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Abstract

The (e™,e")—pair annihilation in the bi-positronium Pss (or e"ete e™)
is considered. In particular, the two-, three-, one- and zero-photon anni-
hilation rates are determined to high accuracy. The corresponding analyti-
cal expressions for these annihilation rates are also presented. By using our
most recent and accurate variational wave functions produced for the ground
S(L = 0)—state of the bi-positronium Psy (EF = —0.5160037754 a.u.) we have
found for the two-photon annihilation rate I's, & 4.66424 - 10° sec™!, while
I3, (Psg) ~ 1.2022-10% sec™!, I'1y ~ 1.954- 107! sec™! and Toy ~ 2.34-10°
sec”!. Also, a large number of bound state properties have been determined

for this system.
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In this study we consider the (e¢~, e™)-pair annihilation in the bi-positronium system Ps,
(or e"eTe e'). The stability of the single bound state in the bi-positronium Ps, has been
shown many years ago [1], [2]. The bi-positronium is of great interest in some applications
to astrophysics [3], solid state physics [4] and other problems [5] - [7]. Most of such appli-
cations are related to the electron-positron pair annihilation (or (e~, e™)—pair annihilation,
for short) in the Psy system. For instance, a long-standing problem in astrophysics is related
to an unknown and very intense source of positrons in the center of our Galaxy. In fact,
this source(s) is located at a distance of ~ 8 kpc (1 kpc ~ 3.086 - 10'® km) in the direction
of Galactic center with a radius ~ 1 kpc. It generates ~ 1.3 - 10*® positrons per second [§]
(or ~ 1.18-10° tonnes of positrons per second). All these positrons annihilate in this area
(so-called Galactic bulge). An intense emission of the 511 KeV annihilation y—quanta from
Galaxy bulge indicates that the (e, e™)-pair annihilation proceeds mainly from the bound
states of various electron-positron species (e.g., Ps, Ps™, Psy, etc) and positron compounds
with some atoms. Therefore, to make some quantitative evaluations one needs to know the
relative probabilities of different annihilation channels in the Ps™ ion, bi-positronium Ps,
and other similar systems.

On the other hand, the (e~, e™)—pair annihilation in the Ps, system is a very important
problem of quantum electrodynamics. In the Psy system the electron-positron annihilation
proceeds with the emission of the two-, three-, ..., n—photons. The one- and zero-photon
annihilations are also possible. Accurate evaluation of the corresponding annihilation rates
is extremely complicated problem. The two-photon annihilation rate in the bi-positronium
has been evaluated in [9]. Our earlier evaluations of the two-photon annihilation rate I'y,
can be found in [10]. The one- and zero-photon annihilation rates in the bi-positronium
have been approximately evaluated in [10].

However, in [10] we could use only very approximate variational wave functions which
have relatively poor accuracy. In fact, for many two-particle bound state properties those
wave functions have provided relatively good numerical accuracy. The two-particle property

is an expectation value of some operator which explicitly depend upon the coordinates of the



two different particles. Analogously, one can define the three- and four-particle properties in
arbitrary four-body systems. As follows from the results obtained in [10] our wave functions
could not provide even sufficient accuracy for a number of three- and four-particle properties
in the bi-positronium Psy system. In particular, the three- and four-particle delta-functions
have been determined quite approximately in [10]. Furthermore, in [10] to evaluate some
annihilation rates in the Psy system we have used the approximate Ferrante’s relations [11].
Recently, however, a remarkable progress has been achieved in obtaining the accurate
variational wave functions for numerous Coulomb four-body systems. Currently, in com-
putations of various four-body systems one can use significantly more accurate variational
wave functions than the wave function used in [10]. This allow us to re-evaluate many bound
state properties of the bi-positronium Ps,. In particular, the main goal of this study is to
determine the expectation values of the electron-positron delta-function (§,_), triple delta-
function (§;__) = (d;4_) and four-body delta-function (6, ,__). These delta-functions are
included in the analytical expressions for the two-, one- and zero-photon annihilation rates
of the bi-positronium Pss. Another goal of this study was to re-derive the analytical expres-
sions used for the two-, three-, one- and zero-photon annihilation rates. In particular, we
have re-derived the corresponding analytical formulas (the formulas for one- and zero-photon
annihilation rates have been originally obtained in [10] and [12]). For the two-photon anni-
hilation rate our present formula includes the lowest-order radiative correction [13]. With
the use of improved formulas and accurate expectation values for all required delta-functions
this work contains the most accurate annihilation rates in the bi-positronium Psy system.
The Hamiltonian of the considered Ps, system is written in the form (in atomic units

