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Abstract

W e prop ose sev eral tec hniques as alternativ es to partial piv oting to stabilize sparse Gaussian

elimination. F rom n umerical exp erimen ts w e demonstrate that for a wide range of problems

the new metho d is as stable as partial piv oting. The main adv an tage of the new metho d o v er

partial piv oting is that it p ermits a priori determination of data structures and comm unicatio n

pattern for Gaussian elimination, whic h mak es it more scalable on distributed memory mac hines.

Based on this a priori kno wledge, w e design highly parallel algorithms for b oth sparse Gaussian

elimination and triangular solv e and w e sho w that they are suitable for large-scale distributed

memory mac hines.

Keyw ords: sparse unsymmetric linear systems, static piv oting, iterativ e re�nemen t, MPI, 2-D

matrix decomp osition.

1 In tro duction

In our earlier w ork [8 , 9, 22 ], w e dev elop ed new algorithms to solv e unsymmetric sparse linear

systems using Gaussian elimination with partial piv oting (GEPP). The new algorithms are highly

e�cien t on w orkstations with deep memory hierarc hies and shared memory parallel mac hines with

a mo dest n um b er of pro cessors. The p ortable implemen tations of these algorithms app ear in

the soft w are pac k ages Sup erLU (serial) and Sup erLU MT (m ultithreaded), whic h are publically

a v ailable on Netlib [10 ]. These are among the fastest a v ailable co des for this problem.

Our shared memory GEPP algorithm relies on the �ne-grained memory access and sync hro-

nization that shared memory pro vides to manage the data structures needed as �ll-in is created

dynamically , to disco v er whic h columns dep end on whic h other columns sym b olically , and to use a

cen tralized task queue for sc heduling and load balancing. The reason w e ha v e to p erform all these

dynamically is that the computational graph do es not unfold un til run time. (This is in con trast to

Cholesky , where an y piv ot order is n umerically stable.) Ho w ev er, these tec hniques are to o exp ensiv e

�
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(1) Ro w/column equilibration and ro w p erm utation: A  P

r

� D

r

� A � D

c

,

where D

r

and D

c

are diagonal matrices and P

r

is a ro w p erm utation

c hosen to mak e the diagonal large compared to the o�-diagonal

(2) Find a column p erm utation P

c

to preserv e sparsit y: A  P

c

� A � P

T

c

(3) F actorize A = L � U with con trol of diagonal magnitude

if ( j a

ii

j <

p

" � jj A jj ) then

set a

ii

to

p

" � jj A jj

endif

(4) Solv e A � x = b using the L and U factors, with the follo wing iterativ e re�nemen t

iterate :

r = b � A � x : : : sparse matrix-v ector m ultiply

Solv e A � dx = r : : : triangular solv e

ber r = max

i

j r j

i

( j A j�j x j + j b j )

i

: : : comp onen t wise bac kw ard error

if ( ber r > " and ber r �

1

2

� l astber r ) then

x = x + dx

l astber r = ber r

goto iterate

endif

Figure 1: The outline of the new GESP algorithm.

on distributed memory mac hines. Instead, for distributed memory mac hines, w e prop ose to not

pivot dynamic al ly , and so enable static data structure optimization, graph manipulation and load

balancing (as with Cholesky [20 , 25]) and y et r emain numeric al ly stable . W e will retain n umerical

stabilit y b y a v ariet y of tec hniques: pre-piv oting large elemen ts to the diagonal, iterativ e re�ne-

men t, using extra precision when needed, and allo wing lo w rank mo di�cations with corrections at

the end. In Section 2 w e sho w the promise of the prop osed metho d from n umeric exp erimen ts. W e

call our algorithm GESP for Gaussian elimination with static piv oting. In Section 3, w e presen t

an MPI implemen tation of the distributed algorithms for LU factorization and triangular solv e.

Both algorithms use an elab orate 2-D (non uniform) blo c k-cyclic data distribution. Initial results

demonstrated go o d scalabilit y and a factorization rate exceeding 8 G
ops on a 512 no de Cra y T3E.

2 New algorithm and stabilit y

T raditionally , partial piv oting is used to con trol the elemen t gro wth during Gaussian elimination,

making the algorithm n umerically stable in practice

1

. Ho w ev er partial piv oting is not the only w a y

to con trol elemen t gro wth; there are a v ariet y of alternativ e tec hniques. In this section w e presen t

these alternativ es, and sho w b y exp erimen ts that appropriate com binations of them can e�ectiv ely

stabilize Gaussian elimination. F urthermore, these tec hniques are usually inexp ensiv e compared to

the o v erall solution cost, esp ecially for large problems.

2.1 The GESP algorithm

In Figure 1 w e sk etc h our GESP algorithm that incorp orates some of the tec hniques w e considered.

T o motiv ate step (1), recall that a diagonal ly dominant matrix is one where eac h diagonal en try a

ii

is larger in magnitude than the sum of magnitudes of the o�-diagonal en tries in its ro w (

P

j 6= i

j a

ij

j )

1

Examples exist where ev en GEPP is unstable, but these are v ery rare [7, 19 ].
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or column (

P

j 6= i

j a

j i

j ). It is kno wn that c ho osing the diagonal piv ots ensures stabilit y for suc h

matrices [7, 19 ]. So w e exp ect that if eac h diagonal en try can someho w b e made larger relativ e to

the o�-diagonals in its ro w or column, then diagonal piv oting will b e more stable. The purp ose of

step (1) is to c ho ose diagonal matrices D

r

and D

c

and p erm utation P

r

to mak e eac h a

ii

larger in

this sense.

