On computing Schur functions and series

thereof

Cy Chan, Vesselin Drensky, Alan
Edelman, Raymond Kan & Plamen Koev

Journal of Algebraic Combinatorics
An International Journal

ISSN 0925-9899 ISSN 0925-9899 Volume 47, Number T,
J Algebr Comb |
DOI 10.1007/s10801-018-0846-y JOURNAL OF
ALGEBRAIC
COMBINATORICS

An International Journal

Editor-in-Chief:
llias S. Kotsireas

&

Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
Science+Business Media, LLC, part of
Springer Nature. This e-offprint is for personal
use only and shall not be self-archived in
electronic repositories. If you wish to self-
archive your article, please use the accepted
manuscript version for posting on your own
website. You may further deposit the accepted
manuscript version in any repository,
provided it is only made publicly available 12
months after official publication or later and
provided acknowledgement is given to the
original source of publication and a link is
inserted to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



Journal of Algebraic Combinatorics
https://doi.org/10.1007/s10801-018-0846-y

@ CrossMark

On computing Schur functions and series thereof

Cy Chan' . Vesselin Drensky? - Alan Edelman3 - Raymond Kan* .
Plamen Koev’

Received: 12 February 2018 / Accepted: 26 September 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract

In this paper, we present two new algorithms for computing all Schur functions
Se(x1, ..., x,) for partitions « such that [x| < N. For nonnegative arguments,
X1, ..., Xy, both algorithms are subtraction-free and thus each Schur function is com-
puted to high relative accuracy in floating point arithmetic. The cost of each algorithm
per Schur function is &'(n?).
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Computing - Accuracy
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1 Introduction

We consider the problem of accurately and efficiently evaluating the Schur func-

tion s, (x1, X2, ..., Xx,) and series thereof for nonnegative arguments x; > 0, i =
1,2,...,n. The Schur functions are indexed by partitions k. We say that k =
(k1,k2,...), kK1 = k2 > --- > 0, is a partition of an integer k, denoted x + k, if
K1 + k2 4 - - - = k. Only finitely many of the k; can be nonzero.
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Our ultimate goal is to efficiently compute the hypergeometric function of an n x n
semidefinite matrix argument X and parameter o > 0:

Fy( brveeesbyi X = 30 L S
al, ..., Ap; g ooy 5 = .k - FR ,
P q 1 p» Y1 q Pt k! (bl)l((a)"'(bq);(f) K

where
©= ] c—G=D/a+j-1 )

(i,j)ek

is the generalized Pochhammer symbol, and C® (X) is the Jack function. The latter
is a generalization of the Schur function and is normalized so that ), , C(X) =
(tr(X))¥ [24,31,39]. The argument X in (1) is a matrix for historical reasons only;
(o ,((‘”) and pFL;” are scalar-valued symmetric functions in the eigenvalues x; > 0, i =
1,2,...,n,0of X.

The practical importance of computing the hypergeometric function of a matrix
argument stems from far reaching applications in multitude of fields. For example,
in multivariate statistics it provides a closed-form expression for the distributions
of the eigenvalues of the Wishart, Jacobi, Laguerre, and MANOVA random matrix
ensembles [9,10,23,34]. These distributions, in turn, are needed in critical statistical
tests in applications ranging from genomics [37] to wireless communications [14,25,
38], finance [20], target classification [22], etc.

Despite its enormous practical importance, only limited progress has been made in
the computation of this function since the 1960s. The problems with its computation
come from two sources: (1) it converges extremely slowly, and (2) the straightfor-
ward evaluation of a single Jack function is exponential [8]. The frustrations of many
researchers with the lack of efficient algorithms are long standing and well documented
[3,17,19,21,32,34,36].

The recent progress in computing the hypergeometric function of a matrix argument
has focused on exploiting the combinatorial properties of the Jack function leading to
new algorithms which are exponentially faster than the previous best ones (see Sect. 2
for an overview).

Interestingly, the computational potential of the combinatorial properties of the
Jack function had been missed for quite some time. It is thus our hope to draw the
attention of the combinatorics community to this problem and its far reaching practical
applications.

Although the hypergeometric function of a matrix argument is defined for any
a > 0 and there are corresponding theoretical interpretations [11], most applications
focus on @ = 1 and @ = 2 only. This is largely because these values correspond to the
distributions of the eigenvalues of complex and real random matrices, respectively.

In this paper, we focus on @ = 1. In this case, the Jack function C}(“(X) is a
normalization of the Schur function s, (x1, ..., x,) (see (3) in Sect. 2 for the exact
relationship).

