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Direct N-Body

L] ‘-‘\
e n particles ;
— Molecules, galaxies, etc. ‘
.
for t=1:timesteps
for i=1:n \
for j=1:n
force[i] += interact(particles[i], particles|j])
for i=1:n

move(particles|i], force[i])

e O(n?) interactions

— Want to reduce communication
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Communication Model

* Per-processor cost along critical path
* Alpha-Beta model

cost=5S-a+W-pf3

A AT

#messages latency #words 1/bandwidth

* Lower-bound S and ¥ to see if the algorithm
IS communication-optimal
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Communication Lower Bounds

* From Minimizing Communication in Numerical
Linear Algebra [Ballard et al. 2011a]:

— F' F£flops per processor
— M size of fast memory in words

— H  max #flops with A/ words

S=Q(=]), WwW=Q(@-M :Q<>
(#messages) (H > (#words) ( ) H
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Communication Lower Bounds

* From Minimizing Communication in Numerical
Linear Algebra [Ballard et al. 2011a]:

— F' F£flops per processor
— M size of fast memory in words
— H  max #flops with A/ words

F F-M
s—a(L), w=oi-Mm=0—_2
(#messages) (H ) (#words) ( ) ( H )

* Generalized in Communication Lower Bounds and Optimal
Algorithms for Programs that Reference Arrays [Christ et al. 2013]
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| Lower Bounds for N-Body

* n particles, p processors
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Lower Bounds for N-Body

* n particles, p processors

—F (Flops): O(n?/p)
— #particles in fast mem: O(M)
— H (max #flops/M words): O(M?)
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Lower Bounds for N-Body

* n particles, p processors

—F (Flops): O(n?/p)
— #particles in fast mem: O(M)
— H (max #flops/M words): O(M?)

F n’/p
naea(f) a3

F-M n?
o -0 3) -0 (32
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| Naive All-Pairs Interaction Algorithm
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replica
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| Naive All-Pairs Interaction Algorithm
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| Naive All-Pairs Interaction Algorithm

Pp
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| Naive All-Pairs Interaction Algorithm

Pr Py P
(]
initial m o0l | &
o
$ $ Interact
. o
replica & o ® - | o0
° o ® o
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| Naive All-Pairs Interaction Algorithm

P; Py Dy

initial m o,

cee .0 °
o
$ i interact
. ]
replica |° o0
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| Naive All-Pairs Interaction Algorithm

initial m O IR

replica
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| Naive All-Pairs Interaction Algorithm

. message size: O(n/p)
itial ° e | 0
nitia m. ° #messageS: O(P)
interact #words sent: O(n)

replica |
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| Naive All-Pairs Interaction Algorithm

Pp
message size: O(n/p)

cL #messages:  O(p)
$|nteract #Words sent: O(Il)

 Lower Bounds for M=O(n/p)
Salipairs = 1 (73\2/39 )

n®/p
Wallpairs = () < M >

replica |
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| Naive All-Pairs Interaction Algorithm

Pp
message size: O(n/p)

cL #messages:  O(p)
1|nteract #Words sent: O(Il)

* Lower Bounds for O(n/p)
Sallpairs = Q 2/ P Q( nj]/) P )
Wallpairs = §2 < 2/p>

(58) -
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| Naive All-Pairs Interaction Algorithm

Pp

message size: O(n/p)
#messages: O(p

replica

e Lower Bounds for

2
p
Sallpairs — Q /

2/10

Wallpairs = (2 <

)

DEGAS retreat
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| Naive All-Pairs Interaction Algorithm

Pp
message size: O(n/p)

#messages:  O(p)
$|nteract #WQrdS sent: O(Il)

 Lower Bounds for M=O(n/p)

(P _g e
Sallpairs = () ( M2 ) = () <(n/p)2> = () (p)

Wi = 2 (") =2 (22}~

replica |

e Communication-optimal for M=O(n/p)
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Bad Scalability