W e ha v e exp erimen ted with a n um b er of alternativ e heuristic algorithms for step (1) [13 ]. All

dep end on the follo wing graph represen tation of an n � n sparse matrix A : it is represen ted as an

undirected w eigh ted bipartite graph with one v ertex for eac h ro w, one v ertex for eac h column, and

an edge with appropriate w eigh t connecting ro w v ertex i to column v ertex j for eac h nonzero en try

a

ij

. Finding a p erm utation P

r

that puts large en tries on the diagonal can th us b e transformed

in to a w eigh ted bipartite matc hing problem on this graph. The diagonal scale matrices D

r

and D

r

can b e c hosen indep enden tly , to mak e eac h ro w and eac h column of D

r

AD

c

ha v e largest en tries

equal to 1 in magnitude (using the algorithm in LAP A CK subroutine DGEEQU [3]). Then there

are algorithms in [13 ] that c ho ose P

r

to maximize di�eren t prop erties of the diagonal of P

r

D

r

AD

c

,

suc h as the smallest magnitude of an y diagonal en try , or the sum or pro duct of magnitudes. But the

b est algorithm in practice seems to b e the one in [13 ] that pic ks P

r

, D

r

and D

c

sim ultaneously so

that eac h diagonal en try of P

r

D

r

AD

c

is � 1, eac h o�-diagonal en try is b ounded b y 1 in magnitude,

and the pro duct of the diagonal en tries is maximized. W e will rep ort results for this algorithm

only . The w orst case serial complexit y of this algorithm is O ( n � nnz ( A ) � log n ), where nnz ( A ) is

the n um b er of nonzeros in A . In practice it is m uc h faster; actual timings app ear later.

Step (2) is not new and is needed in b oth Sup erLU and Sup erLU MT [10 ]. The column p erm u-

tation P

c

can b e obtained from an y �ll-reducing heuristic. F or no w, w e use the minim um degree

ordering algorithm [23 ] on the structure of A

T

A . In the future, w e will use the appro ximate mini-

m um degree column ordering algorithm b y Da vis et. al. [6] whic h is faster and requires less memory

since it do es not explicitly form A

T

A . W e can also use nested dissection on A + A

T

or A

T

A [17 ].

Note that w e also apply P

c

to the ro ws of A to ensure that the large diagonal en tries obtained from

Step (1) remain on the diagonal.

In step (3), w e simply set an y tin y piv ots encoun tered during elimination to

p

" � k A k , where

" is mac hine precision. This is equiv alen t to a small (half precision) p erturbation to the original

problem, and trades o� some n umerical stabilit y for the abilit y to k eep piv ots from getting to o

small.

In step (4), w e p erform a few steps of iterativ e re�nemen t if the solution is not accurate enough,

whic h also corrects for the

p

" � k A k p erturbations in step (3). The termination criterion is based

on the comp onen t wise bac kw ard error ber r [7 ]. The condition ber r � " means that the computed

solution is the exact solution of a sligh tly di�eren t sparse linear system ( A + � A ) x = b where eac h

nonzer o en try a

ij

has b een c hanged b y at most one unit in its last place, and the zero en tries are

left unc hanged; th us one can sa y that the answ er is as accurate as the data deserv es. W e terminate

the iteration when the bac kw ard error ber r is smaller than mac hine epsilon, or when it do es not

decrease b y at least a factor of t w o compared with the previous iteration. The second test is to

a v oid p ossible stagnation. (Figure 5 sho ws that ber r is alw a ys small.)

2.2 Numerical results

In this subsection, w e illustrate the n umerical stabilit y and run time of our GESP algorithm on

53 unsymmetric matrices from a wide v ariet y of applications. The application domains of the

matrices are giv en in T able 1. Most of them, except for t w o (ECL32, WU), can b e obtained from

the Harw ell-Bo eing Collection [14 ] and the collection of Da vis [5 ]. Matrix ECL32 w as pro vided

b y Jagesh Sangha vi from EECS Departmen t of UC Berk eley . Matrix WU w as pro vided b y Y ush u
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Discipline Matrices


uid 
o w, CFD af23560, bbmat, bramley1, bramley2, ex11, �dapm11, garon2,

graham1, lnsp3937, lns 3937, raefsky3, rma10, v enk at01, wu


uid mec hanics go o dwin, rim

circuit sim ulation add32, gre 1107, jp wh 991, memplus, onetone1, onetone2, t w otone

device sim ulation w ang3, w ang4, ecl32

c hemical engineering extr1, h ydr1, lhr01, radfr1, rdist1, rdist2, rdist3a, w est2021

p etroleum engineering orsirr 1, orsreg 1, sherman3, sherman4, sherman5

�nite elemen t PDE a v4408, a v11924

sti� ODE fs 541 2

Olmstead 
o w mo del olm5000

aero elasticit y tols4000

reserv oir mo delling p ores 2

crystal gro wth sim ulation cry10000

p o w er 
o w mo delling gemat11

dielectric w a v eguide dw8192 (eigenproblem)

astroph ysics mcfe

plasma ph ysics utm5940

demograph y psmigr 1

economics mahindas, orani678

T able 1: T est matrices and their disciplin es.

W u from Earth Sciences Division of La wrence Berk eley National Lab oratory . Figure 2 plots the

dimension, nnz ( A ), and nnz ( L + U ), i.e. the n um b er of nonzeros in the L and U factors (the

�l l-in ). The matrices are sorted in increasing order of the factorization time. The matrices of most

in terest for parallelization are the ones that tak e the most time, i.e. the ones on the righ t of this

graph. F rom the �gure it is clear that the matrices large in dimension and n um b er of nonzeros

also require more time to factorize. The timing results rep orted in this subsection are obtained on

an SGI ONYX2 mac hine running IRIX 6.4. The system has 8 195 MHz MIPS R10000 pro cessors

and 5120 Mb ytes main memory . W e only use a single pro cessor, since w e are mainly in terested in

n umerical accuracy . P arallel run times are rep orted in section 3.