One way to compute the hypergeometric function of a matrix argument in practice
is to truncate the series (1) for k < N for some sufficiently large N.
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Since sy (x1, x2, ..., x,) = 0if k41 > 0, our goal is thus to compute, as quickly
and accurately as possible, all Schur functions corresponding to partitions « in not
more than n parts and size not exceeding N.

Denote the set of those Schur functions by Fy ,:

yN,nE{Sk(xl,--~7xn)|’<Z(Kl’u-a’cn)a k| =K1+ 4k <N}

Computing even a single Schur function accurately and efficiently is far from trivial.
We elaborate on this briefly.

There are several determinantal expressions for the Schur function (the classical
definition as quotient of alternants [30, (0.1)], the Jacobi—Trudi identity [30, (0.2)],
its dual version—the Nigelsbach—Kostka formula [30, (0.3)], [43], the Giambelli [31,
p.47] and Lascoux—Pragacz [31, (2), p. 87] determinants). Each one would seemingly
provide a very efficient way to compute the Schur function. The problem with this
approach is that the matrices involved quickly become ill conditioned as the sizes of
the matrix argument (n) and the partition (|« |) grow. This implies that conventional
(Gaussian-elimination-based) algorithms will quickly lose accuracy to roundoff errors.
The loss of accuracy is due to a phenomenon known as subtractive cancelation—loss of
significant digits due to subtraction of intermediate (and thus approximate) quantities
of similar magnitude.

The analysis in [8] shows that the loss of accuracy in evaluating the determinantal
expressions for the Schur function can be arbitrarily large in all but the dual Jacobi—
Trudi identity. In the latter, the amount of subtractive cancelation can be bounded
independent of the values of the input arguments x;. By using extended precision, one
can compensate for that loss of accuracy leading to an algorithm that is guaranteed to
be accurate and costs &' ((n|«| + /(13)(|/<|/q|1+/’)).1

Subtraction is the only arithmetic operation that could lead to loss of accuracy; mul-
tiplication, division, and addition of same-sign quantities always preserve the relative
accuracy.

In this paper, we present two new algorithms for computing the Schur function.
Both algorithms are subtraction-free, meaning that both are guaranteed to compute
the value of the Schur function to high relative accuracy in floating point arithmetic.
Both are also very efficient—the cost per Schur function, when computing all Schur
functions in the set .y 5, is O (n?).

This represents a major improvement over the previous best result in [8] in the
sense that no extended precision arithmetic is required to achieve accuracy and the
cost of computing a single Schur function is reduced from &'((n|«| + K13)(|/c k)1 TP))
to 0'(n?).

While both our new algorithms have the same complexity and accuracy character-
istics, each is significant in its own right for the following reasons:

— The first algorithm implements the classical definition of the Schur function as a
sum of monomials over all semistandard Young tableaux. Since the coefficients in
this expression are positive (integers), such an approach is subtraction-free, thus
guaranteed to be accurate. The full expression of the Schur function as a sum of

! Here p is tiny and accounts for certain logarithmic functions.
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monomials contains exponentially many terms (& (n'<!) [8]) and thus the similarly
exponential cost of the previous algorithms based on it [8]. Since the practical
evaluation of the hypergeometric function requires summation over partitions of
size N much larger than the number of variables n, the computational savings in
reducing the cost of an individual Schur function are considerable.
We use dynamic programming and exploit various redundancies to reduce the
cost to &'(n?) per Schur function so long as all Schur functions in the set .# ,, are
computed. This algorithm is not efficient for computing individual Schur functions
(since it requires the computation of most functions in . ,,). However, this is not
an issue when computing the hypergeometric function of a matrix argument since
all functions in .%y , need to be computed there anyway. These ideas generalize
the approach of Neuman in [35, (5.1)] and may generalize further beyond o = 1;
we elaborate on this in Sect. 6.
In contrast, the second algorithm does allow the efficient computation of individual
Schur functions, but is based on identities with no known generalizations beyond
oa=1

— The second algorithm represents an accurate evaluation of the expression of the
Schur function as a quotient of (generalized, totally nonnegative) Vandermonde
determinants. Since virtually all linear algebra with totally nonnegative matrices
can be performed efficiently and in a subtraction-free fashion [27,28], this leads to
an accurate algorithm for the evaluation of individual Schur functions at the cost
of only O (n*k1) each. The cost reduces further to @'(n?) each if all of SN 18
computed.

