directly: the Poiseuille solution in the fracture and a zero Darcy velocity in the
porous matrix. Further, reactive transport at the pore scale can be simulated if porosity and
tortuosity are set to 1 in the fracture opening (i.e., θ = τ = 1), in which case Eq. (6) is
mathematically equivalent to Eq. (3). For simplicity, and to avoid differences caused by the
discretization of fluxes across the interface between domains in CrunchFlow, the tortuosity
in the Darcy-scale domain is also set to 1. Parameters used in the simulation are summarized
in Table 1.
The results from the reactive transport problem are compared along a cross section at
x = 0.2 cm, perpendicular to the fracture axis, at times 5.8, 10.16, 20.31, 30.08 s (Fig. 3).
Results show that concentration gradients develop on both sides of the interface between the
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Fig. 2 a Simulation domain of a planar fracture (in blue) embedded in a porous matrix (in light brown) used for
the validation of the new multi-scale model, against an equivalent multi-scale CrunchFlow model (Sect. 3.1)
and a pore-scale model (Sect. 3.2). In the multi-scale approach (b), calcite dissolution is calculated within the
porous matrix and diffusive transport is solved for both in the fracture and in the matrix. Boundary conditions are
applied at external boundaries of the multi-scale domain as shown in (a). In addition, in the hybrid multi-scale
model, boundary conditions at the fracture surface for each sub-component are used as coupling unknowns in
the sequential iterative solution as shown in (b). In the pore-scale approach (c), the domain only encompasses
the fracture (in blue) with calcite dissolution calculated at the fracture surface as a Robin boundary condition
(Eq. 14). The pore-scale and multi-scale models are compared under diffusion-limited rates at the fracture
surface, i.e., the dissolution rate is faster than diffusion in the fracture and concentrations at the surface reach
equilibrium with calcite (d)
Table 1 Multi-scale simulation parameters
Parameter

Sym. Sect. 3.1/Sect. 3.2 Sect. 3.3

Sect. 4

Units

Fluid density

ρ

997.1

997.1

997.1

kg m−3

μ

10−6

10−6

10−6

m2 s−1

Free (pore) diffusion
coeff.

D

10−9

10−9

10−9

m2 s−1

Effective (Darcy)
diffusion coeff.

τθ D

10−9 / 2 × 10−14

10−9

2 × 10−10 /4 × 10−11

m2 s−1

Inlet velocity

|uin |

0.0004

0.0029

2.835 × 10−5

m s−1

Length of domain

L

0.004

0.004

0.02268

m

Height of domain

h

0.004

0.002 (half)

0.004536

m

Kinematic viscosity

Width of domain

w

0.009072

m

Fracture aperture

a

0.001

0.0005
(half, avg.)

Varies

m

Reactive (Darcy)
surface area

ACal
ADol

100/106

100

106
2555

m2 m−3
m2 m−3

Rate constants

k1

0.89

0.89

0.083

mol m−2 s−1

k2

5.01 × 10−4

5.01 × 10−4

1.5 × 10−4

mol m−2 s−1

k3

6.6 × 10−7

6.6 × 10−7

1.1 × 10−4

mol m−2 s−1

4.5 × 10−4

mol m−2 s−1

k4
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Table 2 Initial and boundary conditions
Sect. 3