Detailed p erformance results from this section in tabular format are a v ailable at

h ttp://www.nersc.go v/ � xiao y e/SC9 8/.

Among the 53 matrices, most w ould get wrong answ ers or fail completely (via division b y a

zero piv ot) without an y piv oting or other precautions. 22 matrices con tain zeros on the diagonal to

b egin with whic h remain zero during elimination, and 5 more create zeros on the diagonal during

elimination. Therefore, not piv oting at all w ould fail completely on these 27 matrices. Most of the

other 26 matrices w ould get unacceptably large errors due to piv ot gro wth. F or our exp erimen t,

the righ t-hand side v ector is generated so that the true solution x

tr ue

is a v ector of all ones. IEEE

double precision is used as the w orking precision, with mac hine epsilon � 10

� 16

. Figure 3 sho ws the

n um b er of iterations tak en in the iterativ e re�nemen t step. Most matrices terminate the iteration

with no more than 3 steps. 5 matrices require 1 step, 31 matrices require 2 steps, 9 matrices require

3 steps, and 8 matrices require more than 3 steps. F or eac h matrix, w e presen t t w o error metrics,

in Figure 4 and Figure 5, to assess the accuracy and stabilit y of GESP . Figure 4 plots the error

from GESP v ersus the error from GEPP (as implemen ted in Sup erLU) for eac h matrix: A red dot

on the green diagonal means the t w o errors w ere the same, a red dot b elo w the diagonal means

4
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Figure 3: Iterativ e re�nemen t steps in GESP .

GESP is more accurate, and a red dot ab o v e means GEPP is more accurate. Figure 4 sho ws that

the error of GESP is at most a little larger, and can b e smaller (21 out of 53), than the error

from GEPP . Figure 5 sho ws that the comp onen t wise bac kw ard error [7] is also small, usually near

mac hine epsilon, and nev er larger than 10

� 12

.

Although the com bination of the tec hniques in steps (1) and (3) in Figure 1 w orks w ell for

most matrices, w e found a few matrices for whic h other com binations are b etter. F or example, for

FID APM11, JPWH 991 and ORSIRR 1, the errors are large unless w e omit P

r

from step (1). F or

EX11 and RADRF1, w e cannot replace tin y piv ots b y

p

" � jj A jj (in step (3)). Therefore, in the

soft w are, w e pro vide a 
exible in terface so the user is able to turn on or o� an y of these options.

W e no w ev aluate the cost of eac h step in GESP Figure 1. This is done with resp ect to the serial

implemen tation, since w e ha v e only parallelized the n umerical phases of the algorithm (steps (3)

and (4)), whic h are the most time-consuming. In particular, for large enough matrices, the LU

factorization in step (3) dominates all the other steps, so w e will measure the times of eac h step

with resp ect to step (3).

Simple equilibration in step (1) (computing D

r

and D

c

using the algorithm in DGEEQU from

LAP A CK) is usually negligible and is easy to parallelize. Both ro w and column p erm utation algo-

rithms in steps (1) and (2) (computing P

r

and P

c

) are not easy to parallelize (their parallelization

is future w ork). F ortunately , their memory requiremen t is just O ( nnz ( A )) [6 , 13 ], whereas the

memory requiremen t for L and U factors gro ws sup erlinearly in nnz ( A ), so in the mean time w e

can run them on a single pro cessor.

Figure 6 sho ws the fraction of time sp en t �nding P

r

in step (1) using the algorithm in [13 ], as

a fraction of the factorization time. The time is signi�can t for small problems, but drops to 1%

to 10% for large matrices requiring a long time to factor, the problems of most in terest on parallel

mac hines.

The time to �nd a sparsit y-preserving ordering P

c

in step (2) is v ery m uc h matrix dep enden t. It

is usually c heap er than factorization, although there exist matrices for whic h the ordering is more

exp ensiv e. Nev ertheless, in applications where w e rep eatedly solv e a system of equations with the

same nonzero pattern but di�eren t v alues, the ordering algorithm needs to b e run only once, and

its cost can b e amortized o v er all the factorizations. W e plan to replace this part of the algorithm
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nnz ( L + U � I ) Flops

Order nnz ( A ) NumSym StrSym ( � 10

6

) ( � 10

9

)

AF23560 23560 460598 .0512 .9465 12.8 4.9

BBMA T 38744 1771722 .0224 .5398 49.1 4.3

ECL32 51993 380415 .6572 .9325 73.5 120.4

EX11 16614 1096948 .9999 1.0000 14.1 8.4

FID APM11 22294 623554 .5476 .9965 23.0 17.9

RMA10 46835 2374001 .2443 .9809 14.7 1.8

TW OTONE 120750 1224224 .1418 .2738 22.6 8.7

W ANG4 26068 177196 .1868 1.0000 27.7 35.3

T able 2: Characteristics of the test matrices. NumSym is the fraction of nonzeros matc hed b y

equal v alues in symmetric lo cations. StrSym is the fraction of nonzeros matc hed b y nonzeros in

symmetric lo cations.

with something faster, as outlined in Section 2.1.

As can b e seen in Figure 6, computing the residual (sparse matrix-v ector m ultiplication r =

b � A � x ) is c heap er than a triangular solv e ( A � dx = r ), and b oth tak e a small fraction of the

factorization time. F or large matrices the solv e time is often less than 5% of the factorization time.

Both algorithms ha v e b een parallelized (see section 3 for parallel p erformance data).

Finally , our co de has the abilit y to estimate a forw ard error b ound for the true error

jj x

tr ue

� x jj

1

jj x jj

1

.

