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“Understanding 1is, after all, what science is all about — and science is a great deal

more than mindless computation.”
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“Of course everything in computerology is new; that is at once its attraction, and its
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Chapter

Introduction

1.1 Preliminaries

In this thesis we consider multigrid methods for the solution of linear systems of equa-
tions. This introductory chapter aims at situating the research material of the thesis
in the general context of numerical analysis and scientific computing. In particular, the
following section sheds some light on (several of the numerous) applications in which
linear systems can arise. A brief overview of solutions techniques for linear systems is
given in Section [I.3] Basic multigrid concepts are introduced in Section In Sec-
tion we briefly describe the content of the following five chapters, ending up with
some comments on notation.

The reader familiar with basic multigrid concepts can start directly with Section [L.5

1.2 Why linear systems?

An important number of problems in science and engineering can be formulated in terms

of linear partial differential equations (PDEs). Such equations frequently arise in:
e clectrical engineering,
e computational fluid dynamics (Stokes and Oseen equations),
e structural mechanics,
e transport phenomena,,
e acoustics,
e chemistry .

To solve numerically these PDE problems, one first performs their discretization; that

is, the initial continuous problem, formulated at every point of the underlying domain,
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is reduced to a limited number of equations with usually the same number of unknowns.
If the initial PDE is linear, so are the resulting equations; otherwise, it is a common
practice to linearize the obtained equations using some suitable Newton-like scheme.
In other words, discrete PDEs usually lead to a linear system, stated in vector-matrix

notation as

Ax=Db. (1.1)
The main discretization techniques are:

e finite element methods, which use a linear combination of appropriately chosen
shape functions to approximate the solution; the unknowns are the weights of shape
functions and linear system results from application of a minimization principle to

the discretization error |12}|76];

e finite volume methods, based on the subdivision of the underlying domain into cells,
on which unknown function(s) (often describing physical quantities) are assumed
constant; linear system is then formed by balance equations that account on sources

inside cells and on the transport of physical quantities between them;

e finite difference methods, which consider unknown function(s) in a given number
of nodes inside or on the boundary of the domain; the linear system arises from
PDE(s) when derivatives of each unknown function are approximated by its dif-
ferences [56,40].

Systems arising from a discretization of PDEs are often sparse; that is, each of their
equations relate together only a small number of unknowns, and the major part of the
entries of A equals zero. It then makes sense to keep in memory only the nonzero
entries and their position in the matrix, which further enables to tackle problems with
an important number of unknowns (107 for a usual PC).

Besides PDE applications, a number of problems are already discrete and formulated
as a linear system of equations. Such problems arise, for instance, in image restoration

or signal processing [43].

1.3 Linear system solvers

The solution of linear system(s) is the most time-consuming process in the majority of
scientific computing applications and therefore should not be neglected. When regular
systems are considered, it can be performed either by direct or by iterative methods.
Direct methods are usually variants of Gaussian elimination. In practice, this latter
is often performed by factorizing the system matrix into a product of lower and upper
triangular matrices (LU factorization), the process being finished by the consecutive

solution of two related triangular systems. Even if the initial system is sparse, the
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triangular factors rarely have the same sparsity: direct methods often have important
memory requirements.
The idea behind iterative methods is to solve the linear system (|1.1]) approximately

using a suitable procedure, which we formally denote
x = B(b).
The system is then solved (exactly) if we recover the correction vector e such that
A(x+e)=b,

or, equivalently,
Ae=r, (1.2)

where r = b— Ax is called residual. This latter equation (also called correction equation)
is equivalent to the initial system and can again by solved approximately. The
procedure is repeated until the required precision is reached.

Note that iterative methods rarely give the exact solution of the linear system .
However, if properly designed, they allow to come closer to the solution at each iteration
step. This feature is particulary relevant since the solution with only a limited accuracy
is often required.

An important characterization of iterative solvers is their optimality with respect to
a given class A(n) of linear system matrices, where n denote the system size. An optimal

iterative method, when applied to systems with system matrix A(n), should have

e its cost per iteration proportional to the system size n,

e its convergence rate (gain in precision per iteration step) bounded above by a

constant that does not depend on n.

Clearly, if the solution of the linear system is determined up to a desired
precision € with an optimal iterative method, the computational cost is proportional to
nlog(e). Using direct methods for the same purposes amounts to O (ns) operations if
the matrix is dense (not sparse) and to O (nz) operations if it arises from discretization
of typical 2-dimensional PDEs [62, p.9] [61, p.14]. Therefore, for system size n large
enough, optimal (and even some suboptimal) iterative methods become more attractive
than direct solvers.

Among the most popular iterative techniques, we should mention:

o Krylov subspace methods, that can be viewed as simple iterative methods where
the approximation B(r) of correction is weighted after each iteration in order to
satisfy some minimization principle. The approximate solution procedure B(-) can

still be chosen freely and is then called preconditioner.
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o Multigrid (multilevel) methods, which we introduce below, have been the first nu-
merical techniques to reach the optimal convergence for usual applications. They
are considered as the most efficient methods for the solution of system arising from
discretization of elliptic PDEs and among the most efficient approaches for other

PDE applications.

e Domain decomposition methods, that correspond to a class of approaches spe-
cially designed for parallel computer architecture. Their main idea is to split the
unknowns into a number of sets such that communication between such sets is

reduced during the solution process.

e Incomplete factorizations (ILU), often used as preconditioners by default for Krylov
subspace methods. The main idea is to reduce the cost and memory requirements
of direct methods that perform complete LU factorization by dropping some en-
tries in the triangular factors. Due to their purely algebraic nature, ILU techniques

can be of interest when applied to problems for which the other methods fail.

For further details on linear system solvers, we refer to corresponding chapters in [24].
Introductory material on iterative methods (including the main variants listed here) can
be found in [54], whereas more advance subjects are treated in [3]. For further informa-
tion on the preconditioning techniques we refer to [7], whereas a broad presentation of

Krylov methods from the historical perspective can be found in [55]

1.4 Multigrid methods

The efficiency of multigrid methods depends on the interplay between its two main
components: smoother and coarse grid correction. The smoother is often a simple
iterative method, and, if used alone, has poor convergence properties. For Poisson-like

problems
0 ou 0 ou

p (ax@x> + ay <ay8y> +Pu=f (1.3)
the two well known examples are Jacobi and Gauss-Seidel smoothers |61, Chapters
1-2]; both correspond to a linear approximation procedure B(v) = Bv, where B is,
respectively, the diagonal and (up to some permutations) the lower triangular parts of
A. When applied to the linear system , such schemes reduce the magnitude of
oscillatory modes in the correction e, while keeping the smooth components unchanged.
After several smoothing iterations, the correction becomes geometrically smooth; that is,
it varies slowly from one point to another (see Figurefor illustration). Other examples
are block smoothers |61, Section 5.1] for anisotropic problems, ILU smoothers [71}70]
in computational fluid dynamics applications and hybrid smoothers for problems in

electromagnetics [29](see also Chapter 6).



Introduction 5

'I'Ill 60‘

‘I”/ll i
////,0;,7,;;;,

FIGURE 1.1: An example of correction e smoothed by Gauss-Seidel scheme; (a) initial

correction (b) correction after 1 iteration (c) correction after 2 iterations. The corre-

sponding linear system A was obtained by discretization of constant-coefficient isotropic
Poisson PDE (| with Dirichlet boundary conditions on rectangular grid 33 x 33.

The smooth character of the correction e can then be exploited, approximating it by
a smaller coarse vector e, of size n. < n which still reproduces the essential part of the
correction’s behaviour. This coarse correction vector is obtained by solving a smaller

coarse ng X n, system
Ace. =1, (1.4)

that approximates the initial fine correction system . This solution corresponds to
the second main multigrid ingredient, known as coarse grid correction.

If the coarse grid correction step is performed by a direct solver, its combination with
a smoothing scheme is called two-grid method. Whereas it is often cheaper than a direct
method, the system to be solved is smaller than the fine one only by a modest factor
(4 in usual applications from two-dimensional PDE problems); the two-grid scheme is
therefore still not optimal. The coarse system can however be solved approximately
by (recursively) applying v iterations of the two-grid method; the recursion argument
can be repeated, forming coarser and coarser systems, until a small enough system size
is reached. If v = 1, the resulting algorithm is called V-cycle whereas if v = 2, we
talk about W—cycle (these denominations come from the schematic representation of
the recursion calls). Note that if one solves the coarse system by ~ iterations of a
relevant Krylov scheme using the two-grid method as a preconditioner, one obtains the
so-called K-cycle [49].

So far, we have not specified how to construct the (hierarchy of) coarse system(s)
. In case of discretized PDE applications, system matrices of various size can often
be generated for the problem at hand. Combining this with geometrical interpolation to
pass from the coarser correction e, to its finer approximation, we obtain the required in-
gredients. This approach is known as geometric multigrid. 1t is also possible to construct
the multigrid hierarchy in a black box fashion, based only on the knowledge of the system
matrix A. Such setup phase is usually called coarsening and the black-box multigrid

which uses it is algebraic multigrid. Whereas it is slower than its geometric counterpart
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(because of the additional cost of coarsening), algebraic multigrid can be applied to a
variety of problems, even those which have no PDE or geometric background.

An excellent introduction to the multigrid techniques can be found in [19]. For more
details on practical aspects we refer to [61], whereas a more formal presentation can be
found in [67,127].

1.5 Overview

The remaining five chapters of this thesis treat two essentially different subjects: V-
cycle schemes are considered in Chapters 2-4, whereas the aggregation-based coarsening
is analyzed in Chapters 5-6. As a matter of paradox, these two multigrid ingredients,
when combined together, can hardly lead to an optimal algorithm. Indeed, a V-cycle
needs more accurate prolongations than the simple piecewise-constant one, associated
to aggregation-based coarsening. On the other hand, aggregation-based approaches use
almost exclusively piecewise constant prolongations, and therefore need more involved
cycling strategies, K-cycle [49] being an attractive alternative in this respect.

Chapter 2 considers more precisely the well-known V-cycle convergence theories: the
approximation property based analyses by Hackbusch [27] and by McCormick [38] and
the successive subspace correction theory, as presented in [73] by Xu and in [75] by
Yserentant. Under the constraint that the resulting upper bound on the convergence
rate must be expressed with respect to parameters involving two successive levels at a
time, these theories are compared. Unlike [75], where the comparison is performed on
the basis of underlying assumptions in a particular PDE context, we compare directly
the upper bounds. We show that these analyses are equivalent from the qualitative
point of view. From the quantitative point of view, we show that the bound due to
McCormick is always the best one.

When the upper bound on the V-cycle convergence factor involves only two successive
levels at a time, it can further be compared with the two-level convergence factor. Such
comparison is performed in Chapter 3, showing that a nice two-grid convergence (at
every level) leads to an optimal McCormick’s bound (the best bound from the previous
chapter) if and only if a norm of a given projector is bounded on every level.

In Chapter 4 we consider the Fourier analysis setting for scalar PDEs and extend the
comparison between two-grid and V-cycle multigrid methods to the smoothing factor.
In particular, a two-sided bound involving the smoothing factor is obtained that defines
an interval containing both the two-grid and V-cycle convergence rates. This interval
is narrow when an additional parameter « is small enough, this latter being a simple
function of Fourier components.

Chapter 5 provides a theoretical framework for coarsening by aggregation. An upper

bound is presented that relates the two-grid convergence factor with local quantities,
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each being related to a particular aggregate. The bound is shown to be asymptotically
sharp for a large class of elliptic boundary value problems, including problems with
anisotropic and discontinuous coefficients.

In Chapter 6 we consider problems resulting from the discretization with edge finite
elements of 3D curl-curl equation. The variables in such discretization are associated
with edges. We investigate the performance of the Reitzinger and Schoberl algorithm
[52], which uses aggregation techniques to construct the edge prolongation matrix. More
precisely, we perform a Fourier analysis of the method in two-grid setting, showing its
optimality. The analysis is supplemented with some numerical investigations.

All chapters are independent from each other and can be read in any order. We
recommend however the reading of Chapters 2-4 in the ascending order since the results
demonstrated in the earlier chapters are used in the following ones.

Chapters 2 through 5 have appeared as separate papers or reports. Their presenta-
tion have been only slightly modified in this thesis. In particular, Chapter 2 corresponds
to

A. Napov and Y. Notay Comparison of bounds for V-cycle multigrid,
published online in Appl. Numer. Math.
DOI: 10.1016 /j.apnum.2009.11.003, 2009,

Chapter 3 is taken from
A. Napov and Y. Notay When does two-grid optimality carry over to the V-
cycle?, accepted for publication in Numer. Lin. Alg. Appl., 2009,
whereas Chapter 4 is a slightly modified version of
A. Napov and Y. Notay Smoothing factor and actual multigrid convergence,
Report GANMN 09-03, Université Libre de Bruxelles, Brussels, Belgium, 2009,
and Chapter 5 reproduces the content of

A. Napov and Y. Notay Algebraic analysis of aggregation-based multigrid,
Report GANMN 09-04, Université Libre de Bruxelles, Brussels, Belgium, 2009.

Regarding the Chapter 6, its content is a result of author’s collaboration with Ronan
Perrussel from Laboratoire Ampere, Ecole Centrale de Lyon. The corresponding paper
is still in preparation and the content of this chapter it the author’s contribution to the
common research. Numerical experiments in the multilevel setting are limited here to
the model problem setting; the algebraic multilevel implementation of the presented ap-
proach and the related numerical experiments correspond to the contribution of Ronan

Perrussel and will appear in the final manuscript.
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1.6 Notation

We use bold lowercase Roman letters (e.g., v) to denote vectors and uppercase Roman
(e.g., A) to denote matrices. Capital calligraphic letters (e.g., V) represent vector sub-
spaces, except O, which stands for Landau big Oh symbol, and symbols in Chapter 6,
which are used to denote Fourier block matrices and index sets.

We use I to denote the identity matrix and O the zero matrix. When the dimensions
are not obvious from the context, we write more specifically I,,, for the m x m identity
matrix, and O,,x; for the m x [ zero matrix.

For any real «, |« is the largest integer not greater than a. For any set I', |I'| is
its size. For any real matrix B, R(B) is the range of B and N(B) is its null space; BT
stands for its transpose and B¥ for its transpose complex conjugate. For any square

real matrix C, p(C) is its spectral radius (that is, its largest eigenvalue in modulus),

|C]l = \/p(CTC) is the usual 2-norm and [|C|x = /3, ; C’fj the Frobenius norm. For
an SPD matrix D, [|v||p = (vI Dv) 1/2

v (if D = A, it is also called energy norm) and

= ||DY/?v|| is the associated D-norm of a vector

1Cvllp

Mo 1P
vip

IC]|p = max
v

is the induced matrix D-norm.

We finish this section by giving the list of acronyms and the list of symbols below.