This paper is organized as follows. We present background information and survey
existing algorithms for this problem in Sect. 2. Our new algorithms are presented in
Sects. 3 and 4. We draw conclusions and outline open problems in Sect. 6.

We made software implementations of both our new algorithms available online
[26].

2 Preliminaries

Algorithms for computing the hypergeometric function of a matrix argument for spe-
cific values of p, g, and « can be found in [2,4,5,18,19].

In this section, we survey the approach of Koev and Edelman [29] which works
for any o > 0. We also introduce a few improvements and set the stage for our new
algorithms in the case o = 1.

We first recall a few definitions that are relevant. For a partition k, its conjugate
partitionk” = (ki, k3, ...),isdefined as k! = #{«j|«; > i, j = 1,2, ...}. For positive
integers i and j we say that (i, j) € k if i < /c;. and j < «;). The upper and lower
hook lengths at (i, j) € k are defined, respectively, as:

() EK} —i4ak —j+1);
i

R @, §) =«;—i+1+alk—j).
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The products of the upper and lower hook lengths are denoted, respectively, as:

H = ]‘[ h¥G,j) and HS= ]‘[ RE(, ).

(i,))ex (i, ))ex

We introduce the “Schur” normalization of the Jack function

S&(X) =

= CE(X). 3)
Tl |!

This normalization is such that S (X) = s, (x1, ..., x,) [39, Proposition 1.2].
The hypergeometric function of a matrix argument in terms of S (X) is:

@)y - (ap)y o
FGai,....ap.b1,...,bg: X) = K TP §@(X). (4)
Piq P q l;); (bl)(a) (b )(0() H;f K

Denote the coefficient in front of S (X) in (4) by:

(@)@ o

Oy =—"7—-—"""+" .
DY (b)) HE
Let the partition k = (k1, k2, ..., kp) have h = Ki nonzero parts. When k; > k41,
we define the partition:
K@y = (K1, k25 oo ki1 ki — 1, K1, oo Kp). ©)

The main idea in the evaluation of (4) is to update the « term in (4) from terms
earlier in the series. In particular, we update Q, from Oy and S (x1, ..., x,) from
Spxr, .o, xq—1), 4 S k.

In order to make the Q, update as simple as possible, we first express HJ in a way
that does not involve the conjugate partition, «':

h Kk
=HH(KZ.—T+1+05(Kr—C))

r=1c=l1

h r Kj
:1_[1_[ l_[ (j—r+1+ak —c)

r=1 j=1c=kjt1+1
h .
Ikl j—r+1
— T (e )
o
j=1r=1 Ki=kj+

where (¢); = c(c+1)---(c +t — 1) is the rising factorial, the univariate version of
the Pochhammer symbol defined in (2).

@ Springer



Journal of Algebraic Combinatorics

Defining k; = ak; — i we obtain:

HE® B 1 iii Kj—Kp ©)
Hk Cakp —a+ 1 i_llz,-—/zh+1'
Using (6), O, can be updated from Ok 88
[17_(a; + in) o R R
Qc = Quyy * =3 [ )

;!Zl(bj +ip) akp—a+1 i
where ki, =k — 1 — h=1

The Jack function S,((“?(X ) can be dynamically updated using the formula of Stanley
[39, Proposition 4.2] (see also [29, (3.8)] and (3)):

SO @i, x) = Y S@ @ xe D oy, ®)
"

where the summation is over all partitions u < k such that the skew shape «/u is a
horizontal strip (i.e., k1 = (1 > k2 > pup > --- [40, p. 339]). The coefficients o,

are defined as . B G )
hi G, J) i ]
e K0 G jen

where both products are over all (i, j) € « such that /c;. = ,u/j + 1. For o = 1, clearly,
oy = 1 forall k and p.

Once again, instead of computing the coefficients oy, in (8) from scratch, it is
much more efficient to start with o, = 1 and update the next coefficient in the sum
(8) from the previous ones. To this end, let x be a partition such that I(;- = /,L/j for

J=1,2,..., ux—1,and k/u be a horizontal strip. Then, we update o, from O ey
using:
k k—1 k - k=1 ~ ~
Okngy _ 1—[ hie(r, k) 1—[ Ry (rowe) 1—[ 1+ — ey r — ik +o — 1

Oku hi(rs k) h;’;(r, i) B

r=1 r=1 r=1 r=1

(10)
which is obtained directly from (9).
We use (8) to compute S (xy, ..., x;) fori =h+1,...,n. Fori = h, the result
of Stanley [39, Propositions 5.1 and 5.5] allows for a very efficient update:

—i+1+ak —j)
—itaki—j+1)
(11

Kkp h

h

S ) = G S E G [T
j=li=1

where Kk — kpl = (K1 — Kp k) — Khy oo o s K1 — Kj).
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The new results in this section comprise of the updates (7) and (10), which are more
efficient than the analogous ones in [29, Lemmas 3.1 and 3.2]. These new updates do
not require the conjugate partition to be computed and maintained by the algorithm
and cost2(p+¢q)+4h and 9k, down from 2(p+¢q)+11kp +9h —11 and 12k +6; —7,
respectively.