This is b y far the most exp ensiv e step after factorization. (F or small matrices, it can b e more

exp ensiv e than factorization, since it requires m ultiple triangular solv es.) Therefore, w e will do this

only when the user asks for it.

3 An implemen tation with MPI

In this section, w e describ e our design, implemen tation and the p erformance of the distributed

algorithms for t w o main steps of the GESP metho d, sparse LU factorization (step (3)) and sparse

triangular solv e (used in step (4)). Our implemen tation uses MPI [26 ] to comm unicate data, and so

is highly p ortable. W e ha v e tested the co de on a n um b er of platforms, suc h as Cra y T3E, IBM SP2,

and Berk eley NO W. Here, w e only rep ort the results from a 512 no de Cra y T3E-900 at NERSC. T o

illustrate scalabilit y of the algorithms, w e restrict our atten tion to eigh t relativ ely large matrices

selected from our testb ed in T able 1. They are represen tativ e of di�eren t application domains. The

c haracteristics of these matrices are giv en in T able 2.

3.1 Matrix distribution and distributed data structure

W e distribute the matrix in a t w o-dimensional blo c k-cyclic fashion. In this distribution, the P

pro cesses (not restricted to b e a p o w er of 2) are arranged as a 2-D pro cess grid of shap e P

r

� P

c

.

The matrix is decomp osed in to blo c ks of submatrices. Then, these blo c ks are cyclically mapp ed

on to the pro cess grid, in b oth ro w and column dimensions. Although a 1-D decomp osition is

more natural to sparse matrices and is m uc h easier to implemen t, a 2-D la y out strik es a go o d

balance among lo calit y (b y blo c king), load balance (b y cyclic mapping), and lo w er comm unication

v olume (b y 2-D mapping). 2-D la y outs w ere used in scalable implemen tations of sparse Cholesky

factorization [20 , 25 ].
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W e no w describ e ho w w e partition a global matrix in to blo c ks. Our partitioning is based on

the notion of unsymmetric sup erno de �rst in tro duced in [8 ]. Let L b e the lo w er triangular matrix

in the LU factorization. A sup erno de is a range ( r : s ) of columns of L with the triangular blo c k

just b elo w the diagonal b eing full, and with the same ro w structure b elo w this blo c k. Because of

the iden tical ro w structure of a sup erno de, it can b e stored in a dense format in memory . This

sup erno de partition is used as our blo c k partition in b oth ro w and column dimensions. If there are

N sup erno des in an n -b y- n matrix, the matrix will b e partitioned in to N

2

blo c ks of non uniform

size. The size of eac h blo c k is matrix dep enden t. It should b e clear that all the diagonal blo c ks

are square and full (w e store zeros from U in the upp er triangle of the diagonal blo c k), whereas

the o�-diagonal blo c ks ma y b e rectangular and ma y not b e full. The matrix in Figure 7 illustrates

suc h a partitioning. By blo c k-cyclic mapping w e mean blo c k ( I ; J ) (0 � I ; J � N � 1) is mapp ed

on to the pro cess at co ordinate ( I mo d P

r

, J mo d P

c

) of the pro cess grid. Using this mapping, a

blo c k L ( I ; J ) in the factorization is only needed b y the ro w of pro cesses that o wn blo c ks in ro w I .

Similarly , a blo c k U ( I ; J ) is only needed b y the column of pro cesses that o wn blo c ks in column J .

In this 2-D mapping, eac h blo c k column of L resides on more than one pro cess, namely , a

column of pro cesses. F or example in Figure 7, the k -th blo c k column of L resides on the column

pro cesses f 0, 3 g . Pro cess 3 only o wns t w o nonzero blo c ks, whic h are not con tiguous in the global

matrix. The sc hema on the righ t of Figure 7 depicts the data structure to store the nonzero blo c ks

on a pro cess. Besides the n umerical v alues stored in a F ortran-st yle arra y nzval[] in column ma jor

order, w e need the information to in terpret the lo cation and ro w subscript of eac h nonzero. This is

stored in an in teger arra y index[] , whic h includes the information for the whole blo c k column and

for eac h individual blo c k in it. Note that man y o�-diagonal blo c ks are zero and hence not stored.

Neither do w e store the zeros in a nonzero blo c k. Both lo w er and upp er triangles of the diagonal

blo c k are stored in the L data structure. A pro cess o wns d N =P

c

e blo c k columns of L , so it needs

d N =P

c

e pairs of index/nzval arra ys.

F or matrix U , w e use a ro w orien ted storage for the blo c k ro ws o wned b y a pro cess, although

for the n umerical v alues within eac h blo c k w e still use column ma jor order. Similarly to L , w e also

use a pair of index/nzval arra ys to store a blo c k ro w of U . Due to asymmetry , eac h nonzero blo c k

in U has the skyline structure as sho wn in Figure 7 (see [8] for details on the skyline structure).

Therefore, the organization of the index[] arra y is di�eren t from that for L , whic h w e omit sho wing

in the �gure.

Since w e do no dynamic piv oting, the nonzero patterns of L and U can b e determined during

sym b olic factorization b efore n umerical factorization b egins. Therefore, the blo c k partitioning and

the setup of the data structure can all b e p erformed in the sym b olic algorithm. This is m uc h

c heap er to execute as opp osed to partial piv oting where the size of the data structure cannot b e

forecast and m ust b e determined on the 
y as factorization pro ceeds.

3.2 Sparse LU factorization

Figure 8 outlines the parallel sparse LU factorization algorithm. W e use Matlab notation for in teger

ranges and submatrices. There are three steps in the K -th iteration of the lo op. In step (1), only

a column of pro cesses participate in factoring the blo c k column L ( K : N ; K ). In step (2), only

a ro w of pro cesses participate in the triangular solv es to obtain the blo c k ro w U ( K ; K + 1 : N ).