List of Acronyms

Acronym Meaning
ARPACK  Arnoldi package [36]

FCG flexible conjugated gradient

GS Gauss-Seidel (smoother)

PDE partial differential equation

RS Reitzinger and Schober]l multigrid method [52]
SPD symmetric positive definite

SSC successive subspace correction
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List of Symbols
Symbol Meaning Reference
A generic system matrix e.g.,
A, Ag coarse grid matrix, coarse grid matrix on level & p p
cA approximation property constant in Hackbush’s theory
EJ(\Z)G V-cycle multigrid iteration matrix on kth grid e.g.,
Erq, E(TkG) two-grid iteration matrix (between kth and (k — 1)th grid) e.g., (3.3)
G auxiliary matrix inducing a decomposition in SSC theory p E
h mesh size on a regular grid
J index of the finest level in multilevel setting ) E
K parameter in SSC convergence theory 2.10
M Chap. 6: mass matrix in edge-element discretization of p{l116
M) Chap. 2-4: equivalent pre— or post—smoothing matrix e.g.,
n, Nk size of A, size of Ay
n(k) Chap. 5: size of kth aggregate p
N Chap. 2-3 and 5-6: number of grid unknowns in one direction
NO) Chap. 4: T — N A, = (I — R ' Ap)” @3)
P, P, prolongation matrix (from kth and (k — 1)th grid ) e.g., pil3
R smoother matrix of elementary smoothers (e.g., Gauss-Seidel) e.g., pJ13
S Chap. 5-6: smoothing iteration matrix eg., p 119
X Chap. 5-6: equivalent pre— and post—smoothing matrix ,
a, 3 Chap. 4: V-cycle convergence parameters e.g., ,
(14.16))
Chap. 5-6: PDE coefficients ,
r auxiliary matrix in SSC convergence theory @
Ty, Iy aggregate k or k p{117, py125
) approximation property constant in McCormick’s theory e.g.,
0 Chap. 2-4, 6: “frequency” in Fourier analysis
w, k) Chap. 4: smoothing factor (on kth grid) pl60
Chap. 5: two-grid quality (of kth aggregate) p87L (5.19))
v number of smoothing steps pi13
T projector, generally of the form P(PTCP)~'PTC e.g.,
w®) parameter in V-cycle convergence theories (2.4))
W, WJac smoother weighting

PDE domain







Chapter

Comparison of bounds for V-cycle multigrid

Summary
We consider multigrid methods with V-cycle for symmetric positive definite linear sys-
tems. We compare bounds on the convergence factor that are characterized by a constant
which is the maximum over all levels of an expression involving only two consecutive
levels. More particularly, we consider the classical bound by Hackbusch, a bound by
McCormick, and a bound obtained by applying the successive subspace correction con-
vergence theory with so-called a-orthogonal decomposition. We show that the constants
in these bounds are closely related, and hence that these analyses are equivalent from
the qualitative point of view. From the quantitative point of view, we show that the
bound due to McCormick is always the best one. We also show on an example that it

can give satisfactory sharp prediction of actual multigrid convergence.

2.1 Introduction

We consider multigrid methods for solving symmetric positive definite (SPD) n x n linear

systems:
Ax =Db. (2.1)

Multigrid methods are based on the recursive use of a two—grid scheme. A basic two—
grid method combines the action of a smoother, often a simple iterative method such
as Gauss-Seidel, and a coarse grid correction, which involves solving a smaller problem
on a coarser grid. A V—cycle multigrid method is obtained when this coarse problem is
solved approximately with 1 iteration of the two—grid scheme on that level, and so on,
until the coarsest level, where an exact solve is performed. Other cycles may be defined,
including the W—cycle based on two recursive applications of the two-grid scheme at

each level; see, e.g., [61].

11
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When the system stems from the discretization of an elliptic PDE, the V-cycle
multigrid has often optimal convergence properties; that is, the convergence is indepen-
dent of the number of levels and of the mesh discretization parameter h. There are two
classical ways for proving this. One way consists in checking the so-called smoothing and
approximation properties [10,13}/26.27,37,[38/53]. Another possibility consists in defining
an appropriate subspace decomposition and then analyze the constants involved in the
successive subspace correction (SSC) convergence theory [50} 51} 25, 73,75, /74]. So far,
these approaches have only been compared (e.g., in [75]) on the basis of the regularity
assumptions that an elliptic boundary value problem should fulfill in order to guarantee
optimal bounds for the multigrid method applied to its finite element discretization.
This allows only qualitative conclusions which are further restricted to a specific con-
text. For instance, such comparison does not cover V-cycle multigrid for structured
linear systems [1]. In fact, a detailed comparison of the convergence theories for V-cycle
is difficult because they may be (and have been) formulated diversely. There is some
freedom in choosing the subspace decomposition for the SSC convergence theory and
there is no unique definition of the smoothing and approximation properties.

The smoothing and approximation property ideas form the basis of the early proofs
[10,/13,26] of h-independent V-cycle convergence. For the case when A is SPD, the clas-
sical proof is presented in |27, Theorem 7.2.2] by Hackbusch. The convergence estimate
is then characterized by the approximation property constant c4, which is a maximum
over all levels of an expression involving only two consecutive levels.

An alternative approach has been developed by McCormick in [38] (see also [37,53]).
Here again, the convergence estimate depends on a constant § which is a minimum over
all levels of an expression involving two consecutive levels.

The SSC convergence theory is more recent and also more general, since by tuning
the choice of the space decomposition one can prove some results for elliptic PDEs
without requiring regularity assumptions [14]. The comparison with other approaches
is not easy because this theory is traditionally formulated in an abstract setting. In this
chapter, we first develop an algebraic formulation of the theory, resulting in a bound
which also depends on freely chosen quantities. Next, we justify that this degree of
freedom seemingly disappears if one adds the constraint that one must be able to assess
the main constant in the bound considering only two levels at a time. Note that this
latter constraint is not only mandatory to develop the comparison with the other two
approaches. It is also very sensible in view of a quantitative analysis, where, as we
illustrate on an example, the Fourier analysis setting is used to numerically calculate
the bounds and compare them with the actual convergence factor.

Transferred back into the original SSC setting, the choice for which this two-level
assessment is possible corresponds to the so-called a-orthogonal decomposition, which

is also the decomposition that has been most extensively used when analyzing multigrid
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methods for the class of (H?-) regular problems. Then, the bound depends mainly on
a constant K and, in this chapter, we show that the three constants c4, § and K are in
fact closely related, namely

K =max(1,c4)

and
_ 2
ot = c(q) ,

where cf) is a Hackbusch approximation property constant for the number of smoothing

steps being doubled. Hence the three approaches are qualitatively equivalent, in the
sense that they simultaneously succeed or fail to prove optimal convergence. From the
quantitative point of view, it further turns out that McCormick’s bound is the best one.

The reminder of this chapter is organized as follows. In Section [2.2] we state the
general setting of this study and gather the needed assumptions. In Section we
develop our algebraic variant of the SSC theory and recall the results of Hackbusch and
McCormick. The comparison is performed in Section [2.4] and an example is analyzed

in Section

2.2 General setting

We consider a multigrid method with J + 1 levels (J > 1); index J refers to the finest
level (on which the system is to be solved), and index 0 to the coarsest level. The
number of unknowns at level k£, 0 < k < J, is denoted ny (hence ny = n).

Our analysis applies to symmetric multigrid schemes based on the Galerkin principle
for the SPD system ; that is, restriction is the transpose of prolongation and the
matrix Ay at level k, k=J —1,...,0, is given by Ay = PgAkJrlPk, where Py is the
prolongation operator from level k to level k£ + 1; we also assume that the smoother Ry,
is SPD and that the number of pre-smoothing steps v (v > 0) is equal to the number

of post—smoothing steps. The algorithm for V—cycle multigrid is then as follows.

Multigrid with V—cycle at level k: x,,.1 = MG(b, Ay, x,, k)
(1) Relax v times with smoother Ry : x, « Smooth(x,, Ak, Rk, v,b)
(2) Compute residual: rp =b — Axx,
(3) Restrict residual: ry_1 = P,;‘F_lrk
(4) Coarse grid correction: if k=1, ey = A Iro
else e;_1 = MG(rg_1,Ax-1,0,k — 1)
(5) Prolongate coarse grid correction: x, < x, + Py_1€x_1

(6) Relax v times with smoother Ry : X,+1 < Smooth(xy, Ak, Rk, v,b)

When applying this algorithm, the error satisfies

A,;lb — Xpt1 = E](\f,)G (A,;lb — xn)
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where the iteration matrix E](\Z)G is recursively defined from

E](\E)[)G:O and, for k=1,2,...,J :

. (2.2)
Ejie = (= B Ay (I — Pl - EJ(\EIGI))AI;—Ilpg—lAk) (I — R Ap)”

(see, e.g., [61, p. 48]). Our main objective is the analysis of the spectral radius of E](\jz; ,

which governs convergence on the finest level. Our analysis makes use of the following

general assumptions.

General assumptions

e N=njg>nj_1>..>N0;
e Py is an ngyq X ng matrix of rank ng, k=J —1,...,0;
e Aj=Aand A = PP Ay 1Py k=J—1,...,0;

e Ry, is SPD and such that p( — Ry ' Ag) <1 ,k=J,...,1.

Note also that most of our results do not refer explicitly to the smoother Ry, but are

)

stated with respect to the matrices M ,i” defined from

—1
T— MY A = (T -R'AL . (2.3)

That is, M,E,V) is the smoother that provides in 1 step the same effect as v steps with
Ry, . The results stated with respect to M, IEV) may then be seen as results stated for the
case of 1 pre— and 1 post—smoothing step, which can be extended to the general case

via the relations ([2.3)).

Most results depend on the following parameter:

A
w") =max | 1, max max L{j};’k . (2.4)
LSk wik T ) g,

From p(I — R ' Ax) < 1, it follows that w) < 2, whereas (2.3)) implies

1 if v is even
w®) = (2.5)
14 (W —1)¥ if v is odd.

Hence one has also w®) < 2 for all v. Further, if w® = 1, then w) =1 for all v.
We close this subsection by introducing the projector w4, which plays an important

role throughout this chapter:

A, = Pk—lAlzilplzllAk’ . (2.6)
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2.3 Bounds on the V-cycle multigrid convergence factor

2.3.1 SSC theory

We consider the SSC convergence analysis as presented in Theorem 4.4 and Lemma 4.6
in [73], and Theorem 5.1 in [75]. Of course, there are more recent versions of this theory,
e.g., in |74] an identity (known as XZ-identity) is obtained which provides the exact
convergence factor. However, we do not see how to transform these further versions so
that, according to the focus of this chapter, they deliver a bound that could be assessed
considering only two levels at a time (while being significantly different from the bound
given by Theorem together with Theorem . In particular, it seems clear that
the exact convergence factor is a global quantity whose knowledge necessarily involves
information from all levels. Note that SSC ideas are also treated in an algebraic setting
in [65, Section 5], where both the XZ-identity and approximation property approaches
are presented, without however comparing them.

Now, we first develop in Theorem below an algebraic version of Theorem 5.1
in |75]. We give a complete proof since this version slightly improves the original for-
mulation, which uses a matrix I' with the same entries in the strict upper part, but
non-negative entries in the strict lower part and positive entries on the diagonal.

Observe that in Theorem below the freedom left in choosing the pseudo restric-
tions G} corresponds, in the original formulation, to the freedom associated with the
choice of the space decomposition. More precisely, given a set of Gy, k =0,...,J—1, we
can construct a corresponding space decomposition as defined in [75]. In Appendix A
we show that the converse is also true; that is, with any admissible space decomposition
in the original theory, one may associate a set of pseudo restrictions Gy, such that The-
orem will yield the same bound as Theorem 5.1 in [75], except for the improvement

associated with the refined definition of T'.

Theorem 2.1. Let E\J), be defined by with Py, k=0,...,J—1, Ay, k=0,...,.J,
and Ry, k = 1,...,J, satisfying the general assumptions stated in Section [2.3. For
k=1,...,J, let M,gy) be defined by , and set Méy) =Ag.

Let Gy, k=0,...,J —1, be ny X ny1 matrices, and, for k=0,...,.J, let P, and
G, be defined by, respectively,

Py=1
3 3 (2.7)
Pk:Pk+1Pk7 k:J_lv"wO?
and
Gy=1
/ (2.8)

Gr=GpGrp1, k=J—-1,...,0,
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’withP_lzG_l:O.
There holds

2 —w
E'(J) <l-—7— 2.9
where w®) is defined by ([2.4),
T VTGI(I = Po_1Gpoy)T MY (I = Po_y GG
KO — e 2ek=0 V-G = PGy ;) p (L= Pe1Gro1) & (2.10)
vERn vl Av
and
0 y1 - Y07
0 .- g
r = : , (2.11)
0 Yu-1ys
0

with, fork=0,....J—1landl=k+1,...,J,

VTG;T(I - .PlflGlfl)T.PlTAPka

Yei = max max — - .
wieR™ s veR™ (wT' N W 1/2(vIGT (T — Py Gi_y)T M) (I — Py Gi_1)Giv)1/2
(2.12)
Moreover,
It < w™JJ+1)/2. (2.13)

Proof. In what follows, we omit the superscript (v) in M, k(:,,). We first gather some

useful definitions:

Qr=(I - P,_1G_1)Gy . k=0,...,J; (2.14)
Ty = Bu(M,) 1Pl A , k=0,...,J; (2.15)
Fo=I—-T)I—=Tiy)---(I-T)I —-Tp) . k=0,...,J. (2.16)

In addition we set 1 = 1.
As shown in [65, Proposition 5.1.1] there holds

B\l = (I =TI ~Tyo)...(~T)(I ~To)I ~T1)...(I ~ Ty_y)(I ~Ty) .

Further, since A~Y(I — Ty)" = (I — T,)A™! and (I — Tp)? = I — Tp, one has E](\jz; =
FyA7'FT A, showing that
¥

ESL) =1y =
P(Eyrg) = I1Fslla = max ——7—

(2.17)
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Using this relation, we first show that (2.9) holds if

J
viAv < K (14 ||T))? (Z vTFlT_lATlFl_lv> Vv e R". (2.18)
=0

Indeed, since AT}, =T, g A and using ([2.4)), one has, Vv € R™ |

[|Fo1v]|d = ||Fivl|d = (Fpo1v) T AF v — (Fpo1v) T (I = Ti)TA(I = Ty F_q v
= v L AT Fy v — (Fi1v) T T AT, (Fj_1v)
=ovI FL AT Fy1v — (Fy1v) AP M ' PE AP M PEA(F—1v)
=ovI Fl AT Fy1v — (Byo1v) AP M A M, PEA(F—qv)
> T FL AT By v — ™) (Fyv)TABM PEA(Fy_yv)
= (2—wYVTEL | ATLFy v .