Sect. 4

Parameter

Initial

Boundary

Units

Parameter

Initial/boundary

pH

3.131

Units

pH

5.658

5.0

pCO2

3.15 × 10−4

3.15 × 10−4

Bar

pCO2

37.66

Bar

Ca

1.03 × 10−30

5.9 × 10−29

mol/kg

Mg

10−15

mol/kg

Na

10−2

10−2

mol/kg

Ca

10−15

mol/kg

Cl

10−2

10−2

mol/kg

Tracer

10−15 /10−2

mol/kg

Tracer

10−10

10−2

mol/kg

fracture and rock matrix. Over time the non-reactive tracer starts diffusing into the matrix
from the fracture. For reactive components, gradients are driven by the dissolution of calcite in the rock matrix. As a concentration gradient develops between the rock matrix and
the influent solution, reaction products diffuse into the fracture and are carried out of the
domain by advection (Fig. 3). Overall, very good agreement is found between result from the
CrunchFlow equivalent multi-scale model and the newly developed multi-scale model both
in space and in time. Because tortuosity in the matrix is set to 1, the concentration gradients
are continuous across the interface.
Although this validation simulation is necessarily simple, it already highlights the differences between the multi-scale approach proposed in this manuscript and the pore-scale
approach. In the pore-scale approach, diffusion control on rates exists only in the pore-scale
domain (Fig. 2c). Thus, the relative importance between transport processes in the fracture and the dissolution rate at the surface determines the specific dissolution regime (Molins
2015). In the multi-scale approach, in contrast, concentration gradients develop on both sides
of the interface. Thus, diffusion control exists both in the fracture and in the porous matrix
(Fig. 3d). In the simulation results presented in this section, this control plays a role in the
transient evolution of the concentrations from the initial conditions used.

3.2 Comparison with a Pore-Scale Model
Results from the multi-scale model are compared to a pore-scale model to test its ability to
capture limitations to rates due to diffusive transport in the fracture only, not in the matrix.
For this purpose, the simulation in Sect. 3.1 is modified to make the effective diffusion in the
porous matrix arbitrarily small (Table 1). In these conditions, diffusion in the porous matrix is
slow compared to the dissolution rate in the matrix and concentrations reach equilibrium. This
reduces the multi-scale model to a pore-scale model in that it effectively sets the concentrations at the fracture surface, limiting the solution to the processes that take place in the fracture.
A pore-scale simulation is run with Chombo-Crunch (Molins et al. 2012; Trebotich et al.
2014; Molins et al. 2014) using the same fracture geometry, but with the domain limited
to the fracture only (Fig. 2c). In the pore-scale model, dissolution rates are calculated as a
Robin boundary condition at the fracture surface as a function of pore-scale concentrations
(Molins et al. 2012):
Nm

− Di ∇ci · n =
ξik · rk
(14)
k=1

where rk has the same functional form as Eq. (9) but with pore-scale concentrations, i.e., ci .

123

710

S. Molins et al.

Fig. 3 Comparison between simulation results from the new model (Ch.) and the CrunchFlow (CF) equivalent
multi-scale model at 4 different times along a transect perpendicular to the fracture surface at 0.2 cm—
displayed as a vertical dashed line in (d)—for a a non-reactive tracer, b calcium, and c total carbon. d 2D
calcium concentrations in the multi-scale model showing the interfaces between domains in horizontal dashed
lines

With a diffusive Damköhler number (Da I I = k1 γH+ a/D) equal to 890, the dissolution
rate in the pore-scale simulation is diffusion-limited in the direction perpendicular to the
fracture surface. This implies that the concentrations at the surface must be in equilibrium
with the mineral. A strong driving force for reaction is maintained throughout the fracture
with a fast flow rate (Pe = 400).
Both multi-scale and pore-scale simulations are run to steady state, that is, until effluent
concentrations no longer change significantly (Fig. 4b). Effluent concentrations are obtained
by flux-averaging concentrations at the fracture outlet (Li et al. 2008; Molins et al. 2012,
2014, 2017).
Results show that under the conditions set above the multi-scale and pore-scale models
are very close (Fig. 4). However, the pore-scale model yields a surface concentration slightly
lower than that of the multi-scale model. This reveals a drawback in the pore-scale approach,
namely that concentrations at the reactive surface cannot be exactly at equilibrium as the
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Fig. 4 Comparison of results from the multi-scale model under strict diffusion-controlled conditions with
results from pore-scale simulations at different resolutions for a calcium concentrations along a vertical
transect at x = 0.2 cm and b effluent calcium concentrations over time