The rank- b up date b y L ( K + 1 : N ; K ) and U ( K ; K + 1 : N ) in step (3) represen ts most of the

w ork and also exhibits more parallelism than the other t w o steps, where b is the blo c k size of the

K -th blo c k column/ro w. F or ease of understanding, the algorithm presen ted here is simpli�ed. The

actual implemen tation uses a pip eline d organization so that pro cesses P RO C

C

( K + 1) will start

step (1) of iteration K + 1 as so on as the rank- b up date (step (3)) of iteration K to blo c k column

8
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Figure 7: The 2-D blo c k-cyclic la y out and the data structure to store a lo cal blo c k column of L .

Let my col ( my r ow ) b e m y pro cess column (ro w) n um b er in the pro cess grid

Let P RO C

C

( K ) ( P RO C

R

( K )) b e the column (ro w) pro cesses that o wn blo c k column (ro w) K

for blo c k K = 1 to N do

(1) if ( my col = P RO C

C

( K ) )

Obtain the blo c k column factor L ( K : N ; K )

Send L ( K : N ; K ) to the pro cesses in m y ro w who need it

else

Receiv e L ( K : N ; K ) from pro cesses P RO C

C

( K ) if I need it

endif

(2) if ( my r ow = P RO C

R

( K ) )

P erform parallel triangular solv es : U ( K ; K + 1 : N ) = L ( K ; K )

� 1

� A ( K ; K + 1 : N )

Send U ( K ; K + 1 : N ) to pro cesses in m y column who need it

else

Receiv e U ( K ; K + 1 : N ) from pro cesses P RO C

R

( K ) if I need it

endif

(3) for J = K + 1 to N do

for I = K + 1 to N do

if ( my r ow = P RO C

R

( I ) & my col = P RO C

C

( J ) & L ( I ; K ) 6= 0 & U ( K ; J ) 6= 0 )

A ( I ; J ) = A ( I ; J ) � L ( I ; K ) � U ( K ; J )

endif

end for

Figure 8: Distributed sparse LU factorization algorithm.
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K + 1 �nishes, b efore completing the up date to the trailing matrix A ( K + 1 : N ; K + 2 : N ) o wned

b y P RO C

C

( K + 1). The pip elinin g alleviates the lac k of parallelism in b oth steps (1) and (2).

On 64 pro cessors of Cra y T3E, for instance, w e observ ed sp eedups b et w een 10% to 40% o v er the

non-pip eline d implemen tation.

In eac h iteration, the ma jor comm unication steps are send/receiv e L ( K : N ; K ) across pro cess

ro ws and send/receiv e U ( K ; K + 1 : N ) do wn pro cess columns. Our data structure (see Figure 7)

ensures that all the blo c ks of L ( K : N ; K ) and U ( K ; K + 1 : N ) on a pro cess are con tiguous in

memory , thereb y eliminating the need for pac king and unpac king in a send-receiv e op eration or

sending man y more smaller messages. In eac h send-receiv e pair, t w o messages are exc hanged, one

for index[] and another for nzval[] . T o further reduce the amoun t of comm unication, w e emplo y

the notion of elimination dags (ED A Gs) [18 ]. That is, w e send the K -th column of L ro wwise to

the pro cess o wning the J -th column of L only if there exists a path b et w een (sup er)no des K and

J in the elimination dags. This is done similarly for the column wise comm unication of ro ws of U .

Therefore, eac h blo c k in L ma y b e sen t to few er than P

c

pro cesses and eac h blo c k in U ma y b e sen t

to few er than P

r

pro cesses. In other w ords, our comm unication tak es in to accoun t the sparsit y of

the factors as opp osed to \send-to-all" approac h in a dense factorization. F or example, for AF23560

on 32 (4 � 8) pro cesses, the total n um b er of messages is reduced from 351052 to 302570, or 16%

few er messages. The reduction is ev en more with more pro cesses or sparser problems.

3.3 Sparse triangular solv e

The sparse lo w er and upp er triangular solv es are also designed around the same distributed data

structure. The forw ard substitution pro ceeds from the b ottom of the elimination tree to the ro ot,

whereas the bac k substitution pro ceeds from the ro ot to the b ottom. Figure 9 outlines the algo-

rithm for sparse lo w er triangular solv e. The algorithm is based on a sequen tial v arian t called \inner

pro duct" form ulation. In this form ulation, b efore the K -th sub v ector x ( K ) is solv ed, the up date

from the inner pro duct of L ( K ; 1 : K � 1) and x (1 : K � 1) m ust b e accum ulated and subtracted

from b ( K ). The diagonal pro cess, at the co ordinate ( K mo d P

r

, K mo d P

c

) of the pro cess grid,

is resp onsible for solving x ( K ). Tw o coun ters, f r ecv and f mod , are used to facilitate the asyn-

c hronous execution of di�eren t op erations. f r ecv [ K ] coun ts the n um b er of pro cess up dates to x ( K )

to b e receiv ed b y the diagonal pro cess o wning x ( K ). This is needed b ecause L ( K ; 1 : K � 1) is dis-

tributed among the ro w pro cesses P RO C

R

( K ), and due to sparsit y , not all pro cesses in P RO C

R

( K )

con tribute to the up date. When f r ecv ( K ) b ecomes zero, all the necessary up dates to x ( K ) are

complete and x ( K ) is solv ed. f mod ( K ) coun ts the n um b er of blo c k mo di�cations to b e summed

in to the lo cal inner pro duct up date (stored in l sum ( K )) to x ( K ). When f mod ( K ) b ecomes zero,

the partial sum l sum ( K ) is sen t to the diagonal pro cess that o wns x ( K ).