Summing both sides for kK =0, ..., J shows that, Vv € R" |

J
IVI% = IEvIE > (2 - o) (Z VTFZT_lATze_lv> ,
=0

and it is straightforward to check that this relation, together with (2.18) and (2.17)),

implies ([2.9).
We now prove (2.18)). Observe that, using (2.14)), there holds

J 7 J
ZPle = 2151(-7—131—1@—1)@1 = Z (PG, — P1Gi-1) = PyG;—P_1G_1 = I.
1=0 =0 =0

For any v € R", one may then decompose v! Av as the sum of two terms (remembering

that F,1 = ])
J J J
vidv = ZVTAPZQZV = ZVTFZT_lAPlQlV + ZVT(I—FEl)APlle. (2.19)
=0 =0 =1

In order to prove ([2.18]), we bound separately the two terms in the right hand side of
2.19).
Regarding the first term, one has, applying twice the Cauchy-Schwartz inequality,

~vIQI MQv) A (vT FE AP M, PE AR v)Y/?

Mg

J
Z VTFl7:1APlQlV <
=0

Iy
=

IN

J /2 , g 1/2
(ZVTQITMZQZV> <ZvTFlT1ATlFl1v> . (2:20)

=0 =0
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To estimate the second term, first observe that

I-Fa=T-(I-Tj)Fa=I-F)+TiaFy=-=)Y TpiF.
Therefore,
J -1
Zv (I-F )APQv => > V'K \ TFAPQv ,
=1 k=0

whereas, for any 0 < k < [ < J, using successively (2.15) and (2.12) with w; =
M, 'PLAF, v,

vIFLTFAPQ = (v F AP M) BEAPQ
< (vIQI MiQ) A (VT FE AR M BE AR, v)Y?
= ’Ykl(VTQ’lTMlQlV)1/2(VTF5_1ATka,1V)1/2 .

Hence, since ||T'|| = maxy % = maxy,y ”Xﬁ% and using the definition (2.11)) of T',
there holds

-1

J
Z v I Fl 1 AP[QZV Z ’)/kl(VTQlTMlQlV)l/Q (VTFE_IATka,1V)1/2
=1 =1 k=0

J 12 , 1/2
< r (szQfMl@lv> (szF,zlATka_lv) |
=0 k=0

Combining the latter result with (2.20)), one gets

7 /2, 5 1/2
viAv < (1+|T) (ZVTQlTMlQlV> (ZVTF’ElATlFl_lv> .

=0 =0
Taking the square of both sides, and using (2.10) (which amounts to ZE]:() VTQ'ZIMZQlV <
KvTAv) straightforwardly leads to , which completes the proof of 1)

2
It remains to prove . Note that ||T'|| < ||T||z = (Zl 1 Zk O’Ykl> . Further,
forany0§k<l§Jandforanywe]R" and wy € R |

wl QI PF ABowy, < (Wl QF PFABQiw)Y?(wl Pl AB,wy,)/?
= (W QI AQw)' 2 (w Apwy)'/?
< w® (W QT MQyw)'? (wi Mywy)/?

showing that v < w®) . The required result straightforwardly follows. [ |

Now, in this chapter, we focus on bounds that can be estimated considering only two

consecutive levels at a time. The following theorem helps to see when the main constant
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K®) in Theorem H can be set in that form.

Theorem 2.2. Let P, and G}, be defined by [2.7) and R.8) with Py, k=0,...,J —1
and Ay, k= 0,...,J, satisfying the general assumptions stated in Section [2.3, Then,
for allv e R"

VvIGT(I — Po1Gr_1) T Ap(I — P 1Gh1)Grv (2.21)

B

viAv =

i
[e)

J
+ 2 ZVTGvg_IPg_lAk (I - Pkflefl) GkV
k=0

VTéz(I — Pk_lefl)TAk(I + Pkflefl)ékV . (2.22)

I
B

>
Il
o

Moreover, if P,_1Gr_1 is a projector, then
(I — Pkflefl)TAk(I + Pkflefl) (223)
18 nonnegative definite if and only if

Gr_1= A,;_llpg_lAk. (2.24)

Proof. We begin, noting that v{AkPk_le_lvk = (ngkPk_le_lvk)T =
vf(Pk,le,l)TAkvk holds for all v, € R™. Using this relation with v, = Gjv, equa-
tions (2.21]) and (2.22)) follow from

J
Z VTGV’Z.—‘(I+ Pk_le_l)TAk(I — Pk_le_l)GkV
k=0
J
= Z (VTGngAPkaV - VTGg_lpg_lAPk_le_lv)
k=0
=vlAv.
Next, (I — P_1Gp_1)T Ap(I + P,_1G}_1) is nonnegative definite if and only if
V%(I — Pkflefl)TAk(I + Pkflefl)Vk >0 Vv € R™

which in turn is equivalent to

Vi Apvi > Vi (Pio1Gr—1) T AgPio1Gro1vy, vy, € R™
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this latter being nothing else but
| Pe—1Gr—1lla, < 1.

Hence, if P,_1Gj_1 is a projector, it has to be orthogonal, and, hence, symmetric with
respect to the (-, Ag - ) inner product (see [39, Section 5.13]); that is, Py_1Gx_1 = B Ak
for some symmetric By. This implies Gx_1 = C’k_lPlzllAk with Cj_1 symmetric. Since
Py has full rank, P,_1Gj_1 is then a projector if and only if Cy_1 = A,:_ll; hence the

required result. [ |

Now, consider the definition of K. To obtain an expression that can be
assessed considering only two levels at a time, the only possibility we have found is
to express the denominator v’ Av as a sum over all levels similar to the sum in the
numerator, and, assuming each term involved to be non-negative, to bound the ratio of
both these sums ), ax/ >, by by the maximum of the ratios maxy(ay/by). The first
result of Theorem tells us that such a splitting of v’ Av always exists, but the second
result tells us that it is exploitable only with Gj_1 = A;}ngflAk, since otherwise there
would be negative terms in the sum of the denominator, at least for certain v[T| Note that
these G, are such that P,_1Gr_1 = 74, and correspond to the so-called a-orthogonal
decomposition in the original abstract theory. This choice is further analyzed in the
following theorem, where we prove in particular that one has then I' = 0. Note that

with the original formulation of |75, Theorem 5.1], one could only prove ||T'|| < w®).

Theorem 2.3. Let the assumptions of Theorem[2.] hold, and let Gy, k =0,...,J—1,
be defined by (2.24). Then, KW and T, defined as in Theorem satisfy, respectively

T I — T M(V) I —
KW = max 1, max max Wk(T ﬂ—Ak) k ( TrAk)Wk (2.25)
1<k<J wieR™ Wi (I —ma, )T AR(I — ma, )Wy
T I — T M(V) I —
= max (1, max ~ max wi (I = 7a) T I T )W (2.26)
1<k<J wiER™k wi Apwy
and
r=o0, (2.27)

where T4, is defined by (2.6)).

!Theorem 3.2 proves this under the additional assumption that P,Gy is a projector, but we did not
found any usable bound based on G}, for which PG would not be a projector.
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Proof. We first prove (2.27)). Note that (2.24)) implies G} = Al_lplTA, 1=0,..J-1
Hence, for any 0 < k <! < J and all w € R™ v € R",

wi B AR(I = Py Gla)Griv = wi AR AT Bl Av — wi PLAR AL B Ay
TP (P ARAT) F A
—wi Pl PL, (PR AP A7) PR Av
=wipPl .. .PL PrAv—wipPl...PT, P Av
= wi Pl Av — wi Pl Av

vkt = 0 and therefore T' = 0 readily follows.

We next prove (2.25) and (2.26]). Using (2.22)) and Py_1Gj—1 = 74, together with
(I + 7a )" Ay (I — 7ma,) = (I —7a,)TAp(I — ma,) in the definition ([2.10) of K,

one has

KW = max Yo VIGE(L = PiaGr)” M}gu) (I — Pp1Gp_1)Grv
vekr S VTG (I = Poo1Gro1)TAp(I — Py Gio1)Giv
= max Sy VIGEU —7ay)” M’gy) (I —7a,)Grv + vIGEAgGov
vER™ Ziﬂ VIGE(I — 7a, )T AR(I — 4, )Grv + vIGT AgGov

< max <1, W (1 = g, MY <I—mk>wzf> |

(2.28)

max max
1<k<J wxER"k w%([ — TrAk)TAk(I — A, )Wk

This proves that the right hand side of (2.25)) is an upper bound on K () : the right hand
side of (2.26)) is a further upper bound since
wl (I =7 ) TMY (1 — 74w VE(I = ma ) "M (I = 7w, )i

max >  max
wj, ER™k wi Apwy, — owvkeR% vE(T — 7w, )T AT — Ta, ) VE

as seen by restricting the maximum in the left hand side to wy, = (I — 74, )vy (taking
into account that (I —m4,)? = (I —7a,)).

To prove that the right hand sides of , are also lower bounds on K|
let, for k=0,...,J, Q= (I — Py_1Gj_1)G}) . Then rewrite as

J o v) A
K® — max Do V' QF Mlg : ka'
verr 3 o vTOF ArQyv

(2.29)

Since GyP, = I, for k = 0,...,J — 1, Lemma in Appendix B proves that, for
0<ik<.Jwithk=I,

QPQ =0, and QyPQ; = Opnxn -
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Restricting the maximum in (2.29) to v = BQ;w for some 0 < [ < J yields

TAT 17V A
K® > max w CIQ‘lQTZEﬁ Qsz
weR™ - wh @y AW
o WIGTU = PG MY (1= PaGr)Grw
wekr  wIGT (I — P1Gio)TA(I — PG Giw
iy WU PGE)T MY (1 - PLGiw
wieR  wl' (I — P_1G1-1)TA(I — P_1Gio1)wy

the last equality stemming from the fact that G;, and hence Gy, has full rank (from
(2.24), (2.8), and because Py has full rank by virtue of our general assumptions). The

conclusion follows because

w/ (I = P1Gio)TAl(I = P Gio)wy = wi (I —7ma)TAl(I — ma,)wy
= wi (A — AP A7 PR A)wy

< WZTAZWZ . |

2.3.2 Hackbusch bound

The bound from [27, Theorem 7.2.2] is recalled in the following theorem. Note that
this analysis requires w®) = 1. This condition is however not too restrictive since the
smoother can be scaled to satisfy it. Note also that, according to (2.5)), w®) = 1 always

holds for v even, and that w®) = 1 entails w*) = 1 for all v.

Theorem 2.4. Let E\J), be defined by [22) with Py, k=0,...,J—1, Ay, k=0,...,J,

and Ry, k = 1,...,J, satisfying the general assumptions stated in Section [2.3 For
k=1,...,J, let M,E,V) and W) be defined, respectively, by [2.3) and (2.4).
Then, if w) =1,

J C
B < o — (2.30)
A T2
where . . —
vi (A, — P,_1A, . P, v
cgj) = max max (A i l_kl_l 1)V . (2.31)
1<k<J viER"k Vg M]gl/) Vi
Moreover, if ) =1,
(J) 0541)
r(Exe) < @ (2.32)
cy +2v

Note that Theorem 7.2.2 in [27] considers only (2.32)). The bound (2.30)) is a straight-
forward extension (through the replacement of M. ,gl) = R by M ,gy)) that will make easier

the comparison with other approaches. It is not really useful in practice since, as will

be seen, (2.32) is always better than (2.30)). Note, however, that (2.30]) is more general

since one may have w®) =1 while w® > 1.
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Note also that in [27] some bounds based on c4 are also proved for the W and two-
grid cycle, that are better than those obtained by using just the V-cycle bound as a

worst case estimate.

2.3.3 McCormick’s bound

We recall in the following theorem the bound obtained in [38, Lemma 2.3, Theorem 3.4

and Section 5] (see also [37], or [53] for an alternative proof).

Theorem 2.5. Let B}, be defined by 22) with Py, k=0,...,J—1, Ay, k=0,...,J,

and Ry, k = 1,...,J, satisfying the general assumptions stated in Section |2.2. For
k=1,...,J, let M) be defined by (23).

Then,
pEGL) < 1- 60, (2.33)
where .
vild = (T = MY A2
5(1,) — min min || kHAk ”( k . k) k‘”Ak (2'34)
L 10— man)vill%,
with 7, defined by (2.6)).
Moreover,
Wt L(sm L,
60 <o (6 +u 1). (2.35)

2.4 Comparison

We first state our main result, which relates the constants K ) cE:) and 6

Theorem 2.6. Let K, CEZ;) and 6V be defined respectively by (2.25), [2.31) and
(2.34) where Py, k =0,...,J —1, A, k=0,...,J, and Ry, k = 1,...,J satisfy
the general assumptions stated in Section . Fork=1,...,J, let M,E,V) be defined by

3.
Then
KW = max( 1, CE:)), (2.36)
and
P (2.37)
&)
A
Proof. Let

By = AP, A Cok=1,...,J.
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One has

T) 41 1 pT
) V(AL = P A P_q)v
el = mp, e s
1sksJve vT M,E,V) v

VI = AP ALY P A

= max max —

1<k<J veR™k VTA]1€/2 M]gy) A}C/QV
vI(I — PPV
- 1rgl?<xjvr£n%§k T Al/2 A sw) 7L 412
== viA" M, ALV
12 _ L _ 1/2
VI P an V2 - BB A N M
= Inmax max
1<k<J veR™k vy
vI(I = BPDYAM? M) AT — B PT)v
= maX Imax T .
1<k<.J vER"k vy

Since (I — B PT)AY? = (1 — AP A PE LAY AY? = AVP(1 = 7a,)T, this

leads to

(v) VT(I - ﬂ—Ak)T Mlgy) (I - ﬂ-Ak)V
€, = max max 7
1<k<J vER™ viALv

)

hence ([2.36)).

On the other hand, observing that M, ,£2V) satisfies
-1 -1
I— M A =(I- MY A, k=1,...,J,
one has

—1

VIR == MY A

§%) — min min k k
1<k<J veR" (I = ma)vI[%,

-1 T -1
VTAkV — VT (I — Mk(:y) Ak> Ak <I — M,gy) Ak> \%

= min min

1<k<J vER"k VI(I — 74, )T Ap(I — 7a,)v
2
-1
VTAkV — VTAk (I — Mél’) Ak> \%
Tagkgsvern  VI(T —ma )T AR(I — A, )V
-1
vIApv — vl A, <I — M}gzy) Ak> v
- 1g}cngvrenﬂégk VIl —7a )T AL — 7, )V
-1
. . . VTAlc M]£2V) AkV
- 12}612Jvrenﬂg}k VTAk(I — 7TAk)V
-1
. . vl Mézy) v
= min min —
1<k<JveR™ vI(T — g, )AL v
1
e "

Ca
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We are now ready to compare the bounds (2.9)), (2.30), (2.32) and (2.33). This is

done in the following theorem.