Parallel Efficiency on Intrepid (n=262144)

poos si d(

N
o
N
N>

Relative Efficiency vs. One Core

2048 4096 8192 16384 32768
Machine size (# cores)
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| Bad Scalability

Parallel Efficiency on Intrepid (n=262144)

Relative Efficiency vs. One Core

2048 4096 8192 16384 32768
Machine size (# cores)

e We can do better

2 2
SN—Body = () (n /p) ) WN—Body = (2 (Tl/p)

M? M
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| Bad Scalability

Parallel Efficiency on Intrepid (n=262144)

Relative Efficiency vs. One Core

2048 4096 8192 16384 32768
Machine size (# cores)

e We can do better

n?/p n?

SN—Body = () ) WN—Body = ()
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CA=Communication Avoiding

| Exploiting Extra Memory

* By making c replicas MCAzO(c-g) = ¢ Manipairs

DEGAS retreat Penporn Koanantakool 24




CA=Communication Avoiding

| Exploiting Extra Memory

n

* By making c replicas MCAzO(c-E) = ¢ Manipairs
e We get SCA_Q< F )

2
MCA

F
Wea =
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CA=Communication Avoiding

| Exploiting Extra Memory

* By making c replicas MCA=O<c-g) = ¢ Manipairs
 We get _of E) F .
g Poa =4 (M(%A) - <C2 ' Ma211pairs e Sallpeie

F F 1
W = () =} = —  Walpairs
cA (MCA> (C ’ Mallpairs ) & i
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CA=Communication Avoiding

Exploiting Extra Memory

e By making c replicas Mca=0 (c- g) = ¢ Manipairs
° F F 1
We get Soa =1 <M(2]A) - <02 : Ma211pairs> Sl g
F F 1
WCA = (MCA> = (C . Mallpairs> — E : Wallpairs

 Existing algorithms only use ¢ = /p
— [Plimpton 1995], [Snir 2004], etc.
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CA=Communication Avoiding

Exploiting Extra Memory

e By making c replicas Mca=0 (c- g) = ¢ Manipairs
° F F 1
We get Soa =1 <M(2}A) - <C2 : Ma211pairs> Sl g
F F 1
WCA = (MCA> = (C . Mallpairs> — E : Wallpairs

 Existing algorithms only use ¢ = /p
— [Plimpton 1995], [Snir 2004], etc.
e Our CA algorithm allows 1 < ¢ < ,/p*

*Formal proof in HBL paper
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CA=Communication Avoiding

Exploiting Extra Memory

e By making c replicas Mca=0 (c- g) = ¢ Manipairs
° F F 1
We get SCA = <M(2]A) - <C2 . Ma?llpairs) B C_2 | Sanpairs
F F 1
WCA = (MCA> = (C . Mallpairs> — E : Wallpairs

 Existing algorithms only use ¢ = /p
— [Plimpton 1995], [Snir 2004], etc.
e Our CA algorithm allows 1 < ¢ < ,/p*

— Support machines with limited memory

*Formal proof in HBL paper
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CA=Communication Avoiding

Exploiting Extra Memory

e By making c replicas Mca=0 (c- g) = ¢ Manipairs
° F F 1
We get SCA = <M(23A) - <C2 . Ma?llpairs) B C_2 | Sanpairs
F F 1
WCA = (MCA> = (C . Mallpairs> — E : Wallpairs

 Existing algorithms only use ¢ = /p
— [Plimpton 1995], [Snir 2004], etc.
e Our CA algorithm allows 1 < ¢ < ,/p*

— Support machines with limited memory

— The best replication factor is often not \/]_?