The execution of the program is message-driven . A pro cess ma y receiv e t w o t yp es of messages,

one is the partial sum l sum ( K ), another is the solution sub v ector x ( K ). Appropriate action is

tak en according to the message t yp e. The async hronous comm unication enables large o v erlapping

b et w een comm unication and computation. This is v ery imp ortan t b ecause the comm unication to

computation ratio is m uc h higher in triangular solv e than in factorization.

The algorithm for the upp er triangular solv e is similar to that illustrated in Figure 9. Ho w ev er,

b ecause of the ro w orien ted storage sc heme used for matrix U , there is a sligh t complication in the

actual implemen tation. Namely , w e ha v e to build t w o v ertical link ed lists to enable rapid access of

the matrix en tries in a blo c k column of U .
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Let my col ( my r ow ) b e m y pro cess column (ro w) n um b er in the pro cess grid

Let P RO C

C

( K ) b e the column pro cesses that o wn blo c k column K

x = b

l sum = 0

for eac h blo c k K that I o wn : : : Compute leaf no des

if ( my r ow = K mo d P

r

& my col = K mo d P

c

& f r ecv [ K ] = 0 )

x ( K ) = L ( K ; K )

� 1

� x ( K )

Send x ( K ) to the column pro cesses P RO C

C

( K )

endif

end for

while ( I ha v e more w ork ) do : : : Compute in ternal no des

Receiv e a message (*)

if ( message is l sum ( K ) )

x ( K ) = x ( K ) + l sum ( K );

f r ecv ( K ) = f r ecv ( K ) � 1

if ( f r ecv ( K ) = 0 )

x ( K ) = L ( K ; K )

� 1

� x ( K )

Send x ( K ) to the column pro cesses P RO C

C

( K )

endif

else if ( message is x ( K ) )

for eac h I > K , L ( I ; K ) 6= 0 that I o wn

l sum ( I ) = l sum ( I ) � L ( I ; K ) � x ( K )

f mod ( I ) = f mod ( I ) � 1

if ( f mod ( I ) = 0 )

Send l sum ( I ) to the diagonal pro cess who o wns L ( I ; I )

endif

end for

endif

end while

Figure 9: Distributed lo w er triangular solv e L � x = b .
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Sym b olic Numeric

P=4 16 32 64 128 256 512 M
ops

AF23560 1.69 32.26 11.05 7.33 5.94 5.88 7.08 7.16 856

BBMA T 11.81 636.52 163.48 92.72 52.07 32.10 22.85 18.52 2493

ECL32 14.02 462.74 123.95 68.55 37.47 23.33 17.50 14.97 8352

EX11 1.77 27.45 8.80 5.35 3.81 3.19 3.47 3.39 2628

FID APM11 4.10 162.37 45.33 26.53 15.55 10.22 8.34 7.85 2291

RMA10 1.67 21.20 9.36 7.00 6.86 6.49 7.58 7.47 511

TW OTONE 6.61 152.27 70.22 42.44 33.36 31.46 29.96 31.72 297

W ANG4 4.28 104.73 29.71 16.45 10.19 7.13 7.11 6.59 5542

T able 3: LU factorization time in seconds and Mega
op rate on the 512 no de T3E-900.

3.4 P arallel p erformance

Recall that w e partition the blo c ks based on sup erno des, so the largest blo c k size equals the n um b er

of columns of the largest sup erno de. F or large matrices, this can b e a few thousand, esp ecially

to w ards the end of matrix L . Suc h a large gran ularit y w ould lead to v ery p o or parallelism and load

balance. Therefore, when this o ccurs, w e break the large sup erno de in to smaller c h unks, so that

eac h c h unk do es not exceed our preset threshold, the maxim um blo c k size. By exp erimen ting, w e

found that a maxim um blo c k size b et w een 20 and 30 is go o d on the Cra y T3E. W e used 24 for all

the p erformance results rep orted in this section.

T able 3 sho ws the p erformance of the factorization on the Cra y T3E-900. The sym b olic analysis

(steps (1) and (2) in Figure 1) is not y et parallel, so w e start with a cop y of the en tire matrix on eac h

pro cessor, and run steps (1) and (2) indep enden tly on eac h pro cessor. Th us the time is indep enden t

of the n um b er of pro cessors. The �rst column of T able 3 rep orts the time sp en t in the sym b olic

analysis. The memory requiremen t of the sym b olic analysis is small, b ecause w e only store and

manipulate the sup erno dal gr aph of L and the skeleton gr aph of U , whic h are m uc h smaller than the

graphs of L and U . The subsequen t columns in the table sho w the factorization time with a v arying

n um b er of pro cessors. F or four large matrices (BBMA T, ECL32, FID APM11 and W ANG4), the

factorization time con tin ues decreasing up to 512 pro cessors, demonstrating go o d scalabilit y . The

last column rep orts the n umeric factorization rate in M
ops. More than 8 G
ops is ac hiev ed for

matrix ECL32. This is the fastest published result w e ha v e seen for an y implemen tation of parallel

sparse Gaussian elimination.

T able 3 starts with P = 4 pro cessors b ecause some of the examples could not run with few er

pro cessors. As a reference, w e compare our distributed memory co de to our shared memory Su-

p erLU MT co de using small n um b ers of pro cessors. F or example, using 4 pro cessor DEC Al-

phaServ er 8400 (SMP)

2

, the factorization times of Sup erLU MT for matrices AF23560 and EX11

are 19 and 23 seconds, resp ectiv ely , comparable to the 4 pro cessor T3E timings. This indicates

that our distributed data structure and message passing algorithm do not incur m uc h o v erhead.