Theorem 2.7. Let E\J), be defined by 22) with Py, k=0,...,J—1, Ay, k=0,...,J,

and Ry, k = 1,...,J, satisfying the general assumptions stated in Section [2.4 For
k=1,...,J, let Méy) and w¥) be defined, respectively, by (2.3) and (2.4). Moreover,

let KW, CE:) and W) be defined respectively by (2.25)), and ([2.34]).
Then

—w®
(/) s g 2w
p(Eyie) <1—=90 <1 IR0 (2.38)
Further, if w®) =1,
)
c
pEy) <1-00) <A, (2:39)
cy’ +2
and, if 0 =1,
(J) ‘3541) CE:)
p(ES) <1-0W < @ o (2.40)
cy +2v cy’ +2
Moreover,
2 —w® 2 —w®
_ _ ™)
= <1 50 (2.41)
and, if w¥) =1,
) )
(C)A < ()1 - 1—(5)7. (2.42)
C: ) o) +1 o) +1
Proof. Let us first prove two intermediate results:
™) )
€A (2v) €a
< <o (2.43)
and, if w) =1,
C('u) 1
%gc(ff’/)g;@%)—ku—l),uel\la (2.44)

The first intermediate result (2.43) follows from
@) _ 3 () oy
M = (2 - A) My
combined with
vl M,gu) vi > 2ve M,SV) Vi — VE Ay > (2 —wW)vE M,gy) Vi, Vvi € R"™.

We prove the second intermediate result (2.44]) for p = 1; its generalization to p > 1
is performed replacing Ry by M, ,5“ ) in the proof below. First, the right inequality ([2.44))



26 Comparison of bounds for V-cycle multigrid

is a consequence of ([2.35) since, using (2.37]) one has

&) =D < (507 1) = (D v )

I
where 6(1/2) corresponds to the V-cycle algorithm with a smoother ﬁk such that
I— R YA, = (I - R;1A,)2.

Such ék is indeed well defined since w(*) = 1 entails that I — Ai/ QRIZIA}C/ 2 is symmetric
nonnegative definite. On the other hand, the left inequality ([2.44) is a straightforward
consequence of

-1
v;‘f M’gy) vi < v V%Rlzlvk, Vv € R

which we prove as follows. This relation holds if and only if
v{A}C/Q M,g”) - A,lg/ka <v VfA,lg/QRlzlA,lg/ka , Vv € R™
which, in view of and when w(M) = 1, is satisfied if
1-(1—-2)"<vzx Vzel0,l];

that is, if, VA =1—2 € [0, 1),
11—\ <
1—X =7

which is readily checked from % = Z?:_Ol A<,

Now, the second inequality (2.38]) follows from the right inequality (2.43]) combined
with (2.36) and (2.37). The second inequalities (2.39) and ([2.40) are equivalent to,

respectively
et = () + 2 - 1)

and
Ved > () +20)( ] - 1).

These inequalities follow from the right inequality , used with (u, v) = (v, 2) and
(1, v) = (1, 2v), respectively, combined with . Next, the last inequality of
is a consequence of the left inequality of used with (u, v) = (1, v). Finally,
inequalities (2.41]) and (2.42)) follow from the left inequality combined with
and , because §¢) " > 1, as may be seen from

s T L)

B wl(T —7a)T M) (I =74, )W
= max max T T
1<k<J wipeR™ W (I —ma, )T Ap(] — ma, )Wy
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2
1 max max w;{(l —7a,)T M,g v) (I —ma, )Wk
W) 1<k<J wieR™ wl(I —7a,)7 M,iQV) (I — 74, )W

Y

=1. [ ]

From ([2.38)), (2.39) and (2.40)), one sees that McCormick’s bound is always the best
one, whereas inequalities (2.41]) and (2.42]) show that all approaches are nevertheless

qualitatively equivalent, since they give bounds which, at worst, correspond to Mc-

Cormick’s bound with main constant smaller by a modest factor.

2.5 Example

We consider the linear system resulting from the 9-point finite difference discretization

of the two-dimensional Poisson problem

—Au=f in Q=(0,1)x (0,1)
u=0 in 09

on a uniform grid of mesh size h = 1/N; in both directions. The matrix corresponds

then, up to some scaling factor, to the following nine point stencil

-1 -1 -1
-1 8 -11. (2.45)
1 -1 -1

We assume N; = 27Ny for some integer Ny, allowing .J steps of regular geometric
coarsening. We consider prolongations in form of the standard interpolation associated
with bilinear finite element basis functions. The restriction Pg corresponds then to “full

weighting”, as defined in, e.g. [61]ﬂ With these choices, the stencil (2.45)) is preserved

throughout all grids (up to some unimportant scaling factor), and cE:) may be assessed

by analyzing
wi(l -7 )TM(V)(I — A, )W
max —* Ae) "k AL (2.46)
Wk WkAka

for a matrix Ay corresponding to stencil (2.45]) applied on a grid with mesh size hy =

1/Nj, . Considering two successive grids is therefore sufficient, and, to alleviate notation,
welet N = Ny, A= Ay, M = M) P = Py, A, = A, = PTAP and
TA=T4p, = PAC_1PTA,

Zup to some scaling factor; the scalings of the prolongation and restriction are unimportant when
using coarse grid matrices of the Galerkin type.
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To assess ([2.46]), we resort to Fourier analysis. The eigenvectors of A are, for m,l =
1,...,N — 1, the functions

N)

mi = sin(mmz) sin(lry)

(7

(N)

evaluated at the grid points. The eigenvalue corresponding to u, ; is

)‘grjz\,[l) = 4(3sy, + 351 — 45ms1) (2.47)

where

Sm = sin?(mm/2N) , s = sin®(lr/2N) . (2.48)

The prolongation P satisfies (see, e.g., |61, p. 87])

o) (1= sm)(1—s1)
N
pri e oad e
—UN sm(1 = s1) ’
_“gxz)v—z (1 —5m)s

V) — 0 for m = N/2 or m = N/2. Expressed in

m,l

for 1 < m,l < N/2 —1, with PTu
the Fourier basis (that is, in the basis of eigenvectors of A), I — w4 is therefore block

diagonal with, for 1 <m,l < N/2—1, 4 x 4 blocks
@\ pr
(I =7y = It — Py (AmJ) PL A (2.49)

where

P, =4 ( (I—=sm)(X—=51) smst sm(l—51) (1 —5m)s )

A, = diag ()\,(fxz) ) )‘S\jfv—)m,N—l’ Afrjzv,J)V—l ; /\%V—)m,l>

AL = PT A 1Py = 64(35,0 (1 — 5,0) + 3s1(1 — 51) — 16511 — )5 (1 — 5m)) -

m,l =

Form=N/2,1<I<N/2-landl=N/2,1<m<N/2-1,( —74),,;=Lisa
2 x 2 identity block, whereas (I — m4)~ ~ = 1 reduces to the scalar identity. If M ®) in
27 2

the Fourier basis has the same block diagonal structure, we are left with the analysis of
=p((I =7t ,MY)(1 - Al 2.50
Pm,l p ( 7rA)m,l m,l( 7rA)m,l myl ) ( : )

Now, we consider more specifically damped Jacobi smoothing; that is R =
witdiag(A) = w; L 81, with wyee € (0, 4/3) to ensure wV) = (3/2)w e < 2. Then,
for any number of pre— and post-smoothing steps v, M) is diagonal in the Fourier

basis, with diagonal entries depending on the eigenvalues of A; that is (see ([2.47)),
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depending on s,, and s;.To obtain grid independent bounds, it is then interesting to
consider pp,; = p(sm,s) as a function of s,,, s;, and to let these parameters vary
continuously in [0,1], excluding the corner points where s,,(1—s,,) = s;(1—s) = 0,
which correspond to singularities. For all v, p(s;,,s;) has the following symmetries:
P(Smys1) = p(1—=5m,s1) = p(Sm,1—8;) = p(1—8m,1—s;). Further, numerical investi-
gations reveal that the maximum on the considered domain is located at the boundary,
i.e., corresponds to, e.g., s,;, = 0. Because of the symmetries it is sufficient to analyze

this latter case. One may check that p(0, s;) is the largest eigenvalue in modulus of

+ +
Slu1381H4 0 0 _81#13&#4
1 0 3_(’{2_81) 0 0
1 0 0 P 0 ’
_m(A=s)+pa(1=s1) 0 0 A—sphpm+A—s1)pa
3 3

where {p;}i=1,..4 are the 4 diagonal entries of M, ,g;') , given by

i = (Am,l)i,i
1= (1= e (Ayy)ia)”

Thus

3 2 M1+ M4)

0 — 9 )
p(0;51) max<3_81 3-(1—s) 3

and, injecting the expressions of u;,

1 1
1= (1 =253 —5))) 71— (1= 25<(2+ )

) <

S| + 1-— S|
1—(1— 2acg )y 1 (1— 3ae(1—g))

Note that for s; — 0 the third term is larger that the maximum over s; of the first and

the second; hence

p(0,5) < sup ( 5 n 1—g 31))V> . (2.51)

sic0,) \ 1 — (1= %sl)l’ 1-(1- %(1 _

The right hand side of (2.51)) is in fact independent of s; for v = 1, and, for v = 2
and v = 4, one may check, using elementary function analysis (see Appendix B), that
the supremum is reached for s; — 0,1 . Hence

) < 2 n 1
AT Bvwgee  1-(1-— L"gac)l’

, v=124 (2.52)

Using the relation (2.52)) as an equality, we can evaluate the different bounds. This is
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1 2 ) O J
ome [ 0| | D | | 1= 2 |10 | o)
A
1/2 12666 | 1.733 | 0.571 0.626 0.423 0.398
2/3 1 2 1.5 0.5 0.5 0.333 0.271
1 1.5 | 1.333 | 1.666 (*) 0.5 0.387 0.251

TABLE 2.1: Convergence factor of V—cycle (for Ny = 2 and J = 6) and the correspond-
ing bounds for v = 1; (*) the quantity exists, but does not correspond to the bound,
since w® > 1.

1 2
o [ | ] ] | | 12 100 e
A A
1/2 112666 | 1.733 | 1.337 0.4 0.4 0.423 0.252 0.187
2/3 1 2 1.5 ] 125 0.333 | 0.333 0.333 0.2 0.121
1 11 1.333 | 1.666 | 1.233 (*) 0.25 0.4 0.189 0.091

TABLE 2.2: Convergence factor of V—cycle (for No = 2 and J = 6) and the correspond-
ing bounds for v = 2; (*) the quantity exists, but does not correspond to the bound,
since w > 1.

done in Table 2.1 and [2.2] for different number v of smoothing steps, where we also com-
pare the bounds with the actual convergence factor. One sees that McCormick’s bound
is indeed the best one and, further, that it gives in the considered cases a satisfactory

sharp prediction of actual multigrid convergence.

2.6 Conclusion

We have considered different bounds on the V-cycle multigrid convergence factor, each
depending on a parameter given by the maximum over all levels of a expression defined
on two levels only. More precisely, we have considered the bound in |27, Theorem 7.2.2]
by Hackbusch, the result |38, Lemma 2.3, Theorem 3.4 and Section 5] of McCormick
and the Successive Subspace Correction theory [73, Theorem 4.4 and Lemma 4.6], [75,
Theorem 5.1] used with a-orthogonal decomposition. Regarding the latter approach,
it has been adapted here to the algebraic framework and slightly improved. We have
sown that the main parameters of these three theories are related to each other and
that the corresponding bounds are equivalent from the qualitative point of view; that is,
they simultaneously succeed or fail to prove an optimal convergence for a given problem.
From the quantitative viewpoint, we have proved that the bound of McCormick is the

sharpest, and, further, that it leads to an accurate convergence estimate at least for a

typical example.
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Appendix A

We first show that Theorem 5.1 in [75] particularized to the matrix case (that is, applied
to the case of matrix operators in R with a(v,w) = (v, Aw) = v Aw) yields the same
bound as Theorem (except for the additional refinement in the definition of ||T||),
provided that one has Wy, = R(P}) and Vj, = R(P.Gj — Pr_1Gi_1), where P, and G},
refer to the notation in Theorem and Wy, Vi to notation in [75].

Firstly, note that Theorem 5.1 provides a bound on the energy norm of product
iteration matrices of the form , where

T, = B QrA, (2.53)

B,j being a matrix corresponding to a invertible operator onto Wy, and Q)i being the
orthogonal projector on the subspace Wy = R(F;); that is, Qn = pk(pgpk)flpg,
It then follows that the definition (2:53) matches (2-15) by setting B;” = P,M, 'PL.
Observe also that, Ywg € W;,

Zj — B,jwk o W = Pk(Png)_le(Png)_lpgzk .
Hence
By = Py(PT By~ My (PL By~ BT (2.54)

is the proper inverse of Blj onto Wk.
Next, the bound on ||F||% in [75] is based on the decomposition of any vector v € R™

as

where v, € V. With V), = R(Pkék — Pk_lék_l), it means
VE = pk(f — Pkflefl)ékV = (Pké'k — p]gflékfl)v. (2.55)

Then, the bound in [75] is

2—w

R < 1——2—%
|| JHA = K1(1+K2)2

(2.56)

where K7 is such that

J
> (Bevi,vi) < KiviAv Vv eER”, (2.57)
k=0
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where w satisfy
(AWk,Wk> §w(Bka,wk) Vwir e Wi, k=1,...,J, (2.58)

and where Ky = ||T||, with T’ = (34;) being the (J +1) x (J + 1) matrix whose coefficients

are such that
(Awy, v1) < 3 (Bew, wi)V2(Bvy, vi) 2 Vvy, € Vi, wi € W (2.59)

for k <1, and g = i for k > 1.

With and , it is easy to recognize that K*) in is the best constant
K satisfying . On the other hand, “ VYw; € W, 7 means “ for all wj, = P,w with
w € R” ” and “ Vvi € Vi 7 means “ for all vy = P(I — P,_1Gr_1)Gyv with v € R® 7.
Hence, for k < I, v in is the best x; satisfying . Further, using the same
arguments, we see that w®) is the best choice for w. Therefore, the equivalence between
the bound in [75] and is proved, except for the additional refinement showing
that the lower triangular part of I' can be set to zero.

We next show that with any admissible choice of Vj, one may associate valid G, k =
0,...,J such that V}, = R(P,Gy — Pr_1Gr_1) (setting P_; = G_; = Ongxne)- In other
words, any bound from Theorem 5.1 in [75] obtained using a particular decomposition
can also be obtained via (up to some additional refinement in the definition of ||T']|)
using a particular set of matrices Gg.

We begin the proof letting
X =VoBVB...8 V.