Additionally, the use of (11) reduces the cost of an evaluation of a truncation of (1)
by a factor of about N /2.

3 The first algorithm

In this section, we present the first of our two new algorithms for computing all Schur
functions of the set %y ;.

We first recall the definition of a Young diagram and a semistandard tableau.

A Young diagram of a partition k¥ F k is a finite collection of k boxes arranged
in left-justified rows, with «; boxes in row i, i = 1,2, .... For example, the Young
diagram below corresponds to the partition x = (4,2, 1) - 7:

When the boxes of the Young diagram are filled with the numbers 1,2,...,n
such that the numbers increase nonstrictly along rows and increase strictly along
columns we obtain a semistandard tableaux. We say that the content of the tableaux
is (c1, 2, ..., cp) if there are ¢ ones, ¢ twos, etc. For example, the following semi-
standard tableau of shape (4, 2, 1) has content (2,2,1,2):

1[1]2]3]
24
4]
To every semistandard tableau of content T = (cy, ¢2, . . ., ¢;), We associate the term
XT _ xCGCZ . .xcn
i ) n -

Our algorithm is based on the classical definition of the Schur function [40, Sec-
tion 7.10]:

seCen, a0 =y X7,

TeA,
where the summation is over the set A, of all semistandard «-tableaux T filled with

the numbers 1, 2, ..., k.
Extending the notation, let

Set(xr, .o X)) = Z x7,

TeAem
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where the summation is over the set A, ,;, which equals A, with the additional restric-
tion that k£ does not appear in the first m rows.
Note that s, (x1, ..., xx) = s,?(xl, ooxpandse(xq, ..., Xpmq) = s,’j(xl, o XE).

Lemma 1 The following identity holds for all s,ﬁ”’l X1y« e ny Xp):

sm_l(x X ) _ S/’;n(-x17 .. '5-xk)7 lme = Km+1,
K Ly eees k) = s,’('zm_)l(xl,...,xk)-xk+s,’(”(x1,...,xk), otherwise,

where the partition Ky is defined as in (5).

Proof 1In the first case (k;; = kp+1), nO k is allowed in the mth row of T because of
the strictly increasing property of each column of 7. Therefore, the restriction that no
k appear in the first m — 1 rows of T is equivalent to the restriction that no k appear
in the first m rows of T', and A m—1 = Ak -

In the second case, there are two possibilities for the «-tableau 7' € A, ,,—;. If the
entry in position (m, k,,) is not equal to k, then none of the entries in the mth row can
equal k due to the nondecreasing nature of each row. Thus, the tableaux fitting this
description are exactly the set A, .

If the entry in position (m, «,,) is equal to k, then removal of that square of the tableau
clearly results in an element of A,((m),m_1. Further, for every tableau in AK(,”),m—la
the addition of a square containing k to the mth row results in a valid semistandard
tableau in A, ,,—1. The tableau retains its semistandardness because every element
in the mth row (and in the entire table as well) can be no larger than k, and every
element in the k;,th column above the new square can be no larger than k — 1 due
to the restriction that every tableau in AK(m),m—] cannot have k in the first m — 1
columns.

We have thus constructed a bijection f mapping Ay, m—1 to the set (call it
B) of tableaux in A, ,—; where the entry in position (m, k,,) equals k. Clearly,
for each T € A,y m-1, X/ D = XT . x50 Y7y XT = ZTGAK(m),m—l xT.
Xk

Combining these two possibilities for T € A, ,,,—1, we obtain

s,'(”_l(xl,...,xk) = Z xT

TEAK.W*]
Y K X X
TEAK,m TEAK(,H).m—l
_m m—1 .
=50 (X1, ..., xK) -|-SK(m) (X1, 000y XE) - X,
concluding our proof. O

Our algorithm, based on Lemma 1, is very simple.