T able 4 sho ws the p erformance of the lo w er and upp er triangular solv es altogether. When the

n um b er of pro cessors con tin ues increasing b ey ond 64, the solv e time remains roughly the same.

Although triangular solv es do not ac hiev e high Mega
op rates, the time is usually m uc h less than

that for factorization.

The e�ciency of a parallel algorithm dep ends mainly on ho w the w orkload is distributed and

ho w m uc h time is sp en t in comm unication. One w a y to measure load balance is as follo ws. Let

2

Eac h pro cessor is the same as one T3E pro cessor, except there is a 4 MB tertiary cac he.
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P=4 8 16 32 64 M
ops

AF23560 0.94 0.90 0.69 0.67 0.64 42

BBMA T 3.69 3.42 2.27 2.23 1.83 56

ECL32 2.95 2.60 1.66 1.57 1.17 128

EX11 0.50 0.46 0.32 0.31 0.26 112

FID APM11 1.39 1.26 0.83 0.83 0.68 70

RMA10 0.77 0.74 0.58 0.53 0.50 60

TW OTONE 4.37 4.37 3.65 3.15 2.95 16

W ANG4 1.09 0.99 0.67 0.63 0.50 112

T able 4: T riangular solv es time in seconds and Mega
op rate on the T3E-900.

AF23560 BBMA T ECL32 EX11 FID APM11 RMA10 TW OTONE W ANG4

B

f act

.82 .77 .94 .87 .70 .73 .43 .92

B

sol

.84 .81 .92 .83 .81 .76 .66 .88

Comm

f act .82 .54 .54 .77 .59 .92 .92 .62

sol .97 .97 .96 .97 .97 .96 .96 .97

T able 5: Load balance and comm unication on 64 pro cessors Cra y T3E.

f

i

denote the n um b er of 
oating-p oin t op erations p erformed on pro cess i . W e compute the load

balance factor B =

P

i

( f

i

)

P max

i

( f

i

)

. In other w ords, B is the a v erage w orkload divided b y the maxim um

w orkload. It is clear that 0 < B � 1, and higher B indicates b etter load balance. The parallel

run time is at least the run time of the slo w est pro cess, whose w orkload is highest. In T able 5 w e

presen t the load balance factor B for b oth factorization and solv e phases. As can b e seen from the

table, the distribution of w orkload is go o d for most matrices, except for TW OTONE.

In the same table, w e also sho w the fraction of the run time sp en t in comm unication. The n um-

b ers w ere collected from the p erformance analysis to ol called Appr entic e on the T3E. The amoun t of

comm unication is quite excessiv e. Ev en for the matrices that scale w ell, suc h as BBMA T, ECL32,

FID APM11 and W ANG4, more than 50% of the factorization time is sp en t in comm unication.

F or the solv e, whic h has m uc h smaller amoun t of computation, comm unication tak es more than

95% of the total time. W e exp ect the p ercen tage of comm unication will b e ev en higher with more

pro cessors, b ecause the total amoun t of computation is more or less constan t.

Although TW OTONE is a relativ ely large matrix, the factorization do es not scale as w ell as

for the other large matrices. One reason is that the presen t submatrix to pro cess mapping results

in v ery p o or load distribution. Another reason is due to long time in comm unication. When w e

lo ok further in to comm unication time using Appr entic e , w e found that pro cesses are idle 60% of

the time w aiting to receiv e the column blo c k of L sen t from a pro cess column on the left (step (1)

in Figure 8), and are idle 23% of the time w aiting to receiv e the ro w blo c k of U sen t from a pro cess

ro w from ab o v e (step (2) in Figure 8). Clearly , the critical path of the algorithm is in step (1), whic h

m ust preserv e certain precedence relation b et w een iterations. Our pip elini ng metho d shortens the

critical path to some exten t, but w e exp ect the length of the critical path can b e further reduced b y

a more sophisticated D A G (task graph) sc heduling. F or the solv e, w e found that pro cesses are idle

73% of the time w aiting for a message to arriv e (at line (*) in Figure 9). So on eac h pro cess there

is not m uc h w ork to do but a large amoun t of comm unication. These comm unication b ottlenec ks

also o ccur for the other matrices, but the problems are not so pronounced as TW OTONE.
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Another problem with TW OTONE is that sup erno de size (or blo c k size) is v ery small, only 2.4

columns on a v erage. This results in p o or unipro cessor p erformance and lo w Mega
op rate.

4 Concluding remarks and future w ork

W e prop ose a n um b er of tec hniques in place of partial piv oting to stabilize sparse Gaussian elim-

ination. Their e�ectiv eness is demonstrated b y n umerical exp erimen ts. These tec hniques enable

static analysis of the nonzero structure of the factors and the comm unication pattern. As a result,

a more scalable implemen tation b ecomes feasible on large-scale distributed memory mac hines with

h undreds of pro cessors. Our preliminary soft w are is b eing used in a quan tum c hemistry application

at La wrence Berk eley National Lab oratory , where a complex unsymmetric system of order 200,000

has b een solv ed within 2 min utes.

4.1 More tec hniques for n umerical stabilit y

Although the curren t GESP algorithm is successful for a large n um b er of matrices, it fails to

solv e one �nite elemen t matrix, A V41092, b ecause the piv ot gro wth is still to o large with an y

com bination of the curren t tec hniques. W e plan to in v estigate other complemen tary tec hniques to

further stabilize the algorithm. F or example, w e can use a judicious amoun t of extra precision to

store some matrix en tries more accurately , and to p erform in ternal computations more accurately .

This facilit y is a v ailable for free on In tel arc hitectures, whic h p erforms all arithmetic most e�cien tly

in 80-bit registers, and at mo dest cost on other mac hines. The extra precision can b e used in b oth

factorization and residual computation.