f=1,m,=1and e =1):

1 1
H:—§A1—§A2——A3——A4+ _________ +— (1)

where the notation 1 and 2 designate the positrons, while 3 and 4 stand for electrons. Note
that all our present calculations have been performed in atomic units (A = 1,m, = 1 and

e =1). Also, in this equation and below 7;; =| r; — r; |= r;; are the six relative coordinates
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uniformly defined in the considered four-body system. In fact, in all formulas and tables
below, the subscripts 1 and 2 always designate the two positrons, while the subscripts 3 and
4 mean the two electrons in the bi-positronium Pss (e"ete”e™). An alternative (i.e. ‘4’
and ‘-’) system of notation is also used below.

The corresponding Schrodinger equation is HU = EWV, where F is the total bound state
energy (E < 0) and ¥ is the bound state wave function. To determine the energies and other
bound state properties of the bi-positronium Ps, in this study we have used the variational
expansion written in the basis of six-dimensional (or four-body) gaussoids. This basis has
been proposed in [14]. In fact, in [14] this variational expansion has been proposed and
used for an arbitrary N—body non-relativistic system, but for the considered four-body
systems this variational expansion takes a very simple form [14]. In particular, for the
ground S(L = 0)—state of the Coulomb four-body Ps, system we have

N
U (712,713, 723, T14, T'24, T34) = Ag 2 Ci [exp(—alz(i)rfg - a13(i)r%3 - 0423(i)T§3 - (2)
i=1

g (1)r7y — Qi) — 0434(i)T§4)] ;
where N is the total number of terms in this expansion, C; are the linear (or variational)
coefficients (here 1 <17 < N), while oy, (2) ((kn) = (12), (13), (23), (14), (24) and (34)) are
the non-linear parameters of the variational expansion Eq.(2). The operator A, designates
the appropriate symmetrizer (or antisymmetrizer), i.e. a projection operator which produces
the final wave function with the correct permutation symmetry. The construction of the A,
is described in detail in the literature, e.g., in our earlier works [10].

In reality, the variational expansion, Eq.(2), converges very slow. Therefore, it can
be effective in actual applications, if (and only if) all 6 X N non-linear parameters (%)
(1 < i < N and (kn) = (12), (13), (23), (14), (24) and (34)) in Eq.(2) are carefully
optimized. In this study the Powell’s method of conjugate directions [15], [16] has been
used. This method produces quite accurate variational wave functions for an arbitrary
Coulomb four-body system. In our present calculations we have used the variational wave

functions with N = 600, 700 and 800 terms. The optimization of the non-linear parameters
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has been produced with the use of standard double precision computer accuracy. However,
to determine the expectation values of all properties we have used the extended numerical
accuracy.

The obtained accurate wave function of the bi-positronium system Ps, allows us to
determine a large number of bound state properties for this system to very good accuracy.
The results of our present calculations can be found in Table I. In general, each of the
properties presented in Table I is now known to much better accuracy, than it was known
from our previous works (see, e.g., [10]).The observed agreement of all computed bound
state properties with the numerical values presented in [17] can be considered as very good.
Relatively large deviations, however, can be found (as expected) for the expectation values
of the three- and four-particle delta-functions [10] which determine the one- and zero-photon
annihilation rates. For instance, in Table I we have (§,__) = 9.16710-107° and (6, ,__) =
4.5889-107°, while the best values obtained in [10] were (6, ) = 9.2580-107° and (6, )
= 4.3908-107°.