Observe that the proposition holds if, given Xy C X} C ... C Xy = R", one can find Gy,
k=0,...,J such that
R(P:Gi) = X, (2.60)

and

R(pkék — Pkflékfl) N R(pkflékfl) = {0}
The latter equality is checked if, for all v, w € R",
(Pkék - quékq) v = P 1Graw = (Pkék — quékq) v = P 1Gpw =0;
that is, since P, has full rank, if

(I — Pyo1G—1) (Grv) = Py1Gro1 (Gew)

5 5 (2.61)
= (I — P,_1Gr—1) (Gkv) = P._1Gr_1 (ka) = 0.
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This proposition is true when Pj_;Gj_1 is a projector (note that P_1G_1 = Opyxn, 18
a projector as well). The right equalities follow then from the multiplication of
by (I — P;_1Gi—1) and Py_1Gj_1, respectively.

We now assume that G’j has been constructed properly for j = J, ...,k + 1 (which
holds trivially for j = J — 1), and show that one can construct Gy, such that

R(PkaGk_H) = A} (2.62)

while satisfying the constraint
G PG, = Gy, (2.63)

yielding the required result by induction, since implies (P,Gt)? = PyGy.

Let my = dim(X%). Observe that Wy C ... C Wy implies my, < dim(Wg) = ny.
Hence holds if G, = R(@ k) is a prescribed my-dimensional subspace of R whose
image by Py is A%. Let Hj be an nj x my, matrix whose columns form a basis of this

subspace. We search for G, of the form
Gy = HyZy

where Zj, is an my X ngy1 matrix of rank my. Then holds if Zkék+1 has rank
my, which is ensured if R(Gj41) contains an my-dimensional subspace complementary
to N(Zy) (see [39, p. 199]). Note that dim(R(Gry1)) = dim(Xpy1) > my, hence there
exists at least one mj-dimensional subspace G of R(Gk+1), and we shall enforce the

null space of Zj to be complementary to G.
Consider now the constraint (2.63]). With the given form of Gy, it is satisfied when

ZpPyHy = Iy, ;

that is, according to the terminology in [6], if Z is a {1, 2}-inverse of PyHy. As shown
in [6, p. 59], given any subspace Sy complementary to 7y, = R(PyH}) there exist such a
{1, 2}-inverse having Sy as a null space.

Hence the required result is proven if one can always find Sy complementary to both
Gr and 7. This, in turn, is true since G and 7 are subspaces of the same dimension

of a finite dimensional space R"*, see [34].
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Appendix B

Lemma 2.1. Let P, k=0,...,J —1 be ng1 X ng matrices of rank ny withn =ny >
nj_1>--->ng. Let Gy, k=0,...,J —1 be ngy1 X ng matrices such that
Gy Py, =1, .

Set Py = G_1 = Opyxn, and let, fork =0,...,J, Py, be defined by , G, be defined

by 28), and Qr = (I — Pe_1Gi—1)Gy .
There holds, for 0 < 1,k < J with k #1,

QrPQr=Qr and  QiPyQr = Opnyxn -

Proof. Note that G}, P, = I,,, implies GpP, = I, . The first statement follows then
from
(I = Pu1G—1)GrPy(I — Puo1Gr—1) = (I — Poc1Gi1)(I — Ppo1Gi—1)
=1— P, 1Gg1 .

To prove the second statement, we consider two cases. If [ > k,

(I - P1G1)G Py = (I — P-1G1-1)G)---Gy_1Pj_1--- PPy P
={I—-P_1G_1)P_1-- Py
=P_1(I—-G_1P-1)P_y-- Py

= Onl XNk

whereas, if | < k,

GiPy(I — Poo1Gy—1) =G+ Gp1Gy - Gy_1Py_1 -+ P(I — Py_1Gj—1)
=G -G (I — P1Gr—y)
=G Gl — Gp—1Pr—1)Gr—1

- Oannk . |
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Appendix C

In this appendix we outline for even values of v the proof of the following identity

S n 1—g 2 N 1
sup _ ’
sen \1— (1 - %Sl)” 1—(1- %(1 —8))" 3Vwiae 1—(1— %ﬂ)u

with wyae € (0, 4/3). More precisely, we prove that

Sl

1— (1 — 29acg)r

f(s1) =

is a convex function for wjac € (0, 4/3), and hence so is f(s;) + f(1 — s;), the prove
being finished by the fact that any convex function takes it supremum at the boundary.

Now, note that

r o 3w jac

J(e) = =5 (e (2/3)wya) = (L4 et ™) = g(0)7!

is convex for ¢ € (—1,1) if and only if f(s;) is convex. However, f(c) is convex if % >0

2
for c € (—1,1), that is, if % g < 2 (%) . On the other hand, one can check that

v/2—-1

d%g dg\? 22,2 | : . 2
2.9_2<> = = 3 A i —2)(c+ 1)),
dc de s

this last term being negative for ¢ € (—1,1).






Chapter

When does two-grid optimality carry over to the
V-cycle?

Summary
We investigate additional condition(s) that confirm that a V-cycle multigrid method is
satisfactory (say, optimal) when it is based on a two-grid cycle with satisfactory (say,
level-independent) convergence properties. The main tool is McCormick’s bound on
the convergence factor [STAM J. Numer.Anal., 22(1985), pp.634-643], which we showed
in previous work to be the best bound for V-cycle multigrid among those that are
characterized by a constant that is the maximum (or minimum) over all levels of an
expression involving only two consecutive levels; that is, that can be assessed considering
only two levels at a time. We show that, given a satisfactorily converging two-grid
method, McCormick’s bound allows us to prove satisfactory convergence for the V-
cycle if and only if the norm of a given projector is bounded at each level. Moreover,
this projector norm is simple to estimate within the framework of Fourier analysis,
making it easy to supplement a standard two-grid analysis with an assessment of the
V-cycle potentialities. The theory is illustrated with a few examples that also show that
the provided bounds may give a satisfactory sharp prediction of the actual multigrid

convergence.

3.1 Introduction

We consider multigrid methods for the solution of symmetric positive definite (SPD)
n X n linear systems:
Ax =b. (3.1)

Multigrid methods are based on the recursive use of a two—grid scheme. A basic two—
grid method combines the action of a smoother, often a simple iterative method such

as Gauss-Seidel, and a coarse-grid correction, which corresponds to the solution of the

37
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residual equation on a coarser grid. A V—cycle multigrid method is obtained when the
residual equation is solved approximately with one application of the two—grid scheme
on that level, and so on, until the coarsest level, where an exact solve is performed.
Other cycles may be defined, including the W—cycle based on two recursive applications
of the two-grid scheme on each level, see, e.g., [61].

If there are only two levels, accurate bounds may be obtained either by means of
Fourier analysis [60,61,68], or by using some appropriate algebraic tools [16,22,23,46./59)].
This focus on two-grid schemes is motivated by the fact that, “if the two-grid method
converges sufficiently well, then the multigrid method with W-cycle will have similar
convergence properties” [61, p. 77] (see also [12, pp. 226-228] and [47]). This is not
the case for the V—cycle since there are known examples where the two-grid method
converges relatively well, whereas the multigrid method with V—cycle scales poorly with
the number of levels [41]. Hence, V—cycle analysis has to be, at some point, essentially
different from two-grid analysis.

In this chapter, we investigate additional condition(s) for obtaining an optimal V-
cycle method from an optima]lﬂ two-grid method. Note that we do not base our work
on a new analysis of the V-cycle. Several analyses are indeed available, which, however,
have a common gap: the conditions for proving that the V-cycle converges nicely have
not been compared with the two-grid convergence factor, and it is so far unclear how
they are related. In fact, a number of results relate the V-cycle convergence to sufficient
conditions for two-grid convergence; see, e.g., the two conditions (3.3) in [14], the first of
which is sufficient for two-grid. Or, simply, consider V-cycle analysis particularized to
the two-level case. Such sufficient conditions are, however, often stronger than needed
for just two-level convergence, and, as far as we know, no comparison has been made
with necessary and sufficient conditions or with two-grid convergence factor.

To analyze the V-cycle, one possibility consists of defining an appropriate sub-
space decomposition and then applying successive subspace correction (SSC) theory
[50,/51},250 73|75, /74]. Another possibility consists in checking so-called smoothing and
approximation properties [10,13}26,27,37,/38,/53]. Regarding the latter approach, the
best result for SPD matrices have been obtained by Hackbusch |27, Theorem 7.2.2] and
McCormick [38]. In a Chapter [2 we show that these results are qualitatively equiv-
alent, with McCormick’s bound being always the sharpest. Note that, in both cases,
the bound is characterized by a constant that is the minimum/maximum over all levels
of an expression involving only two consecutive levels. This last property is important

in the context of this study, since it seems at first sight not possible to compare with

1By “optimal”, for a two-grid method, we mean “having level-independent convergence properties”;
that is, referring to a situation where the two-grid method is defined at different levels of a multigrid
hierarchy, it is considered optimal if there is a level-independent bound on the convergence factor that
is uniform with respect to problem size.
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the two-grid convergence rate a global expression that would involve simultaneously all
levels.

On the other hand, we also consider in Chapter [2| the classical formulation of the
SSC theory (as stated in 73] or [75]), and discuss how to obtain a bound that could
also be assessed considering only two levels at a time. It turns out that this requires the
use of the so-called a-orthogonal decomposition, which corresponds to the choice most
frequently made when applying the SSC theory to multigrid methods for HZ2-regular
problems. Then, the analysis in Chapter [2| shows that this approach is also qualitatively
equivalent to the Hackbusch and McCormick ones, the latter remaining the sharpest.

Hence, regarding the goal pursued in this work, all exploitable results are superseded
by (but qualitatively equivalent to) McCormick’s bound, which is characterized by the
constant ¢; in this work, we relate this constant to the two-grid convergence factor. This
reveals that a satisfactory (optimal) two-grid cycle on each level leads to a satisfactory
estimate of ¢ if and only if a given norm of an exact coarse-grid correction (projection)
operator remains bounded at each level. Moreover, it turns out that this norm is easy
to assess within the framework of a Fourier analysis.

Eventually, we consider several examples, illustrating the sharpness of the bound
based on two-grid convergence rates and the projector norm. It further turns out that
both of these ingredients are independent and play an important role in the V-cycle
convergence behavior.

The reminder of this chapter is organized as follows. In Section we state the gen-
eral setting of this study and gather the needed assumptions. The relation between the
McCormick constant § and the two-grid convergence factor is established in Section [3.3

lustrative examples are discussed in Section [3.4]

3.2 General setting

We consider a multigrid method with J + 1 levels (J > 1); index J refers to the finest
level (on which the system is to be solved), and index 0 to the coarsest level. The
number of unknowns at level k, 0 < k < .J, is noted ng (with thus ny = n).

Our analysis applies to symmetric multigrid schemes based on the Galerkin principle
for the SPD system ; that is, restriction is the transpose of prolongation and the
matrix A at level k, k= J —1,...,0, is given by Ay = PkTAkHPk, where P, is the
prolongation operator from level k to level k£ + 1; we also assume that the smoother Ry
is SPD and that the number of pre-smoothing steps v (v > 0) is equal to the number

of post—smoothing steps. The algorithm for V—cycle multigrid is then as follows.



40 When does two-grid optimality carry over to the V-cycle?

Multigrid with V—cycle at level k: x,,11 = MG(b, Ay, x,, k)

(1) Relax v times with smoother Ry : x,, « Smooth(x,,, A, Rk, v,b)
(2) Compute residual: rp = b — Axx,

(3) Restrict residual: rj_; = P 1y

(4) Coarse grid correction: if k=1, eg = A 'ro

else e;_1 = MG(rg_1,Ax-1,0,k — 1)
(5) Prolongate coarse-grid correction: x, < x, + Py_1€x_1

(6) Relax v times with smoother Ry : x,41 < Smooth(xy,, Ak, Rk, v,b)
When applying this algorithm, the error satisfies

A;lb — Xpt1 = EJ(\EI)G (A,;lb - xn) ,

where the iteration matrix EJ(\Z)G is recursively defined from

E](\g)GzO and, for k=1,2,...,J :

) (3.2)
Fiio = (1= R Ay’ (I = Pea(l = Ez(\gel))Ai;thT—lAk) (I — Ry Ay

(see, e.g., [61, p. 48]). Our main objective is the analysis of the spectral radius of E](\‘;)G ,

which governs convergence on the finest level. Our analysis makes use of the following

general assumptions.

General assumptions
en=n75>nj_1>..>n0;
e Py is an ngy1 X ng matrix of rank ng, k=J —1,...,0;
e Aj=Aand Ay = PF Ay 1Py, k=J—1,...,0;

e Ry, is SPD and such that p(I — Ry 'Ax) <1, k=J,...,1.

In what follows, we make use of the two-grid cycle involving two consecutive levels k

and k — 1, which corresponds to the following iteration matrix:
EW = (I = RYALY (I — Poa AL PE A (= RPAYY, k=1,...,0 . (3.3)

Most of our results do not refer explicitly to the smoother Ry, but are stated with

respect to the matrices M ,EV) defined from
I—M(V)_lA = (I — R 'A,)" 3.4
k k= k k) - (3.4)

That is, M, ,EV) is the smoother that provides in one step the same effect as v steps with

Ry, . The results stated with respect to M ,5'/) may then be seen as results stated for the
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case of one pre— and one post—smoothing step, which can be extended to the general
case via the relations (3.4)).
We close this subsection by introducing the projector w4, , which plays an important

role throughout this chapter:
Ta, = P At P Ag (3.5)

Note that I — 7y, is the (exact) coarse-grid correction matrix at level k.

3.3 Theoretical Analysis

3.3.1 McCormick’s bound

We recall in the following theorem the bound obtained in [38, Lemma 2.3, Theorem 3.4
and Section 5] (see also [37], or [53] for an alternative proof). The equivalence of
with the definition is proved in in Theorem

Note that convergence estimates based on regularity assumptions are also considered
in [37]. These estimates are obtained when Theorem below is applied to discretized
PDEs. However, Theorem [3.1]on its own is a purely algebraic result that may by applied
to any multigrid method satisfying the general assumptions in Section [3.2] without
reference to a PDE context. Hence, there is no need for regularity assumptions to apply

here, as may be further confirmed by the purely algebraic proof in [53].

Theorem 3.1. Let E](Vﬁ;, Mlgy) ,and ma, , k= 1,...,J, be defined, respectively, by
(13.2), (3.4), and (3.5)), with P, k =0,...,J =1, Ay, k =0,...,J, and Ry, k =

1,...,J, satisfying the general assumptions stated in Section[3.3
Then
pES) < 1-60) (3.6)

where

-1
Ivill2, — I = MY A,

i min, (e 0
T A
= min min Vi kY (3.8)

L<k<J vieR™ yT (] _ ﬁAk)TM,EZV)(I — TA,) Vi

3.3.2 Relationship to the two-grid convergence rate

We first recall, in the following lemma, a useful characterization of the two-grid rate
obtained in |23} p. 480].
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Lemma 3.1. Let Erfpk) , M,EV) sandma, , k=1,...,J, be defined, respectively, by (3.3)),
13.4), and (3.5), with Py, k =0,....,J =1, Ax, k=0,...,J, and Ry, k =1,...,J,
satisfying the general assumptions stated in Section[3.3.