rate at the surface would be zero in the discretized form of the equations, i.e., at equilibrium
Q CaCO3 = K CaCO3 thus r = 0 (Eq. 10). The discrepancy between the pore-scale surface
concentration and the equilibrium concentration is thus dependent on the resolution. Indeed,
results from additional pore-scale simulations at finer resolutions (256 × 256 and 512 × 512)
indicate convergence toward multi-scale results (Fig. 4), i.e., equilibrium concentrations at
the surface. This discrepancy, however, can lead to significant errors in integrated measures
of reaction such as effluent concentrations (Fig. 4b).
This result serves as verification test for the multi-scale model, and it also shows that
it can capture rates at pore scale more accurately than pore-scale models when they are
fully controlled by transport in the pore scale. However, in the transition regime or under
surface-limited reaction conditions (e.g., when the flow rate in the fracture is much faster),
pore-scale and multi-scale model results are not necessarily equivalent. In this scenario, the
concentration at the surface is not that at equilibrium with calcite. Therefore, bulk parameters
that characterize reactive transport processes in the porous matrix such as reactive surface
area and tortuosity would need to be calibrated such that the concentration at the surface
satisfied the solution of the pore-scale model.
Computationally, the multi-scale approach entails the simulation of a pore-scale component and a Darcy-scale component and an sequential iteration of the two solutions to reach
convergence of the overall solution. Further, in the simulations in this section the pore-scale
domain is smaller than the multi-scale domain (Fig. 2). As a result, the multi-scale computational cost is higher than that of the pore-scale model. The pore-scale simulation used 0.070 s
per transport time step, while the multi-scale simulations used 0.370 s per transport time step.
Both simulations were carried out using 8 MPI processes on a machine with Intel Xeon
E5-2600 v2 processors at 2.1 Hz. On average two iterations were required to converge for
each transport time step, which implies that two pore-scale solutions and two Darcy-scale
solutions were performed. Thus, the averaged cost per solution (0.0925 s) is slightly larger
than that of the pore-scale model, which can be accounted for by the larger size of the
Darcy-scale domain and the overhead associated with the coupling infrastructure.

3.3 Rough Fracture Surface
A central objective of the multi-scale model is the ability to simulate the complex geometries
of natural fractured media. In these domains, the embedded-boundary method (Sect. 2.2) must
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Fig. 5 Calcium concentrations in the rough (sinusoidal) fracture simulations a in the entire domain and b in
a close-up view of one of the sine troughs, showing details of the embedded boundary and mesh refinement
used near the fracture surface

be used to capture the interface accurately in a Cartesian grid. Further, it is also necessary
to use fine resolution to accurately solve the Navier–Stokes equations for pore-scale flow
(Eq. 1–2). As apparent from the simulations in Sect. 3.1, fluxes that control effective rates in
the domain are determined by concentration gradients that develop in localized areas of the
domain, near the interface in both sub-domains. To accurately quantify these rates, the model
must be able to capture these gradients accurately. In the Darcy scale, away from the interface,
concentration gradients are negligible as concentrations are near or at equilibrium (Sect. 3.1)
and fine resolution is not needed. In order to capture concentration gradients accurately and
match the resolution on both sides of the interface, adaptive mesh refinement (Sect. 2.2) is
used.
To demonstrate the adaptive mesh refinement embedded-boundary approach, a sinusoidal
fracture (as in Fig. 1) is placed in a domain of the same overall dimensions as in Sect. 3.1 with
an average fracture aperture of 0.1 cm. For simplicity and taking advantage of the domain
geometry, only half of the domain is simulated (Fig. 5). The geochemical problem is the same
as in Sect. 3.1 with the porous matrix composed by calcite that dissolves as the solution out
equilibrium with respect to calcite flows into the fracture and diffuses into the porous matrix.
Two criteria are used to determine whether additional mesh refinement is required in the
porous matrix: one that placed this refinement in the location of the interface and another
that does so where the difference between concentration values in adjacent cells exceeds a
given threshold. However, because gradients develop near the interface, both criteria lead to
refinement in the same area (Fig. 5). This refinement does not change with time.
The roughness of the fracture surface leads to velocity variations along the fracture length
(Fig. 5). Where the fracture is narrow, flow is faster and the diffusive boundary layer is thinner.
Where the fracture widens, slow flow zones form in the sine troughs and diffusive boundary
layers become thicker.