As mentioned above the (e7, e*)-pair annihilation in the bi-positronium Ps, can proceed
with the emission of one-, two-, three- and even larger number of photons. The zero-photon
annihilation is also possible. In general, the two-photon annihilation of the (e~,e™)-pair
has significantly larger probability than all other annihilation processes. The analytical
expression for the two-photon annihilation rate which also includes the lowest-order radiative
correction [18] takes the from

4

[y, = 7r[1 — %(5 — WZ)] ot n(cagt) - (64 ) = 52.73841022-10° - n - (0, ) sect (3)

where o ~ 0.7297352568 - 1072 is the fine structure constant, ¢ = 0.299792458 - 10° m - sec™*
is the speed of light, ag = 0.5291772108 - 1071° m is the Bohr radius. All physical constants
in this study have been chosen from [19]. Also, in this equation n is the total number is the
total number of electron-positron pairs, i.e. n = 4 in the Ps, system. The notation (J,;_)
designates the expectation value of the electron-positron delta-function d,_. By using the

expectation value for the electron-positron delta-function (§,_) from Table I one finds that
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[y, (Psg) & 4.664238 - 10° sec™ .

The two-photon annihilation plays a leading role in the bi-positronium annihilation. The
three-photon annihilation rate is ~ 1000 smaller than the I';, rate computed above, but
the three-photon annihilation is of interest in a number of applications. The three-photon

annihilation rate I's,(Psy) can be written in the form

4
I3, = g(ﬂ —9)a® - n(cay") - (6,_) = 1.35927298 - 10" - - (0, ) sec™’ (4)

By using the (§,_) expectation value from Table I we determine that I's,(Ps;) ~ 1.202155 -
108 sec™!. The difference A between the corresponding inverse values ﬁ and i can be
considered as the positron quenching for the bi-positronium Psy;. The positron quenching
(A ~ 8.31625 - 1077 sec) is a unique characteristic of the considered (Ps,) system.

The one-photon (e~, et)-pair annihilation in the bi-positronium Ps, was considered in
[10]. The one-photon annihilation rate in the Psy system is written in the form

1287

Ty =— ca®(cag') - (04-—) =2.1315138 - 10* - (6, __) sec™" (5)

where (0;__) = (0;4_) in the Psy system. The one-photon annihilation is followed by
the emission of one fast electron/positron. The Lorentz y—factor of the emitted fast elec-
tron/positron is bounded between 1 and 2. By using the (§,__) from Table I we can evaluate
the one-photon annihilation rate in the bi-positronium Ps, as ~ 1.95398 - 10~! sec™!.

As mentioned above the bi-positronium Ps, is the Coulomb four-body system. In general,
the (e™,e")-pair annihilation in such a system can also proceed without any emission of
v—quanta. This case corresponds to the zero-photon annihilation of the bi-positronium
Psy.  Roughly speaking, the zero-photon annihilation can be considered as the regular,
two-photon annihilation of the (e™,e™)-pair and the following internal conversion of the
two emitted y—quanta. In reality, however, the annihilation and internal conversion of the

emitted y—quanta proceed simultaneously. The analytical expression for the zero-photon

annihilation rate is

147373 N
=

Lo, (cag") - (644 —) =5.0991890- 10 *- (5,1 ) sec’ (6)



where (0,,__) is the expectation value of the four-particle delta-function in the bi-

positronium Psy. Now, by using our (§,,__) expectation value from Table I one finds
Lo, = 2.33997-1077 sec™! . (7)