Algorithm 1 The following algorithm computes all Schur functions in Ly .

for all k € Sy, initialize s =x'f‘ if k € Sy1 and s =0 otherwise
for k=2 to n (Loopl)
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for m=k down to 1 (Loop2)
for all k € Nk such that ky > ku+1, in reverse lexicographic
order
Sk = S + Skcmy * Xk
endfor
endfor
endfor

After the first line Algorithm 1, the variables s, contain s, (x1). During each iteration

of Loop 1, the values stored in s, for x € .y ; are updated from s, (x1, ..., Xx—1) =
s,’ﬁ(xl, o X)) to s (X, .., X)) = s,?(xl, ..., X). During each iteration of Loop 2,
the values in s, for k € .# x are updated from s (x1, ..., x¢) to s,’(”’1 (X1, ..., Xk).

The last line of the algorithm implements Lemma 1. Since the partitions are
processed in reverse lexicographic order, s, will have already been updated for
each « when this line is executed. Thus, at the time s, is updated, Skcm) contains
s,ﬁ;](xl, ..., Xg), and s, is updated from s (x1, ..., xg) to s,’(”_l(xh ..., x;). The
algorithm updates the Schur functions “in place” using a single memory location for
each partition.

One implementation issue is the need to retrieve the value of s, in the innermost
loop of the algorithm. Since « is a partition in n parts, figuring the memory location
of sy, on the fly would take O(n) time, an unfortunate situation since s, only
participates in two floating point operations. Our solution to this problem was to
precompute a lookup table, which given the index of a partition x and m contains the
index of Skmy -

4 The second algorithm

Our second algorithm is based on the expression of the Schur function as a quotient
of totally nonnegative generalized Vandermonde determinants:

det G
sK(xlv"'axn)Z—ﬂ (12)
det V,, »
where
_ o JHkn—jryn _ (. j—l\n
G = (x; )i,j:l and V= (x; )i,j:l
are n x n generalized and ordinary Vandermonde matrices, respectively.
Since s, (x1, X2, ..., X;) 1S a symmetric polynomial, we can assume that the x;’s
are sorted in increasing order: 0 < x; < xp < --- < Xx,. This choice of ordering

makes G and V,, ;, totally nonnegative [13, p. 76]; thus, the methods of [28, Section 6]
can be used to evaluate (12) with guaranteed accuracy in & (n2k) time. The matrices
G and V,, ,, are notoriously ill conditioned [15] meaning that conventional Gaussian-
elimination-based algorithms will quickly lose all accuracy to roundoff [8].
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The contribution of this section is to show how to eliminate the removable singu-
larity at x; = x;, i # j, and to arrange the computations in such a way that the cost
per Schur function is only & (n2) when evaluating all of Ay ;.

To this end, we will represent the Schur function as a determinant of certain complete
symmetric polynomials (see also [1,6,33,43] for other examples where the general idea
of using other bases for the representation of symmetric functions has proven useful).

Since the generalized Vandermonde matrix G is a submatrix of the rectangular
Vandermonde matrix

_ (. J—l\nm

Vi = (x] )i,j:]’

m = n+«1, consisting of columns 1 +«,, 2+x,_1, ..., n+k1, we consider the LDU
decomposition V,, 4, = LDU, where L is a unit lower triangular n x n matrix, D

is a diagonal n x n matrix, and U is a unit upper triangular n x (n 4 x1) matrix.
The critical observation here is that the value of det G is unaffected by L, namely

detG =det D - det U,

where U is the (n x n) submatrix of U consisting of columns 1+«;,, 2+x,—1, ..., 1+
K1.
However, det D = det V}, j,, thus

Se(x1, X2, oo, xp) =det U. (13)

The explicit form of U is known [12, Section 2.2], [41, Eq. (2.3)], [42, Section 3]
allowing us to write (13) also as:

n

Sic(X1, ..., x,) = det (hi—j-H(n—jH (x1,..., xi))i,j:l’

where hi, k = 1,2, ..., are the complete symmetric polynomials and, by default,
hy =0fork <O.
The bidiagonal decomposition of U, has a particularly easy form:

1xpxp...x1 x1x1 ...
01 X2 ... X2 X2 X2 ...
@@(U)Z 00 1...X3X3X3... . (14)

00 0 1 xp xp ...