4 Flow Channeling and Diﬀusive Transport Limitations in a 3D
Fractured Domain
The simulations in the previous section demonstrate the capabilities of the new model in
capturing processes accurately in arbitrary multi-scale domains. In 2-dimensional cross sections, however, the advantages of the model in capturing pore-scale flow are not fully apparent
in that flow channelization within the fracture plane is not taken into account. Darcy-scale
models can also capture this channelization by using the so-called cubic law to calculate a
permeability from fracture apertures. In this way, the 3D problem becomes a 2D problem
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Fig. 6 The 3D domain for the multi-scale model is constructed from the aperture and altered layer thickness
maps from Deng et al. (2016)

within the fracture plane. This cubic law simplification however has come into question (e.g.,
Starchenko et al. 2016). Further, in this approach, pore-scale transport processes perpendicular to the fracture plane that may control dissolution rates are not considered, i.e., well-mixed
conditions are assumed within the fracture opening.
Deng et al. (2016) used these simplifications (i.e., cubic law and well-mixed conditions)
to simulate a fractured core experiment of a dolomite sample from the Duperow formation.
In this experiment, the core was subject to flow of a solution at high partial pressure of CO2 ,
which resulted in both the evolution of the fracture geometry and the formation of an altered
porous layer around the fracture surface (Deng et al. 2016). The model by Deng et al. (2016)
included the impact of transport in this porous layer on the dissolution rate of calcite by
tracking its thickness and accounting for diffusion in the reaction rate model.
Here we set out to explore the additional insights provided by the 3D multi-scale model
on the effective dissolution rate and the effect of the Darcy-scale simplifications made in
Deng et al. (2016). For this purpose, the results of the model in Deng et al. (2016) are used
to generate the multi-scale domain (Table 1). The simulations only seek to reproduce results
at a specific time point for a given fracture geometry and thickness of the altered layer (Fig.
6) rather than the formation and evolution of the altered layer. In particular, the simulations
attempt to reproduce concentrations at 80 hours into the experiment. The fracture aperture is
used to generate the geometry of the fracture aperture assuming fracture symmetry (Fig. 6).
The thickness of the altered layer is used to assign the distribution of minerals in the porous
matrix (i.e., the Darcy-scale domain). The altered layer is characterized by the absence of
calcite, while dolomite is present uniformly everywhere in the porous matrix. The reactive
surface area for calcite is set to be arbitrarily large as in Sect. 3.2 to ensure transport-limited
rates (as in Deng et al. (2016)). The reactive surface area for dolomite is obtained from the
literature (Xu et al. 2011), in contrast to the surface area used in Deng et al. (2016), which
equals the interfacial area of the fracture surface. For the diffusion coefficient through the
porous altered layer, the one corresponding to the best fit obtained by Deng et al. (2016)
(D = 2 × 10−10 m2 /s) is used.
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Fig. 7 Steady-state calcium concentrations in the 3D simulations of the Duperow fracture experiment a in
the Darcy-scale domain and b the pore-scale domain. c A close-up view of the pore-scale domain shows
concentration gradients within the fracture opening, and d a side view of the Darcy-scale domains shows
the embedded boundary and the mesh refinement around the fracture surface, where it interfaces with the
pore-scale domain and steep concentration gradients develop