*Formal proof in HBL paper
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The Communication-Avoiding
All-pairs Interaction Algorithm
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The CA-All-Pairs Algorithm

< n particles >

lnltla,]_ OO0 |00 | 0O OOEOO OO0 (00|00 (00|00 |0OO|0O0 |00 |00 |00
replica T
C

> p/c processor teams ———»
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The CA-All-Pairs Algorithm

< n particles >

initial | oo 00 |00 |00 |00 00|00 |00 |00 |00 |00
replica T
C

> p/c processor teams ———»

1. Broadcast to team members
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The CA-All-Pairs Algorithm

< n particles >

initial |oo|oo |00 oo|oo|oo|oo|oo|oo |00 |00 |00
replica T
C

> p/c processor teams ———»

2. Shift by row 1D,
and calculate interactions
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The CA-All-Pairs Algorithm

< n particles >

lnltla,]_ 00 | 00 | OO OO/E 00|00 |00 |00|00|00|00|00 |00 |00 |00
replica T
C

> p/c processor teams ———»

3. Shift by c,
and calculate interactions
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The CA-All-Pairs Algorithm

< n particles >
lnltla,]_ 00 | 00 | OO OO/E 00|00 |00 |00|00|00|00|00 |00 |00 |00
replica

> p/c processor teams ———»

3. Shift by c,
and calculate interactions
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The CA-All-Pairs Algorithm

< n particles >

initial |oo|oo |00 OO/E 0000 |00|[00|00|00|00|0O0 |00 |00 (0O

replica

@)

o

< p/c processor teams ———»

3. Shift by c,
and calculate interactions
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The CA-All-Pairs Algorithm

< n particles >

initial |oo|oo |00 OOEOO 00 (00|00 (00|00 (0000|000 |00 |00

replica e

@)

> p/c processor teams ———»

4. Reduce all interactions calculated by
all team members
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

> p/c processor teams ——»

Message Size #messages (9) #words (W)

1. Broadcast

2. Skew

3. Shift

4. Reduce
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

> p/c processor teams ——»
Message Size #messages (9) #words (W)
1. Broadcast O (i>
p/c
2. Skew 0 <ﬂ>
p/c
3. Shift o) <£>
p/c
4. Reduce O <£)
p/c
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

> p/c processor teams ——»
Message Size #messages (9) #words (W)

n

1. Broadcast O (—) O (logc)
p/c

2. Skew 0 <ﬂ>
p/c

3. Shift 0 <£>
p/c

4. Reduce O <£)
p/c
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
2. Skew 0 (1)
p/e
3. Shift 0 (&)
p/e
4. Reduce O <ﬂ)
p/e
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
2. Ske O( n ) 0(1)
. W JE—
p/e
3. Shift 0 (&)
p/e
4. Reduce O <ﬂ>
p/e
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
p/e P
3. Shift 0 (&)
p/e
4. Reduce O <ﬂ)
p/e
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (.5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
p/c P
3. Shift 0 <ﬂ> 9, (@) _0 <£>
p/c c c2
4. Reduce O <ﬂ)
p/c
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
2. Skew O (ﬂ) O (1) 0 (E)
p/e D
3. Shift 0 (&) O (@) o (g) o (g)
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4. Reduce O <ﬂ)
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

< p/c processor teams ———»
Message Size #messages (5) #words (W)
1. Broadcast O (i> O (log ¢) O (TLC log C)
p/c »
2. Skew O (ﬂ) O (1) 0 (E)
p/e D
3. Shift 0 (&) O (@) o (g) o (g)
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

> p/c processor teams ——»
Message Size #messages (9) #words (W)
1. Broadcast O (i> O (logc) O (nc logc)
p/c p
9. Skew O <ﬂ> 0(1) 0 (T)
p/c Dominant factor p
3. Shift 0 <ﬂ> 0 (@) o) <3> 0 (3)
p/c c c? &
4. Reduce O <£) O (log c) O (nc logc)
p/c p
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Communication Optimality

< n particles >
initial |oo | oo |00 OO/E 00 |00 |00 |00 |00 |00 |00 |00 |00 |00 |00 n: #particles
replica T pP- #proc_:essors
c: #copies
C

mmanll

> p/c processor teams ——»
Message Size #messages (.5) #words (W) Boun dS
n nclog c)
1. Broadcast O — O (logc @) 1
(p/C) ( & ) ( p SCA - 6_2 : Sallpairs
2. Skew o) <ﬂ> O (1) o) (E)
p/c Dominant factor p
- n ple _ o (P n _1 |
3. Shift O (p/c) O ( p ) =0 <C2> (0 (C) Wea = - Wallpalrs
4. Reduce 0] <£) O (log c) O (nc logc)
p/c p
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Communication Optimality