Then

-1
®) VT —ma A M AP =74, v,
1—p(Epg) = min T =
v, ER™ v (I —7a,) Vi

; (3.9)

with T4, = A,lc/QWAkAlzl/Q.
The next theorem contains our main result.

Theorem 3.2. Let E(ch);, M]E,V) ,and wa, , k= 1,...,J, be defined, respectively, by

13.3), (3.4), and (3.5)), with Py, k = 0,...,.J —1, Ax, k =0,...,J, and R, k =
1,...,J, satisfying the general assumptions stated in Section|3.4. Let §*) be defined by

BD.
Then ® ®
() . 1— P(ETG) T P(ETG)
o B T P B A P (3.10)
SRS —TA v SESS|TTA v
k M;52) k M]i2)
Moreover,
1
%) < min min 1fp(E(k)), —_— (3.11)
1<k<J re ||7TAk||?w(2u)
k
Proof.
Let & be defined by
. VTAkV
{p = min 2v) :
veRTy VT<I - WAk)TMk (I - WAk)V
From (3.8)), there holds
6% = min &. (3.12)

1<k<J

On the other hand, Lemmaimplies (since Ag(I—7a,) = (I—7a, )T Ay and (I—74,) =
(- ﬂAk)z)

v -1 —
v%A}Cm(I—WAk) M,E2 ) Al —7ma, ) A, 1/2vk

vtk VIAYA (I =7 )AL Py
2 —1 _
o VEU—ma) M AT ) A v
v ER™ v{(I —7a, )L — WAk)AI:IVk

1
B . vz(I —Ta,) M,E,ZV) (I — TrAk)Tvk
= min = — - . (3.13)
v, ERk Vi (I—ﬂ'Ak)Ak (I_WAk) Vi
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In what follows, we omit the subscripts k, as well as the superscript (k) and (2v)
in Epg and M, respectively, when they are obvious from context. Using (3.13]), one
obtains

VT(I — WA)TM(I — 7TA)V

€71 = max

vERn vT Av
VvIATV2(T — )T MY 2MY2(1 — ) A~ 2y
= max
veRn vly
VTM1/2(I _ WA)A_1/2A_1/2(I _ ,R_A)TMl/2V
= max
vERn vTv
vI(I — 7)) AN —7a)Tv
~ VeRn vIM-1v (3:.14)
T _ —1(] _ AT T _ —1(7 _ T
< max vi(I—7ma)A I —ma)'v LY (I—7mA)M YT —ma)'v
veRr VI (I — )M —1(I —74)Tv veRrn vIM-1lv
B 1 e VIMY2(I — 7w ) )M~Y2M~Y2(I — w)T MY 2y
"~ 1—p(Erg) vakn vTv
1 VvIM YT —w ) TMYPMY2(1 — wp )M~V 2y
= max
1-— p(ETG) VG%R" VTV
1 VT(I—TFA)TM(I—TFA)V
= max
1—p(Erg) ver» v Mv
1
S S
1—p(Erc) H allas

The result (3.10]) follows directly, using Kato’s lemma (e.g., [65, Lemma 3.6]) which
implies ||[I — 7a|lar = ||7al|m, since ma # O, I by virtue of our general assumptions.
In addition, using (3.14]) together with Lemma one also has

¢ . vIiM—1v
= min
veRn vI(I — wA)A=Y (I — wa)Tv
< . vIipM—1ly
min
T v=-n1)Tw, weRn VI (I —m2) AT —7a)Tv
=1-p(Erc),

which gives the first term in the right-hand side of (3.11)).
On the other hand, since

vIAV2 ppe) 7h AL2y = Ty vl — AY2 g - AVYRT < vy | vy eR",

there holds
vIiAv <vTMv, Vv eR".
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Hence,
¢ ) vl Av
= min
veRr vVI(I — 7)) TM(I — wa)v
T
v Mv
< mi 3.15
= verr vI(I — ) M(I — 7a)v (8.15)
B 1
11— mall3;”

which, combined with Kato’s lemma ||I — m4||ar = ||7al|as, gives the second term in the
right-hand side of (3.11)). ]

Theorem shows that McCormick’s bound proves a satisfactory convergence rate
for the V—cycle if and only if, at each level, the two-grid method converges fast enough
(2v) 1/2 -1
M = | M,

2
and |74, || A, M, ,gzy) / || is nicely bounded. We can further show
the following corollary.

Corollary 3.1. Let the assumptions of Theorem hold and let E](\j)G be defined by
B2).

Then *)
(7) () s < i L7 PErG)
p(Eya) < p(Eyn) <1—6" <1— min . (3.16)
re M 1<k<J HT(—AICH?W<2V)
k
Proof.

The proof of p(Eé,kG)) < p(E%%) can be deduced from the relation (7.2.2a) in [27] com-

bined with (7.2.4a) from the same reference, which proves that
2 (k) 4—1/2 1/2 (k) p—1/2
AVPEW 412 < A12ER 4712

The other results follow from Theorems [B.1] and B2 ]

Note that the V-cycle convergence factor is bounded below by the two-grid conver-
gence factor on the finest grid only. Indeed, maxi<j<s p(E(TkC);) can be close to 1 even
when p(EJ(\j)G) is not, for instance when the smoother alone is efficient enough on the
finest level, so that poor two-grid ingredients on coarser levels will not significantly affect
the convergence. In practice, however, one has often max;<y<s p(E(Tké) ~ p(E;“g) (e.g.,
consider the discrete Poisson equation on many simple geometries with uniform meshes).
Then defines an interval, containing both 1 — §*) and p(E](\;I])C;), that is narrow if

and only if maxi<k<y |74, l,,e is not much larger than 1.
k

3.3.3 Fourier analysis

Often, a multigrid method is assessed by estimating the two-grid convergence rate with

Fourier analysis [60,61,/68]. This means that one considers a model constant-coefficient
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PDE for which the eigenvectors of the discrete matrix are explicitly known at all levels.
Simple smoothers have the same set of eigenvectors and, hence, the matrices A; and
Ry are both diagonal whenever expressed in the corresponding basis (the Fourier basis).
In more complicated situations, Rj may be only block-diagonal with small diagonal
blocks; A may also have a block diagonal structure in case of coupled systems of PDEs.
Note that M IEQV), expressed in the Fourier basis, will then have the same block diagonal
structure as A and Ry, and will be pointwise diagonal if Ay and Ry are pointwise
diagonal.
Let

A 5(k)

Uk

be this (block) diagonal representation of Ay and M,EQV), where the " block has size

Z(.k) X mgk), it = 1,...,lx. Technically, Fourier analysis of a two-grid method at level k

m
characterized by a given prolongation Pj_q is possible if there exists a basis of the coarse
space (the coarse Fourier basis) such that the expression of P;_; in both this basis and

the (fine grid) Fourier basis has the structure

pgkfl)
(k—1)
Dy
Pi1 = )
k—1
e
where pl(k*l) are (possibly complex) rectangular matrices of size mgk) X mgkfl).
1/2 —-1/2
Here, we observe that, in this context, M 15211) / Ta, M ,g2y) / is also block diagonal
with diagonal blocks of the form
1/2 H -1 H ~1/2
S / Pk <pl(k—1) AEk)pEk—l)) P A B £ 2 (3.17)

Hence, HTrAkH?w(z,,) is the maximal norm of all these mgk) X mgk) blocks. Further, the

k
matrices (3.17) are the product of rectangular matrices; taking the product of their
norms gives an easy-to-assess upper bound:

-1
||7TAk||M(2v> < maXH Ez(‘k) 1/2p§k71)“ H <p§k1)HA§k)p§k1)) pz(‘kfl)HAZ(‘k) Egk)—l/Q H (3.18)
k K]

It is worth noting that the latter inequality becomes an equality when mgk_l) =1 for
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(k—1)

all 4; that is, when the rectangular blocks p; are all simple vectors, as most often

arises when analyzing scalar PDEs.

3.3.4 Finite element setting

Consider a finite element discretization of Poisson boundary value problem on a bounded
domain. Such a domain is first approximated by an appropriate polygonal or polyhedral
mesh, which is then refined several times. These refinements naturally induce a multigrid
hierarchy (including inter-grid transfer operators Py). It then can be shown (see |72,
Theorem 4.2]) that |74, || are bounded on all levels if and only if the underlying problem

possesses (full) elliptic regularity. Since || - || behaves similarly to || - ||, 2y for a number

(2v
of smoothers, essentially the same conclusions hold with respect to H]:I:k I MO

With regards to the Theorem these observations show that level independent
two-grid convergence implies, in this context, a level-independent bound for V-cycle
multigrid if and only if the problem has full elliptic regularity. Hence, it follows that
McCormick’s analysis cannot prove optimal bounds for the V-cycle if the problem does
not possess full regularity. Considering the results in Chapter [2] the same conclusions
hold for Hackbusch’s analysis |27, Section 7.2], and the successive subspace correction
theory with a-orthogonal decomposition [73}/75]. Thus, for the case when |74, | and
|7 Al e behave similarly with respect to the problem size, we show here that another

type of analysis, as developed in, e.g., [50,51,25,(73}/75,/74], is really needed to get uniform

results for the V-cycle for problems with less than full regularity.

3.4 Examples

We consider three examples that represent three possible different practical situations.
In the first, both p(ErEFkG)) and || AH?W?) are nicely bounded above. In the second exam-
ple, p(E(TkC);) remains bounded away from one while |7 AH?‘/I(Q) increases rapidly with the
problem size. The third example is the other way around: |m AH?W(Q) is nicely bounded

while p(Egka);) is far from being optimal.

3.4.1 Standard multigrid with 2D Poisson

We consider the linear system resulting from the bilinear finite element discretization of

the two-dimensional Poisson problem

—Au=f in Q=(0,1)x(0,1)
u=0 in 090
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on a uniform grid of mesh size h = 1/N; in both directions. The matrix corresponds

then to the following nine point stencil:

1 -1 -1
1 8 -11. (3.19)
-1 -1 -1

Up to some scaling factor, this is also the stencil obtained with 9-point finite difference
discretization. We assume N; = 27 Ny for some integer Ny, allowing J steps of regular

geometric coarsening. We consider the standard prolongation operator

J,
Pk: g )
I,

where Ji corresponds to the natural interpolation associated with bilinear finite element
basis functions. The restriction P,;‘F corresponds then to “full weighting”, as defined
in, e.g., [61] We consider damped Jacobi smoothing: Ry = wj,diag(Ay). Since the
stencil is preserved on all levels, it is sufficient to consider only two successive grids; to
alleviate notation, we therefore let N = N, A = Ay ,R =Ry, M = Méy) , P=PF._q,
Ae= A1 = PTAP, and 7y = ma, = PA;'PTA.

We now use Fourier analysis to asses |74l via (3.18). The eigenvectors of A

are, for i, =1,...,N — 1, the functions
(N) .. .
u;;’ = sin(irz) sin(jmy)
evaluated at the grid points. The eigenvalue corresponding to ul(];[) is
N
AN = 4(3s; + 355 — dsisy) | (3.20)
where . '
5 = SmQ(%) 8= sinz(%) . (3.21)

Hence, the eigenvalues of I — R~1A are in the interval [1 — w Jac%, 1). One has therefore
p(I — R~'A) < 1, as required by our general assumptions if wjq. € (0,4/3). The
prolongation P satisfies (see, e.g., |61, p. 87])

U; (1 —si)(1—sy)
pr) Yn-in-i U _ 4 SiSj w2
/1’7
TUN_;j si(1 —s;) ’

U N—j (1—s)s5

Zup to some scaling factor; the scalings of the prolongation and restriction are unimportant when
using coarse-grid matrices of the Galerkin type.
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N)

for 1 <i,j < N/2—1, with PTu’

=0 fori= N/2or j=N/2. Using

T
pm' =4 ( (1 — Si)(l — Sj) SiSj Si(l — Sj) (1 — Si)Sj ) 5
. N N N N
Nig = diag (A5 A0 v A0 AN)

Z?] ’

o (\) =

v) _ g v N
¥, = diag {a( )()\E,s))

)\ }
— _ WiacA v
1 (1 8 ) (C,S):(i,j),(Nf’i,ij),(N*’L’,j),(i,N*j)

we can rewrite (3.18)):

”7TA||?\4<2V) = ij:ﬁn.%v_l g¥) (si, Sj)

where
1/2 —-1/2
[ R i
(pi; T Aij pij)

9¥ (si,55) = (3.22)

One also has

=T 9" (s0r5) < (s1255) 20X 0,1 90 (5ir59).
For all v, g®)(s;, 8,,) exhibits the following symmetries: ¢)(s;,s;) = ) (1—s;, ;) =
9" (si,1—55) = g¥)(1—s;,1—s;). Further, numerical investigations reveal that the
maximum on the considered domain is located at the boundary, i.e., corresponds to,
e.g., s; = 0 or, equivalently, j = 0 (such index values represent asymptotic behavior and
do not correspond to any Fourier block). Because of the symmetries, it is sufficient to

analyze this latter case. Next, since

9" (s:,0)
((Pz‘,o)%a(m’)(/\%)) =+ (Pz‘,o)ga(w)()\g\]/v,)i,o)) ( (pa‘(’ji((/\?ig))f + (po(()z)§>((,\)\§>_)o(;)2 )
) ( (pi,O)%)‘z(,](\)[) + (Pi,O)g)‘g\]/Vji,o >2
(P10)}(Pi0)3 ((;(‘j)) (A0)” + Toizie) (33)° - QAgfomgyg,O)
=1+ — =

( (Pi,0)3Ai0 + (Pi0)3AN—i0 )2
1— (13w eesi)™ 1— (1= 3w ae(1—8:))>"
( 2wja68) 2v ( 2 ( SQ)V) -2 ’ (323)
1—(1-3wc(l—s;)) 1—(1—3wqcs;)

=1+ si(l—si) (
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(J)
WJac 1‘%6%;; pu%Q)MEﬂg)1_5u)1_(Lﬁ%Ey
1/2 0385 | 0.391 | 0.398 | 0.423 0.625
2/3 0333 | 025| 0271 0.333 0.5
1 02| 025| 0251 0.4 0.4

TABLE 3.1: The estimates of main convergence parameters for v = 1 and for different
damping factors wje.