For example, for n = 3, m = 4 [27, Section 3]:

o[ 100 11,
U=10100 x12xg To 10
0010 : | 1

@ Springer



Journal of Algebraic Combinatorics

In order to compute the Schur function, it is therefore sufficient to compute the
determinant of the matrix obtained by removing the appropriate x; columns of U.
This can be readily done using existing techniques—Algorithm 5.6 from [28] starts
with the bidiagonal decomposition of a totally nonnegative matrix and produces the
bidiagonal decomposition of the totally nonnegative matrix obtained by removing any
given column. This is done in a subtraction-free fashion and thus to high relative
accuracy.

Therefore from A2 (U) we obtain 22 (U) in € (n’k1) time. This is the cost per
individual Schur function.

In order to compute the hypergeometric function of a matrix argument, we compute
the Schur functions in reverse lexicographic order. For a given Schur function s, let
i be the smallest index such that k; > ki1, 1., K = (Ki, Kiy ooy Kiy Kigly -+ .).

The generalized Vandermonde matrix G, corresponding to s, has exponents

kns L +xp—1, ..., n—i —1+kip1,n—i+«ki,....,n—14+ki,...).

Consider now the partition A = (x; — 1, k; — 1, ..., ki — 1, kj+1, ...). [t comes earlier
in the reverse lexicographic order than «, thus s, is already computed. The generalized
Vandermonde matrix G that corresponds to s, has exponents

kns 1 +xp—1,.c.,n—i—1+kipy,n—i—14+«,....,n—=24+k;,...).

Therefore G, can be obtained from G, by removing its (i + 1)st column. The same
is true for the corresponding bidiagonal decompositions and can be achieved in O (n%)
time using Algorithm 5.6 from [28].

The cost per Schur function when computing the hypergeometric function of a
matrix argument is again O (n?).

5 Numerical experiments

We performed extensive numerical experiments to confirm the correctness and perfor-
mance of our algorithms against the algorithm mhg from [29]. We present the results
of one typical experiment on the logarithmic plot in Fig. 1. We timed all three algo-
rithms for different values of N on a matrix argument of size n = 5. For N <« n the
number of partitions of N in not more than n parts grows as & (N™). Both our new
algorithms performed, roughly, as N>, which was expected. They are also way faster
than the algorithm mhg from [29]. The practical implementation of Algorithm 1 of
this paper is also clearly faster than that of Algorithm 2.

6 Open problems

It is natural to ask if the ideas of this paper can extend beyond o = 1 and in particular
to o = 2, the other value of « of major practical importance [34].
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+ mhg
O Alg.1 a
x Alg.2 4

101,

0L 4
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Time
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1 0-4 1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100 110

Max size partition, N

Fig. 1 Logarithmic plot of the performance of Algorithms 1 and 2 versus the algorithm of [29]ona 5 x 5
matrix argument

None of the determinantal expressions for the Schur function are believed to have
analogues for « # 1, thus we are skeptical of the potential of the ideas in Sect. 4 to
generalize.

The results of Sect. 3, however, may extend beyond o = 1.

Consider the (column) vector s consisting of all Schur functions in .y , ordered
in reverse lexicographic order. Let s"~1 be the same set, but on n — 1 variables
X1,...,%Xp—1. Then

s — ps=D
where M is an | Sy | X |-~ n—1| matrix whose entries are indexed by partitions and

My, =x II=IVI'if 14 /v is a horizontal strip and O otherwise. The contribution of Sect. 4
was to recognize that M consists of blocks of the form

1
A= ;2 )1c 1
x3x?x 1
Since A~! is bidiagonal:
1
ATt=1 —lx 1 ’
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given a vector (call it z), the matrix-vector product y = Az can be formed in linear
(instead of quadratic) time by solving instead the bidiagonal linear system A~y = z
for y.

This was our original approach in designing Algorithm 1. Ultimately, we found the
much more elegant proof which we presented instead.

The question remains whether this approach can be generalized to other values of
«. Unfortunately, the matrix A in general has the form:

1
1
@ _ X
AT = 2x2(a + 1) x 1 ’
%x3(1 + o)(1 4+ 2a) %xz(a +1) X 1

v.vhere the general expression for the entries A is af;” = (f’_—_jj), ]_[;{_:6_1 (ka+1), i >
J-

The matrix (A®)~! is not bidiagonal for & # 1; thus, the approach of Sect. 3
cannot be carried over directly. One could consider exploiting the Toeplitz structure of
A® to form a matrix-vector product with it in O (k log k) instead of k* time (assuming
A® is k x k) [16, p. 193]. Current computing technology, however, limits N to about
200 and since k < N, this approach does not appear feasible in practice at this time.
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