Multi-scale results show a non-uniform pattern for calcium concentrations. In the porescale domain, inlet concentrations extend further into the domain along the preferential flow
path that develops on the right side of the fracture (Fig. 7b), while they are higher where
flow is slower. In the porous matrix, a gradient is established between the area where calcite
is dissolving and the fracture surface, i.e., across the altered layer (Fig. 7a). In the regions
where pore-scale concentrations are higher, these gradients are small and concentrations in
the altered layer are also high.
The mesh has 64×160×32 cells that cover the entire domain. However, for the pore-scale
domain, this implies an equivalent resolution of 128 × 320 × 64 cells because an additional
refinement level is used throughout. The resolution in the X Y plane is coarser than that
used by Deng et al. (2016) (168 × 429). As in Sect. 3.3, the criterion used for adaptive
mesh refinement places the additional refinement near the surface and where concentration
gradients are steep (Fig. 7d). In this simulation, this implies that AMR naturally captures the
thickness of the altered layer in the porous matrix. If a criterion based only on geometry had
been used, the additional refinement would have been available near a narrow zone around
the fracture surface (as in the downstream end of the fractured domain (Fig. 7d)). However,
the additional criterion based on difference in concentration values between adjacent cells
makes it possible to have a zone with finer resolution also in the upstream end of the domain
where the altered layer is thicker (Fig. 7d). The simulations were run using 512 MPI processes
on 2.3 GHz Intel Haswell processors, with each time step taking 9.19 s on average. Initially,
a little more than two iterations were necessary on average to reach convergence for the
solution, but as the solution approached steady-state conditions, a single iteration sufficed.
Effluent concentrations of calcium from the multi-scale model are greater than those in
the results of Deng et al. (2016) (Table 3). In contrast to the reduced-dimension model of
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Table 3 Comparison of effluent concentrations of calcium and magnesium obtained from different modeling
approaches and the experiments in Deng et al. (2016) and Ajo-Franklin et al. (2018)
Model

Diffusion (m2 /s)

Calcium conc. (mol/L)

Magnesium conc. (mol/L)

Multi-scale

2 × 10−10

0.031

0.0034

(this work)

4 × 10−11

0.022

0.0049

Reduced-dimension

2 × 10−10

0.027

0.0094

(Deng et al. 2016)

4 × 10−11

0.021

0.0111

0.027

0.0087

Experimental

Deng et al. (2016), the multi-scale model solves for transport processes in 3D inside the
fracture space and is able to capture concentration gradients toward fracture surfaces (Fig.
7c). However, this effect seems to be minor and limited to a small area where the fracture
aperture is the widest. Further, the multi-scale model solves the 3D Navier–Stokes equation
considering directly the geometry of the fracture. If pore-scale concentrations are averaged
over the fracture aperture and compared to the results by Deng et al. (2016), it can be observed
that concentration contours are qualitatively similar to those from the reduced-order model.
However, the 2D simplification introduced by the use of the cubic law for flow to the reduceddimension model results in smoother calcium concentrations (Fig. 8b). The multi-scale model
shows a more sharply defined preferential flow channel with lower calcium concentrations.
For a given thickness of the altered layer, diffusive fluxes are larger when concentrations are
lower in the fracture. Hence, the overall higher effective rate of calcite dissolution is evident
from effluent concentrations (Table 3). Velocity distributions for both domains support this
observation. Fluid velocities in the fracture from the multi-scale model display a sharper
transition from low to high values than those obtained by the reduced-dimension model (Fig.
8c). While relatively more grid cells have low velocities in the reduced-dimension model,
the multi-scale model can resolve much slower velocities (Fig. 8c). However, relatively more
grid cells in the multi-scale model have faster flow velocities than in the reduced-dimension
model (Fig. 8c).
The effective coefficient of diffusion in the matrix is a critical parameter controlling the
effective rate of calcite dissolution. Deng et al. (2016) used it as calibration parameter to
obtain a best fit. However, when D was estimated with Archie’s law based on porosities
observed in the experiment using the literature coefficients, effluent calcium concentrations
were lower than experimental measurements (Deng et al. 2016). An additional multi-scale
simulation is performed here using the lower bound of the D value estimated with Archie’s
law (D = 4 × 10−11 m2 /s). Results from the multi-scale model are much closer than those
obtained by the reduced-dimension model (Table 3) and do not match as well observed in the
experiment. In fact, the difference between the multi-scale simulations with the two different
values of D is larger than for the reduced-dimension model. This indicates the balance
between transport in the fracture, and diffusion–reaction in the matrix is different in the
multi-scale model and the reduced-dimension model. Hence, the harmonic average between
surface rates and diffusion-limited rates used in the reduced-dimension model appears to
capture more accurately the results of the multi-scale model when D = 4 × 10−11 m2 /s
when altered layer thickness are smaller.
Effluent magnesium concentrations are lower than those simulated by Deng et al. (2016)
or measured experimentally (Table 3). This is caused by the value of the reactive surface
area used for dolomite. The value sourced from the literature is not sufficient to capture the
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Fig. 8 Calcium concentrations at steady state in the fracture plane from a the multi-scale model, with results
averaged over the fracture aperture, and b the reduced-dimension model of Deng et al. (2016). Fracture contact
points are displayed in white in the multi-scale model results. c Normalized cumulative distribution function
of the fluid velocity fields in the reduced-dimension (red) and multi-scale model (blue)