(J)
Wiae | 1— 7%,4\\1; - p(BSY | p(BL) [ 1—6@ |1 (hwiﬁéjjf)
1/2 0.25 0.153 0.187 0.252 0.365
2/3 0.2 0.083 0.121 0.2 0.266
1 0.143 0.068 0.091 0.189 0.2

TABLE 3.2: The estimates of main convergence parameters for v = 2 and for different
damping factors wys,c.

we obtain (see Appendix A for details)

2 — e if y =1

17 all e < sup 9" (si,s5) = sup g"(s;,0) < )
(s4,85)€(0,1)x(0,1) 5;€(0,1) 1+ oo ifv>1.
Note that this bound is asymptotically sharp for N — oo when v = 1, since

limg_.q g(l)(s,O) = 2 — 3wjee/4. In Tables and we use this bound and the
asymptotically sharp estimate

)—1< 1 1

5 + :
T 3vwiee 11— (1— 7301?]“)21/

Vv=1,2,

obtained in Chapter [2]to illustrate inequalities (3.16)), with two-grid and V-cycle multi-
grid convergence factors numerically assessed for Ny = 2 and J = 7 (hence N = 256).
Note that p(Eé%) increases with the mesh size, so that maxj<y<s p(Egg) corresponds
to the value on the finest grid, which is close to the asymptotic one. Observe that the
interval containing both p(E](\;[])G) and 1 — 6 is sharp enough. On the other hand,

— m is also a lower bound on 1 — 8 by (3.11)), but in general not a lower bound

on the effective convergence factor.
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3.4.2 Aggregation-based multigrid for 1D Poisson

We consider N x N linear system associated to A = A(e), where

2 —1 |
-1 2 -1
Ale) = -1 2 . | +eNlly, (3.24)
-1
—1 -1 2

T

Note that, with this prolongation, the successive coarse-grid matrices Ay = Ag(€) are also
given by with N replaced by Nj, = 2% Ny, where we consider Ny > 2. Hence, we can
omit the subscript k (or k—1), let A. = Ay_1 = PTAP, and set mq = 74, = PA;1PTA.

Note that this is a 1D like problem which could be solved more efficiently using a tri-
diagonal solver. The analysis below can however be easily repeated in more dimensions,
leading essentially to the same conclusions. We therefore continue with the 1D variant
for the sake of simplicity.

The eigenvectors of A(e) are, for j =0,...,N — 1, the functions

1
W) = —— exp(i jmx)

! VN

evaluated at the grid points, with ¢ = v/—1. The eigenvalue corresponding to ug.N) is

N (N — 4 win2(ieN—1 -1
A () =4 sin"(jrN ") +e N7

The prolongation P satisfies (see [41, p. 1087])

(N) A1
T) Y _ i jrN~! cos(jmN ™) (N/2)
P{um }_\/ieﬂ { uy 7
J

N2 i sin(jmrN~1)

We consider damped Jacobi smoother R = 2 diag(A). Hence, the eigenvalues of

I — R7'A are in the interval [I — ﬁij_\;_l , 1 — %) = [w,1 — w) with w =
% € (0,1). One therefore has p(I — R~'A) < 1, as required by our general

assumptions.



When does two-grid optimality carry over to the V-cycle? 51

Letting

R H
=2 TN ( cos(jaN~Y) i sin(jrN~1) ) ;

Ay(e) = diag (A (), AN (0))

14 . 14 14 A
) (e) = diag {0( ') | eV = 1—(1—‘“)”} |
dte N1 (0)=(4),(G+N/2)
we can rewrite (3.18)):
) A1)
T > G 1 I LY VG SR I
M =0,....N/2—1 p; 7 Aj(e) pj

First observe that o(®**)()) is an increasing function of A since #(1 — (1 — t)%)~ ! is
an increasing function of ¢ on the interval (0,1). Hence, since )\g )( ) < >‘§+3V/2( ) for
N > 2Ny > 4, we have

w 21/ _1/2
g > L0 mil | REER RO
e P17 Ai(e) p
0’(21/)()\(1\’)(5)) 2 @) ™M (o) ;
\/(p1)1|2 @Gl @ TPyl A T+ el A (@

|(p1)1]2 A§ Y(e) +1(p1)2f2 ATy 5 (6)

oM () VIR |<p1>2|2\/ P12 A0+ [P0l A 50
>
~\ @ 40) ()12 A (€) + (P2l ATy 00
_ 0(2”)()\(N)(e)) \/cos4(7TN—1) sin?(mN—1) 4 cos2(nN—1) sin (n N 1) + O(e)
2u)()\(112v/2( ) 2cos?(mN—1)sin?(rN—1) + O(e) )

Further, using again the monotonicity of o(2*), there holds

@) (AN () Jlimy0o®))  (@teNTH) 1-(1-w)? 1-(1-w)™

I ) S AN T e @) T

with w € (0,1). Hence, for € — 0, we have

1—(1-w? 1
vw 4cos?(mN—1)sin?(n N-1)

2 2
Imallyren = = O(N7).
Thus, |74l e increases with the problem size when € is small enough, whereas, as
shown in [41] the two-grid convergence factor remains bounded. Hence, we have an
example of optimal two-grid method for which the V-cycle convergence estimate is poor.
As seen in Table it turns out that the actual convergence factor also deteriorates with

the number of levels, showing that the analysis based on |74 H?W(Q) is qualitatively correct.
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J(N) | 1(8) 3(32) 5(128) T7(512) 9(2048)

Imal® o) [ 1471 13.58  208.0 3312 52575
J

p(ESDY | 0375 0490  0.499 0.5 0.5

p(EVL) | 0375 0800 0.947 098  0.997

TABLE 3.3: The values of main parameters for ¢ = 10™* and for different problem
sizes; the coarsest grid corresponds to Ny = 4.

3.4.3 Positive off-diagonal entries

We consider the (2N; — 1) x (2N; — 1) matrix

with N, = Ny - 2%, corresponding to the one-dimensional stencil
[ 12 1 } . (3.26)
We also consider the (2N — 1) x (Ng — 1) prolongation matrix

1 01

1 0 1
(3.27)

and the damped Jacobi smoother Rj = % diag(Ay) with one pre- and one post-smoothing

step at each level. Note that the stencil (3.26]) is preserved on all levels.
The values of ||7TAH?\/[(2) and p(E(T‘g) on the finest grid, which are also the maximal
values of these paramete;s over all grids, are given in the Table together with the

V-cycle convergence factor p(E](\j)G)

J(N) | 1(4) 3(16) 5(64) 7(256) 9(1024)

[mal, o [ 1.235 1479 1.498 15 15
J

p(ESD) | 0.625 0971 0.998 0.9999 0.99999

p(EVJL) | 0.625 0971 0998 0.9999 0.99999

TABLE 3.4: The values of main parameters for different problem sizes; the coarsest
grid corresponds to Ny = 2.
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This example illustrates that ”WA;CH?W(zu) is a parameter essentially independent of
k

p(E}k)), since it remains nicely bounded while both the two-grid and the V-cycle con-

vergence factor deteriorate rapidly with the problem size.

3.5 Conclusion

We have presented a two-sided inequality on the McCormick’s estimate of V-cycle
convergence factor (which is the best bound from the previous chapter). The inequality
proves that the bound predicts an optimal V-cycle convergence if and only if the related
two-grid scheme has level-independent convergence properties and the Mg-norm of a
given projector w4, is bounded on on all levels. As a straightforward consequence, if
the latter norm condition is checked, level-independent two-grid convergence implies
optimal convergence properties for V-cycle multigrid. We have also shown on examples
that both these conditions (level-independent convergence of the two-grid scheme and on
the boundness of the 74, norm) are independent; that is, each of them can be satisfied
whereas the other is not.

In the finite element context, when multigrid hierarchy is induced by successive mesh
refinements, and considering well conditioned smoothers, we have shown that the bound
of McCormick (as well as the other bounds in Chapter provides an optimal estimate for
V-cycle multigrid if and only if the underlying problem possesses (full) elliptic regularity.

Considering the Fourier analysis, we have observed that the norm of m4, can be
easily assessed, allowing to supplement the two-grid estimate with an indication of V-

cycle potentialities.

Appendix A

In this appendix, we outline the proof of the following inequality:

2 — Mdae jf =]
sup g(”)(si, 0) < (3.28)
5,€(0,1) 1+ —~— ifr>1,

VW sac

with ¢(*) defined by (3.23) and wya. € [0, 4/3).
Note that ¢(*)(s;,0) = g™ (1 — 5;,0) and it is sufficient to seek a supremum for
si € (0,0.5). Next, exchanging (3/2)w jec for a (hence, a € [0,2)), one has
1—(1—as;)? 1—(1—a(l—s))*
M) (5. 0) =1 + 5:(1 — s i 1 i 1
9780, 0) =14 i1 = 5:) ([1 T U—al—s)® | i as)
=1+s;(1—s;)[(1- as)® — (1 —a(l — Si))Ql’]

* (1 -1 i as)  1—(1- 041(1 - Si))2”)
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1

<1+ s;(1—s) [(1 —as)? — (1 -a(l - 5i>)2y] <1_(1_0‘51)2V

) (3.29)

1—(1—as)?
1 — as;)?
=1+ (21/—1 Z) k
o (I —asy)
1
<14+ —
=1+ ua’

the last inequality coming from the fact that as; € [0,1). This proves (3.28)) for v > 1.
On the other hand, if v = 1, (3.29)) further gives

g (51,0) <1+ 551 = i) [(1 - @si)” = (1 — a1 = 5,))°] (1—(11—0481)2)

=1+ si(1 = s;) [(2 — @) (1 — 2s;)] <1>

asi(2 — as;)

=1+ (2—a)(l —2s;) (; - Q(QZ:ZSJ (3.30)
<1+ (2-a) (i— 22_a0‘> (3.31)
2o

where the inequality (3.31)) comes from the fact that the expression (3.30) is a decreasing

function of s;. This concludes the proof.



Chapter

Smoothing factor and actual multigrid

convergernce

Summary
We consider the Fourier analysis of multi-grid methods for symmetric positive definite
and semi-positive definite linear systems arising from the discretizations of scalar PDEs.
In this framework, the smoothing factor is frequently used to estimate the potential of
a multigrid approach. In this chapter, the smoothing factor is related to the actual two-
grid convergence rate and also to the V-cycle convergence estimate based on McCormick
theory in [STAM J. Numer.Anal., 22(1985), pp.634-643]. A two-sided bound is obtained
that defines an interval containing both the two-grid and V-cycle convergence rate.
This interval is narrow when an additional parameter is small enough, which is a simple
function of quantities available in standard Fourier analysis.

From a qualitative viewpoint, it turns out that, besides the smoothing factor, the
convergence mainly depends on the angle between the eigenvectors of the matrix associ-
ated with small eigenvalues and the range of the prolongation. Nice V-cycle convergence
is guaranteed if the tangent of this angle has an upper bound proportional to the eigen-
value, whereas nice two-grid convergence requires the tangent to be bounded by an
expression proportional only to the square root of the eigenvalue.

The presented results apply to rigorous Fourier analysis for regular discrete PDEs,
and also to local Fourier analysis via the discussion of semi-definite systems as may arise

from the discretization of PDEs with periodic boundary conditions.

4.1 Introduction

We consider Fourier analysis of multigrid methods for symmetric positive definite (SPD)

or, more generally, symmetric semi-positive definite n x n linear systems

Ax =b. (4.1)

55
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Multigrid methods are based on the recursive use of a two—grid scheme. A basic two—
grid method combines the action of a smoother, often a simple iterative method such
as Gauss-Seidel, and a coarse-grid correction, which corresponds to the solution of the
residual equation on a coarser grid. A multigrid method is obtained when the residual
equation is solved approximately applying few iterations of the two—grid scheme on that
level, and so on, until the coarsest level when an exact solve is performed. If the two—grid
method is used recursively once on each level, the resulting algorithm is called V—cycle
multigrid, whereas more involved cycling strategies (like W— or F—cycle) correspond to
more iterations of two—grid method on given levels (see, e.g., [61,27,67]).

Fourier analysis [60,61,/68] is a widely used tool that helps to design efficient multi-
grid approaches. It exploits the fact that the discretization of a constant-coefficient
(elliptic) boundary value problem on simple domains often leads to a system of
which discrete Fourier modes are eigenvectors. If, in addition, other multigrid compo-
nents also have a simple block structure in this Fourier basis, the analysis of a multigrid
approach can be reduced to the analysis of diagonal blocks of small size, which can be
done either analytically or numerically. The multigrid components designed for such
simple cases are then adapted to more complex problems.

Fourier analysis is in practice limited to a few consecutive grids: generally two, rarely
three [69]. Often Fourier analysis is further reduced to the computation of a simpler
(one-grid) smoothing factor. When assessing this latter, the coarse-grid correction is
assumed to annihilate the so-called smooth (or low frequency) error modes, while leaving
rough (or high frequency) modes unchanged. Since this is the limit case of the desired
behavior of a coarse-grid correction, the smoothing factor is often considered as an ideal
two-grid convergence estimate. However, it is so far unclear which condition(s) are to be
satisfied by the coarse-grid correction for having the actual two-grid convergence close
to this ideal. Further, nice two-grid convergence does not necessarily imply optimal
convergence of the multigrid method with V-cycle [41], hence the latter likely requires
additional conditions.

In this chapter we investigate these questions for symmetric multigrid schemes of
Galerkin type. The coarse-grid correction is essentially determined by the prolongation,
and we establish a simple connection between the smoothing factor and the actual two-
grid convergence via an additional parameter o that mainly depends on the coefficients
of the prolongation in the Fourier basis. Regarding the V-cycle convergence rate, we
use as main tool McCormick’s bound [38] (see also [37,53]) which is shown in Chapter
to be the best convergence estimate among those that can be assessed considering only
two consecutive levels at a time. In a previous chapter, we show that optimal two-grid
convergence implies optimal V-cycle convergence if the norm of the (two-grid) coarse-
grid correction operator is bounded at each level. However, although it is sketched how

to compute this norm within the framework of Fourier analysis, no simple criterion is
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given nor a connection is made with the smoothing factor. Here we prove a simple
relation between McCormick’s bound and the smoothing factor, using the same easy-to-
compute parameter « that relates the smoothing factor with the two-grid convergence
rate.

When the constant a and the smoothing factor are nicely bounded at each level, our
analysis essentially proves that the two-grid and the V-cycle convergence factors are both
in a narrow interval, which further goes towards zero as the number of smoothing steps
is increased. On the other hand, from a more qualitative viewpoint, we deduce easy-
to-check conditions to be satisfied by the prolongation for optimal two-grid or V-cycle
convergence. Doing so, we give in some sense a more precise meaning to statements like
“Interpolation must be able to approximate an eigenvector with error bound proportional
to the size of the associated eigenvalue” [18| p. 1573], |21, p. 4]. We also highlight that
the conditions for guaranteed optimal V-cycle convergence are in fact stronger that the
conditions for optimal two-grid convergence.