Thus, we have considered the annihilation of electron-positron pairs in the bi-positronium
Psy. The closed analytical formulas and numerical values are presented for the I's,, I's,, 'y,
and I'y, annihilation rates. These rates are now known to significantly better accuracy than
it follows from earlier calculations. In other words, the analytical formulas and numerical
values for the corresponding annihilation rates presented in this study can be considered as
the final solution for the electron-positron pair annihilation in the bi-positronium system
Ps,. A large number of bound state properties of the ground state in the bi-positronium Ps,
(e"eTe~e™) system have been also re-evaluated by using our recently optimized variational

wave functions.
Acknowledgements

The work of one of us (DHB) was supported by the Director, Office of Computational and
Technology Research, Division of Mathematical, Information, and Computational Sciences
of the U.S. Department of Energy, under contract number DE-AC03-76SF00098. The other
author (AMF’s) work was supported, in part, by a discovery grant to Professor Richard N.
Henriksen (Queen’s University, Kingston) from the Canadian NSERC. It is also a pleasure
to thank Mr. Gary Molenkamp (Sharcnet UWO, London, Ontario) for his valuable help

with numerical calculations.



REFERENCES

[1] E.A. Hylleraas and A. Ore, Phys. Rev. 71, 491 (1947).

[2] A. Ore, Phys. Rev. 71, 913 (1947).

[3] R.J. Drachman, Can. J. Phys. 60, 494 (1982).

[4] R.K. Wehner, Solid State Comm. 7, 457 (1969).

[5] R.R. Sharma, Phys. Rev. 170, 770 (1968).

[6] D.M. Schrader, Phys. Rev. Lett. 92, 043401 (2004).

[7] G. Bao and T.Y. Shi, Phys. Rev. A 67, 042505 (2003).

[8] J. Paul, Nucl. Instr. and Meth. Phys. Res. B 221, 215 (2004).
[9] Y.K. Ho, Phys. Rev. A 33, 3584 (1986), and references therein.

[10] A.M. Frolov, S.I. Kryuchkov and V.H. Smith, Jr., Phys. Rev. A 51, 4514 (1995); ibid,
55, 2662 (1997).

[11] G. Ferrante, Phys. Rev. 170, 76 (1968).
[12] S.I. Kryuchkov, J. Phys. B 27, L61 (1994).

[13] A.I. Akhiezer and V.B. Berestetskii, Quantum E t nam , (4th ed., Nauka,

Moscow (1981); in Russian).

[14] N.N. Kolesnikov and V.I. Tarasov, Yad. Fiz. 35, 609 (1982), [Sov. J. Nucl. Phys. 35,
354 (1982)].

[15] M.J.D. Powell, ACM Transactions on Mathematical Software, 1, 97 (1975).

[16] W.H. Press, S.A. Teulkovsky, W.T. Vetterling and B.P. Flannery, um a n
t an  (2nd. ed., Oxford University Press (1992)).

[17] J. Usukura, K. Varga and Y. Suzuki, Phys. Rev. A 5 | 1918 (1998).



[18] I. Haaris and L.M. Brown, Phys. Rev. 105, 1656 (1957).
[19] P.J. Mohr and B.N. Taylor, Phys. Today 55, (8) 9 (2002).

[20] V.A. Fock, . Phys. 63, 855 (1930).



TABLES

TAB 1. The expectation values in atomic units ( . =1, =1,e =1) of some properties for

the ground S(L = 0)—state of the bi-positronium Psy (e"ete~et)

E -0.51600377536 2 0.0734443 i 6.0332004
0.51600373242 2 0.3031036 Y 4.4 71505
-1.03200750796 i 0.22079014 2, 46.374614
0.4143-107 L 0.36 3969 2. 29.11259

3 443. 4 6 4 5201.915 -3 2 0.129000933
3 253.043 4 2 07.197 -1 2 0.129000933
ey 6.26735-10~* o 9.1671-107°
e 2.211025-10~2 T 4.5 9-1076
=| 14— | is the virial parameter which indicates the overall quality of the wave function
used [20].
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