effective rate of dolomite dissolution. The values of effluent magnesium concentration from
the two simulations indicate that the rate is mostly controlled by the kinetics of the reaction,
although partial diffusion control is also apparent. This shows a limitation of the multi-scale
model, namely that it requires the use of bulk parameters as in Darcy-scale models.

5 Conclusions
The multi-scale model developed in this work makes it possible to capture limitations to
dissolution rates both at the pore scale and at the Darcy scale. The former are closely related
to flow within the fracture and the latter to transport through the porous matrix.
The model may be equivalent to a pore-scale model under certain conditions, namely
when the solution in the porous matrix reaches equilibrium uniformly. Potential limitations
of pore-scale models may be overcome by applying a Darcy-scale description in the areas
where the spatial scales of medium heterogeneity are too fine to be resolved at the pore scale.
This was the case of altered layers that formed around in the porous matrix in the Duperow
fracture experiment in Deng et al. (2016). However, by using a continuum characterization
for these media, the model must rely on bulk parameter values—e.g., reactive surface area—
that add a source of uncertainty. The use of a surface area sourced from the literature for
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dolomite dissolution in the Duperow fracture simulation results in an under-estimation of
effluent magnesium concentrations with respect to earlier modeling and experiments.
In spite of this limitation, the multi-scale model presents an advantage over Darcy-scale
models, which rely on the cubic law to solve for flow in the fracture. This 2D simplification has
already shown to produce results that diverged from those of a 3D pore-scale model when
local inhomogeneities appeared during fracture evolution (Starchenko et al. 2016). Here,
similar discrepancies were observed between the multi-scale and a reduced-dimension model
(Deng et al. 2016). In a domain such as the Duperow fracture experiment, characterized by a
preferential flow path, the multi-scale model—more specifically, its pore-scale component—
provided a sharper velocity contrast and sharper concentration results.
While it was assumed that flow in the porous matrix is negligible, conceptually, the multiscale model presented here could be extended to consider flow both in the fracture and in
the porous matrix, with continuity of fluid fluxes and pressures at the interface. This could
potentially be relevant in the scenarios similar to the Duperow fracture experiment where the
porosity of the altered layer is large enough that flow in it may be significant.
From a code development perspective, a hybrid model that couples pore-scale and Darcyscale representation presents some advantages. The model was implemented building upon
existing capabilities by combining them with newly developed code. Numerical approaches
available in the existing computational platform were taken advantage of. Specifically, the
embedded-boundary method was successfully used to capture complex geometries of the
interface between pore-scale and Darcy-scale domains. Adaptive mesh refinement provided
a convenient efficient approach to match resolutions on both sides of the interface that avoided
the use of computationally complex mortar methods. Further, it also added additional refinement where concentration gradients made it necessary.
Although the simulations presented in this work did not make it necessary, the fact that
the two sub-problems are solved separately and coupled sequentially allows in practice for
the use of different time stepping approaches in each sub-domain. This is generally not
possible in models that combine multi-scale processes in a single equation such as the Darcy–
Brinkman–Stokes. This feature of the multi-scale model presented in this manuscript could
be especially useful when considering larger fractured domains in which fractures occupied
a small portion volumetrically of the larger porous domain and required high resolution and
small time steps. Further, in such domains, several additional levels of refinement could be
used to transition from very fine pore-scale resolution in the fractures to relatively coarse
resolution in porous-media domain that could span to several meters and beyond.
The simulations in this manuscript did not consider evolution of the media as a result
of the reactions, and therefore, the pore-scale and Darcy-scale domains did not evolve over
time. An embedded-boundary method for time-evolving domains developed by Miller and
Trebotich (2012) and implemented in Molins et al. (2017) for pore-scale geometry evolution
could however be applied in the multi-scale model. In this case, the model could capture
both the evolution of the porous matrix and the displacement of the pore-scale/Darcy-scale
interface as a result of dissolution and other relevant processes such as altered layer erosion,
e.g., Deng et al. (2017b).
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A Embedded-Boundary Solution
In the embedded-boundary method, in grid cells where the irregular domain intersects the
Cartesian grid, finite volume discretizations must be constructed to obtain conservative discretizations of flux-based operations. First, the underlying description of space is given by
rectangular control volumes on a Cartesian grid ϒi . Given an irregular domain Ω, we obtain
control volumes Vi = ϒi Ω (Fig. 9). The intersection of the boundary of the irregular
domain with the Cartesian control volume is defined as AiB = ∂Ω ϒi . The conservative
approximation of the divergence of a flux F can now be defined by applying a discrete form
of the divergence theorem