< n particles >
initial |oo | oo |00 OO/E 00 |00 |00 |00 |00 |00 |00 |00 |00 |00 |00 n: #particles
replica T pP- #proc_:essors
c: #copies
C

mmanll

> p/c processor teams ——»
Message Size #messages (9) #words (W) Bounds
n nclog c)
1. Broadcast O|— O (logc O 1
(p/C) ( & ) ( p SCA - 6_2 : Sallpairs
n ne 1
2. Sk O|— O (1 O|— _ _
o (p/c) Dominant facto(r ) ( P ) — 2 Q(p) =0
- " pieY_o(P n _ 1! |
3. Shift O (p/c) O ( p ) =0 <C2> (0 (C) Wea = - Wallpalrs
4. Reduce O <£) O (logc) O (nc logc)
p/c p
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Communication Optimality

< n particles >
initial | oo |00 |00 OM 00|00 |00 |00 |00|00|00|00|00|00|00 n: #particles
replica T pP- #proc_:essors
c: #copies

ey

> p/c processor teams ——»
Message Size #messages (9) #words (W) Bounds
n nclog c)
1. Broadcast O|— O (logc @) 1
(p/C) ( & ) ( p SCA - 6_2 : Sallpairs
n ne 1
2. Sk O|— O (1 O|— _ _
o (p/0> Dominant facto(r ) ( P ) T2 (p) =0 <
- " p/eY _o (P n L W
3. Shift O (p/c) O ( . ) =0 <C2> (0 (C) ‘ Wea = c Wallpalrs
1
4. Reduce O <£) O (logc) O (nclogc) =—-Q(n)=Q (
p/c p ¢
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Test Environment

* N-Body code
— Flat MPI
— 56-byte particles
— Repulsive force oc 1/r?
— Reflective boundary conditions
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Test Environment

 N-Body code
— Flat MPI
— 56-byte particles
— Repulsive force oc 1/r?
— Reflective boundary conditions

e Platforms

— Hopper GNERSC
e Cray XE-6: fat 24-core NUMA node
e 3D-torus Cray Gemini interconnect
— Intrepid Q@ALCF Argonneﬁ
e IBM BlueGene/P: quad-core node NATIONAL tABORATORY
* 3D-torus, topology-aware partitioning & collectives
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Communication Decreases!

* Hopper; n=24K particles, p=6K cores

0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

Execution Time Per Timestep (sec)

DEGAS retreat

Execution Time vs. Replication Factor

c=1

"""""""""""" m Communication (Reduce)
mE Communication (Shift)

mE Computation

c=2 c=4 c=8

Replication Factor

c=16 c=32
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Communication Decreases!

* Hopper; n=24K particles, p=6K cores

Execution Time vs. Replication Factor

0.045 | I | | |
004 7 mm Communication (Reduce) |
0035 [ N B Communication (Shift) -

mE Computation

003 F B
0.025 | B
002 B R
0015 b B 96% reduction S

0.01 N @ .
0.005 N @ .

Execution Time Per Timestep (sec)

c=1 c=2 c=4 c=8 c=16 c=32

Replication Factor

DEGAS retreat Penporn Koanantakool 55




| Often, /p isn’t the best c

* |ntrepid; n=262K particles, p=32K cores

Execution Time vs. Replication Factor

14 | | | | | | | | |
12 . mm Communication (Reduce)
= Communication (Shift)
T = Computation —

003 SI UMO(]

Execution Time Per Timestep (sec)

c=1 c=1 =2 =4 =8 c=16 c=32 =64 c=128
(tree)(no-tree)

Replication Factor
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| Often, /p isn’t the best c

* |ntrepid; n=262K particles, p=32K cores

Execution Time vs. Replication Factor

14 | | | | | | | | |
12 . mm Communication (Reduce)
= Communication (Shift)
T = Computation —