W e can also mix static and partial piv oting b y only piv oting within a diagonal blo c k o wned b y

a single pro cessor (or SMP within a cluster of SMPs). This can further enhance stabilit y .

W e can use a more aggressiv e piv ot size con trol strategy in step (4) of the algorithm. That is,

instead of setting tin y piv ots to

p

" � jj A jj , w e ma y set it to the largest magnitude of the curren t

column. This incurs a non-trivial amoun t of rank-1 p erturbation to the original matrix. In the

end, w e use Sherman-Morrison-W o o dbury form ula [7 ] to reco v er the in v erse of the original matrix,

at the cost of a few more steps of in v erse iteration.

It remains to b e seen in what circumstances these ideas should b e emplo y ed in practice. There

are also theoretical questions to b e answ ered.

4.2 High p erformance issues

In order to mak e the solv er en tirely scalable, w e need to parallelize the sym b olic algorithm. In this

case, w e will start with the matrix initially distributed in some manner. The sym b olic algorithm

then determines the b est la y out for the n umeric algorithms, and redistributes matrix if necessary .

This also requires us to pro vide a go o d in terface so the user kno ws ho w to input the matrix in the

distributed manner.

F or the LU factorization, w e will in v estigate more general functions for matrix-to-pro cess map-

ping and sc heduling of computation and comm unication b y exploiting more kno wledge from the

ED A Gs. This is exp ected to relax m uc h of the sync hron y in the curren t factorization algorithm,

and reduce comm unication. W e also consider switc hing to a dense factorization, suc h as the one

implemen ted in ScaLAP A CK [4 ], when the submatrix at the lo w er righ t corner b ecomes su�cien tly

dense. The unipro cessor p erformance can also b e impro v ed b y amalgamating small sup erno des in to

large ones.
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T o sp eed up the sparse triangular solv e, w e ma y apply some graph coloring heuristic to reduce

the n um b er of parallel steps [21 ]. There are also alternativ e algorithms other than substitutions,

suc h as those based on partitioned in v ersion [1 ] or selectiv e in v ersion [24 ]. Ho w ev er, these algorithms

usually require prepro cessing or di�eren t matrix distributions than the one used in our factorization.

It is unclear whether the prepro cessing and redistribution will o�set the b ene�t o�ered b y these

algorithms, and will probably dep end on the n um b er of righ t-hand sides.

5 Related w ork

Du� and Koster [13] applied the tec hniques of p erm uting large en tries to the diagonal in b oth

direct and iterativ e metho ds. In their direct metho d using a m ultifron tal approac h, the n umeric

factorization �rst pro ceeds with diagonal piv ots as previously c hosen b y the analysis on the struc-

ture of A + A

T

. If a diagonal en try is not n umerically stable, its elimination will b e dela y ed, and a

larger fron tal matrix will b e passed to the later stage. They sho w ed that using the initial p erm uta-

tion, the n um b er of dela y ed piv ots w ere greatly reduced in factorization. They exp erimen ted with

some iterativ e metho ds suc h as GMRES, BiCGST AB and QMR using ILU preconditioners. The

con v ergence rate is substan tially impro v ed in man y cases when the initial p erm utation is emplo y ed.

Amesto y , Du� and L'Excellen t [2] implemen ted the ab o v e m ultifron tal approac h for distributed

memory mac hines. The host p erforms the �ll-reducing ordering, estimates eac h fron tal matrix

structure, and statically maps the assem bly tree, all based on the symmetric pattern of A + A

T

,

and then sends the information to the other pro cessors. During n umerical factorization, eac h fron tal

matrix is factorized b y a master pro cessor and one or more sla v e pro cessors. Due to p ossible dela y ed

piv ots, the fron tal matrix size ma y b e di�eren t than predicted b y the analysis phase. So the master

pro cessor dynamically determines ho w man y sla v e pro cessors will b e actually used for eac h fron tal

matrix. They sho w ed go o d p erformance on 32 pro cessors IBM SP2.

MCSP ARSE [16 ] is a parallel unsymmetric linear system solv er. The k ey comp onen t in the

solv er is the reordering step, whic h transforms the matrix in to a b ordered blo c k upp er triangular

form. Their reordering �rst uses an unsymmetric ordering to put relativ ely large en tries on the

diagonal. The algorithm is a mo di�ed v ersion of Du� [11, 12 ]. After this unsymmetric ordering,

they use sev eral symmetric p erm utations, whic h preserv e the diagonal, to order the matrix in to the

desired form. With large diagonal en tries, there is a b etter c hance of obtaining a stable factorization

b y piv oting only within the diagonal blo c ks. The n um b er of piv ots from the b order is th us reduced.

Large and medium grain parallelism is then exploited to factor the diagonal blo c ks and eliminate

the b ordered blo c ks. They implemen ted the parallel factorization algorithm on a 32 pro cessor

Cedar, an exp erimen tal shared memory mac hine.

F u, Jiao and Y ang [15 ] designed a parallel LU factorization algorithm based on the follo wing

static information. The sparsit y pattern of the Householder QR factorization of A con tains the

union of all sparsit y patterns of the LU factors of A for all p ossible piv ot selections. This has b een

used to do b oth memory allo cation and computation conserv ativ ely (on p ossibly zero en tries), but it

can b e arbitrarily conserv ativ e, particularly for matrices arising from circuit and device sim ulations.

F or sev eral matrices that do not incur m uc h o v erestimation, they sho w ed go o d factorization sp eed

on 128 pro cessors Cra y T3E.

It will b e in teresting to compare the p erformance of the di�eren t approac hes.
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W e are grateful to Iain Du� for giving us access to the early v ersion of the Harw ell subroutine MC64 ,
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