D
1 
B B


d
d
αi+ed /2 F i+ed /2 − αi−ed /2 F i−ed /2 + αv Fv
D(F)v =
(15)
hκv
d=1

where D is the dimensionality of the problem, h is the mesh spacing, κi are the volume fraci+ed /2 indicates that the flux has been interpolated
tions, αi are the area fractions, and where F
to the face centroid using linear (2D) or bilinear (3D) interpolation of face-centered fluxes.
For example, given the cell edge with outward normal e1 , with centroid x, the 2D linearly
interpolated flux in the d direction (d  = 1) is defined by
d 1 = ηF 1 + (1 − η)F 1
F
i+e /2
i+e /2
i+e /2±ed
|x · ed |
η =1−
hd

+ x · ed > 0
±=
− x · ed ≤ 0.
In our multi-scale approach, two separate embedded-boundary domains are generated,
one for the fracture and the other for the rock matrix. The embedded boundary captures the
interface between the two domains. The two solutions are however obtained sequentially and
separately from each other. The fluxes and concentrations used for boundary conditions are
calculated at the embedded boundaries (Fig. 10) and exchanged iteratively after the solution
for each problem has been obtained. That is, the fluxes obtained from the pore-scale solution
at the embedded boundary (F B ) are passed as boundary conditions for the rock matrix
solution. In turn, upon solution of the Darcy-scale problem concentrations are calculated at
the embedded boundary and passed as boundary conditions for the pore-scale problem.
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Fig. 9 Left: example of an irregular geometry on a Cartesian grid. Middle: close-up view of embedded
boundaries cutting regular cells. Right: single cut cell showing boundary fluxes. The shaded area represents
the volume of cells excluded from the domain. Dots represent cell centers. Each x represents a centroid
Fig. 10 Least square stencil to
obtain flux for the Dirichlet
boundary condition on the
embedded boundary in 2D
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