003 SI UMO(]

Execution Time Per Timestep (sec)

c=1 c=1 =2 =4 =8 c=16 c=32 =64 c=128

Replication Factor

Tree Network
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I Often, /p isn’t the best c

* |ntrepid; n=262K particles, p=32K cores

Execution Time vs. Replication Factor

14 | | | | | | | | |
12 . mm Communication (Reduce)
= Communication (Shift)
T = Computation —

003 SI UMO(]

Execution Time Per Timestep (sec)

c=1 c=1 =2 =4 =8 c=16 c=32 =64 c=128

Replication Factor

Tree Network
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| Near-Perfect Scalability

Parallel Efficiency on Intrepid (n=262144)

' ! !
1 ! . “ I.:J e ——
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S s 1 .~ ¥
2 08 T~ T~ N -
© | 5
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> 0.6 R e S NG N .
5 ——— Ideal ‘ ‘
o —o— (=64
o 04 —e— =32 e N
g c=16
b= —8— =8 | | I
o 02 —%— =4 o e -
= —%— (=2 1 1
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0 | | |
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Near-Perfect Scalability

Parallel Efficiency on Intrepid (n=262144)
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Near-Perfect Scalability

Parallel Efficiency on Intrepid (n=262144)

0.8 | e TN .

poos si dn

>4 4x

Relative Efficiency vs. One Core

2048 4096 8192 16384 32768
Machine size (# cores)
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Extension for
Finite Cutoff Distance
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Interactions with Cutoff Radius

e Don’t interact if distance > cutoff radius
e Suggests spatial decomposition

* Assumptions
— Uniform distribution
— Cutoff distance spans multiple processor areas
e Simple extension
— Shifts within only cutoff area
— Works for any dimensionality of simulation space
— Still communication-optimal

* More details in paper
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1D-Space Cutoff Algorithm

lnltla,l 00 | oo | oo | oo ]| oo|oo]| 00| oo

replica

— m teams — j¢—— m teams ——

p/c processor teams

e Shift-modulo (wrap-around)
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| CA1D: Time Breakdown

* |ntrepid; n=262K particles, p=32K cores

Execution Time vs. Replication Factor

035 | | | | | | | |
B Communication (Re-assign)
O3F omm m Communication (Reduce) -
B Communication (Shift)
025 D = Computation -
0.2

0.15
0.1
0.05

Execution Time Per Timestep (sec)

c=1 c=2 c=4 c=8 c¢c=16 =32 =64 =128

Replication Factor
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| CA1D: Time Breakdown

* |ntrepid; n=262K particles, p=32K cores

Execution Time vs. Replication Factor

035 | | | | | | | |
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| CA1D: Better Scalability

Parallel Efficiency on Intrepid (n=262144)
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2D-space Cutoff Algorithm

Oth layer
1st layer
2nd layer

3rd layer
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| CA2D: Time Breakdown

* Hopper; n=196K particles, p=24K cores

Execution Time vs. Replication Factor
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| CA2D: Time Breakdown

* Hopper; n=196K particles, p=24K cores

Execution Time vs. Replication Factor
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| CA2D: Better Scalability

Parallel Efficiency on Intrepid (n=196608)
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| CA2D: Better Scalability

Parallel Efficiency on Intrepid (n=196608)
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Conclusions

e Using c replications reduces
— #messages sent by a factor of c?
— #words sent by a factor of ¢
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e Using c replications reduces
— #messages sent by a factor of c?
— #words sent by a factor of ¢

* cis a tunable parameter; 1 <¢< /p

* Reduced up to 99.6% communication time.
Observed up to 11.8x speedup.
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Conclusions

e Using c replications reduces
— #messages sent by a factor of c?
— #words sent by a factor of ¢

* cis a tunable parameter; 1 <¢< /p

* Reduced up to 99.6% communication time.
Observed up to 11.8x speedup.

* Applications
— Bottom solvers in hierarchical N-Body

— Database joins

— Collision detection algorithms
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