In a number of practical cases, when Fourier analysis cannot be applied directly, it is
still possible to replace boundary conditions, for instance, by the periodic ones, to make
Fourier analysis work. Provided that some negligible extra smoothing is performed
on the boundary, such modification has little influence on the convergence rate [17,
57]. These approaches are closely related to local Fourier analysis, which can often be
viewed [68, Remark 5.3] [61, Section 3.4.4] as a (rigorous) Fourier analysis for problems
with periodic boundary conditions. Since such boundary conditions often lead to semi-
positive definite (singular) systems , our treatment should be valid for them as
well. This is addressed in this work via the extension of McCormick’s bound to the
semi-positive definite case.

The reminder of this chapter is organized as follows. In Section we state the
general setting of this study for SPD systems and gather the needed assumptions. Mc-
Cormick’s bound is introduced in Section and Fourier analysis for SPD problems is
discussed in Section The approach is extended to symmetric semi-positive definite

systems in Section [£.5 Illustrative examples are discussed in Section [£.6]

4.2 General setting

We consider a multigrid method with J+1 levels; J > 1 corresponds to a truly multigrid
method, whereas J = 1 leads to a mere two-grid scheme. Index J refers to the finest
level (on which the system is to be solved), and index 0 to the coarsest level. The
number of unknowns at level k, 0 < k < J, is noted ny (with thus n; =n).

Our analysis applies to symmetric multigrid schemes based on the Galerkin principle
for the SPD system ; that is, restriction is the transpose of prolongation and the
matrix Ay at level k, k=J —1,...,0, is given by A = PgAkHPk, where Py is the
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prolongation operator from level k to level k£ + 1; we also assume that the smoother Ry,
is SPD and that the number of pre-smoothing steps v (v > 0) is equal to the number
of post—smoothing steps.

The algorithm for V—cycle multigrid is defined as follows.

Multigrid with V—cycle at level k: x,,11 = MG(b, Ay, x,, k)
(1) Relax v times with smoother Ry :
repeat v times X, «— X, + R,;l (b — Axxy)
(2) Compute residual: rp =b — Axx,
(3) Restrict residual: ry_; = Pg_lrk
(4) Coarse grid correction: if k=1, ey = A;'rg

else e;_1 = MG(ry_1,A_1,0,k — 1)
(5) Prolongate coarse-grid correction: x, < X, + Py_1€x_1

(6) Relax v times with smoother Ry :

repeat v times  Xp41 < X, + R,:l (b, — Axxy)

Observe that for £ = 1 this algorithm corresponds to a standard two-grid method with

exact coarse-grid solve. Our analysis makes use of the following general assumptions.

General assumptions
e nN=nyg>nj_1>->N0;
e Py is an ngy1 X ng matrix of rank ng, k=J —1,...,0;
o Aj=Aand Ay = PP Ay 1Py, k=J—1,...,0;

e Ry, is SPD and such that p(I — R, ' Ax) <1, k=J,...,1.

Most of our results do not refer explicitly to the smoother R, but are stated with

respect to the matrices IV, IEV) defined from

v—1
NV =571~ RyUAYRY (4.2)
j=0
which also satisfy
I— NY A, = (I-R' A" . (4.3)

That is, N ]5”) is the relaxation operator that provides in 1 step the same effect as v steps
with R,;l . The results stated with respect to N ,gu) may then be seen as results stated for
the case of 1 pre— and 1 post—smoothing step, which can be extended to the general case
via the relation . If NV k(:”) is nonsingular, it plays the same role as M, ,5'/) - from the
two previous chapters; however, in Section potentially singular N, Igy) are considered.



Smoothing factor and actual multigrid convergence 59

When applying the V-cycle algorithm, the error satisfies

A —x, 1 = EY) (A7 — x,)

where the iteration matrix EE\Z)G is recursively defined from

E](S[)G:O and, for k=1,2,...,J :
(k) —1 4 \v (k=1)\ 1—1 T 14w (4.4)
Eye =1 - Ry Ay) <I — Pea(I = Epg )Ak—lpkflAk) (I — R, Ak)

(see, e.g., [61], p. 48]). Note that for J =1 (4.4)) reduces to the two-grid iteration matrix:
J _ Y _ _ 5
B = (I = R;"Ay)" (I — Py A7 PF L Ay) (I — Ry A (4.5)

The convergence on finest level is governed by the spectral radius p(E](\jz;), or, in case
of two-grid, p(E(TJG)) In this chapter, we want to discuss assessment of these spectral radii
within the framework of a Fourier analysis, as may be developed for systems arising from
the discretization of scalar PDEs. It means that the eigenvectors of Aj are explicitly
known at each level and form the Fourier basis. We further assume that the smoother
shares the same set of eigenvectors; i.e., is also diagonal when expressed in this Fourier
basis According to , N, ,gy) will be diagonal as well for all v.

Technically, a Fourier analysis is then possible if, expressing Pi_1 in both the coarse

(level k£ — 1) and fine (level k) Fourier basis, it has the form

k—1
P
k—1
py "
Py = , (4.6)
(k—1)
Py 1
(@)
where pék_l) are (possibly complex) vectors of size m® ,j=1,...,0; —1. Note that this

J
form induces a block partitioning of Ay, Ri and N when these matrices are expressed

in Fourier basis. More precisely we write

AlkD) (k1)
Ak2) (k.2)

INGD) (klk)

"Here we exclude cases for which the smoother is block diagonal as, e.g., when using red-black Gauss-
Seidel relaxation for 5-pont discretizations of Poisson equation [61} Section 4.5].
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(k1)
»(k1)
N = , (4.7)
where AFJ) — diag()\gk’j), o /\7(:(3), i = diag(’ygk’j), e Sj(i))), and Dk =
. . J J
diag(aik’] ) yen ,J(kgg). Note that the block [; corresponds to all eigenmodes of A that

have no correspon(iing block in P;_1; that is, all modes such that the associated eigenvec-
tor v;. satisfies Pg_lvk = 0. Whereas the separate treatment of the “non-prolongated”
block is not compulsory (it can, for instance, be merged with one of the regular blocks),
we adopt it here because such block (which can also be a group of “non-prolongated”
blocks put together) often arises in practice.

Observe that the partitioning induced by associates in a same block other than
I the different Fourier modes that, on the coarse-grid, are mapped by Pg_l onto the
same coarse Fourier mode. To develop our analysis, we don’t need to enter the details
about which modes are associated. It is important to note, however, that in usual setting
of Fourier analysis (see, e.g., [61,/68]), inside each set of associated modes (that is, inside
each block other than [j), there is a unique mode classified as “low frequency”, all other
modes being labelled as “high frequency”. Moreover, the modes that belong to the block
I are all classified as “high frequency”. Then, the smoothing factor is the worst factor
by which high frequency components are reduced per relaxation step; that is,
(k) = ()

") = max max |1 —
J=Llk i=1,..,m®

i is a “high frequency” mode

In our study, we assume that the ordering inside each block is such that

N —1 . N =1 . N —1 .
|1_ ,}ék’]) )\gky.])| Z |1_ ,yékvj) )\gkvj)| Z Z |1_ ,y(kvj) )\(kvj) (48)

m;k) mEk)

and report results with respect to

N —1 .
/J,(k): max max |1 — Z(k’]) )\gk’])]
J=heli = (P it <y,
i:1,..,m§:) if j=1y
k) 7L\ (kg klp) ~1 (K
—max (a1 oA 0T )

Clearly, u®) coincides with the classical smoothing factor if, inside each block j other
than [, the low frequency component is also the one less efficiently relaxed by the

smoother. This corresponds to usual situations, but may be not true in whole generality.
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Note, however, that one has u® < i) as soon as each block other than I}, contains
at least one low frequency mode. In the following, we call u(¥) the smoothing factor
without checking further if p*) = p(*).

Eventually, observe that implies 1 — Uz(k’j)Agk’j) =(1- ’yi(k’j)_l )\gk’j))% and
hence is equivalent to

O_gkd))\gk,j) < Uék,j))\gkﬁj) < < o F9) 3 (k-9)

m;k‘) m;k)

4.3 V-—cycle analysis and McCormick’s bound

We recall here the bound obtained in |38, Lemma 2.3, Theorem 3.4 and Section 5] (see
also [37], or [53] for an alternative proof). The equivalence of definition (4.11)) with

(4.12)) is proved in Theorem [2.6

Theorem 4.1. Let E](\Z)G and N,gy) , k= 1,...,J, be defined respectively by (4.4)
and (4.2) with A being symmetric positive definite and with Py, k = 0,...,J — 1,
Ar, k=0,...,J, and Ry, k= 1,...,J, satisfying the general assumptions stated in

Section [{.3.

Then, letting ma, = Pk_lA,:lP,;‘F_lAk, there holds

EDY <« 1 - min s@ 4.10
p(Epyg) < i 0t (4.10)
where
v 2 _ I — N(y) Ap)v 2
5’(:) — i | k’HAk It k Qk) kHAk (4.11)
v ER™k ||(I - WAk)VkHAk
TN(2V)
T Vi Vi _";k‘ - . (4.12)
vieR™ v (Ak —Pk—lAk_1Pk—1)vk
Moreover,
A1 1 1)1
5 Sy(alg) +y—1> . (4.13)

As already mentioned, it was shown in Chapter [2] that the McCormick’s bound is
the best bound for V-cycle multigrid among those characterized by a constant which is
a maximum over all levels of an expression involving only two consecutive levels at a
time. This latter feature is the key property that allows us, in the next section, to assess

the bound in standard Fourier analysis setting, and relate it to the smoothing factor.
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4.4 Rigorous Fourier analysis for SPD problems

_ 1/2 1/2 - —1/2
Let A, = N 4, N /2 and By = N " b, . with corresponding block
structure
~(k—1)
A(k,l) (1)
B A(k2) B P
A = y Peo1 = ;
~(k—1)
A Kuly) Py —1
@)

where A®7) = diag(xgk’j)) with ng’j) = Ji(k’j))\l(k’j). Setting

. H~,, H~,, .
(k) — f)g,k_l)(ﬁgk‘l) A(k,a)5§k—1))—1 ’ﬁgk—l) Akd)
there holds

p(ES) = p (I = Pa AT PEAG) (1= N Ay)?)

p ((I — P AL P AR (1= N Ak))
=P ((I - ﬁkflgl;—llﬁlgllgk)(l - gk))

= max (J max p ((I — 7ka)y(1 — K(k’j))) ;P <I - KUCJ“)) ;

i=1,...,l,—1
and
—1 —1
sV Lk Vi (AL = Pea A B v
k - n —1
v ER™k v% NéQV) Vi
5 G-1 BT i\ ai-1
— max Vg(I_PkflAkflpgﬂ_lAk)Ak Vi
viER"k Vng
— max| max p((]_;r(k,j)) K(m—l) p<,§<k,zk)—1) '
5=1, =1 ’

Now, for each individual block other than I, the quantities one has to take the
maximum of may be assessed by applying the following theorem with A = A®D) and
p= f)y“*l) (this vector is not equal to zero since the block I is not considered). Observe
that the assumption 0 < A; < 1 is then not restrictive since I— A, and (I-N, ,gy)Ak)Q have
the same spectra, and hence the eigenvalues of K(k’j), being a subset of the eigenvalues

of Ay, belong to (0,1] by virtue of our general assumptions.
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Theorem 4.2. Let A = diag(\;) be a m x m real matriz with 0 < A\; < Ay < -+ <

Am < 1 ,andletp= (p1 ... Dm)’ be a nonzero complex vector. Set

7=p (p"Ap)' pYA,
prc =p( (n=7) (Ln—1) ),

and
5l = p( (I — 7) K—l) .
Letting
m N ~
Z AP (4.14)
i=2 |pH2
then ~ 13
A 4
AR § < <~> . (4.15)
1—}-()4(1—)\1/)\2) «
Moreover, if |pi| > 0, letting
5N~ Bl
=N 2Pl (4.16)
Z; A2 D12
then o _ _
PURTIRA- Bk SR P W Bl (4.17)
1+ 0 143
and
~ X2 — A ~ Am— A~
M+ < 1-pre < min [ A+ T R (4.18)
L+ A '3 14+ A\
whereas, if |p1| =0,
6 =1 — PTG = Xl. (4.19)

Proof. Set A =pHAp = Sy XZ]@\Z First, observe that, according to Lemma 2.2
in [41],

M P A (= 1 PAC AT < 67 < M5 PAC A (=M PAC DALY, (4.20)
and, similarly,

M1 PN T+ (L= X151 P2 Y < pra < MIp1PAS ! ma+ (1= Mo 2A D, (4.21)
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where n; = (1 — );). Equality (4.19) then readily follows. Moreover, (4.20) and (4.21))
can be further rewritten as
MBI (G -AT) A <o s M (5T - AT AT, (422)

X1|]51\2Xc_1 (M —m) +m < prag < Xl\ﬁl\ZXc_l (m2—m)+mn. (4.23)

We now prove the inequalities (4.17)) and (4.18). Note that
S5 et alP LS AP
AP = e = <1 + )\11322~2Z>
> ity Ailpil? Atlp1[?
implies
(I+&) 7 <MBPAT <1+86)7", (4.24)

where & = B’Xl/ i Using these last inequalities in (4.22]) and (4.23]) one obtains (since

1 ey o~ = |
e (W =X+ < o7t < o (32 =X1) + 37,
1 1
¢ +1(77m—?71)+771§ PTG §§2+1(772—771)+?71-

Hence, using &; = ﬁ Xl/X, and n; =1 — Xi, 1 =2,m, we have

143 < 51
)\m+)\15_

~9 o3
AT
>\m+)\1ﬁ

S %,
Ao + A3
B+

1 = —— .
A2+ A0

pra <1

The inequalities (4.17) and (4.18]) (except the second term in the minimum) readily
follow. To conclude the proof of (4.18)), let ej be the k-th unit vector and let

€9 if ﬁHeg =0

vV = Y /2.y
e —ey [ AL__PeL otherwise .
72—
A2 ' pfes

Note that 7 Kﬁl/zv =0and A7=71 A. Hence,
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vHA-12 (I, —7)H A1/2 (Im - K) AV2 (I, —7) A2y

2 viy
v (I — A)

- vy

>1— Xy,

We next prove the left inequality (4.15)). First observe that

g )

220 dilpif? 2 i1 Ailpil? MYt bl N

and hence, with (4.20)), there holds

5 < /\l—a N+ M—QXEZX; Lran—21) .
Xo A2 A2

It remains to prove the right inequality (4.15)). Note that, according to Theorem

~ ~ [P 2 moN 2 3~
Al\ﬁlPA;l:iAl'p” —1—7Z Alpil” Sy s NPT S Mia

5 <min(1-pre, [7]72) .

Hence, provided that

4 -
217 (4.25)

= (1 - prc)

N

holds (we prove it below), we have

: 1 4 . 14 AN\ /3
0 <min{ 1-—prg, ~——— | <maxmin|{ z, =— | <|= .
a(l—pra)? >0 a z? a

We are thus left with the proof of (4.25)), for which we use

2 HA2 m )\2 12

1712 = » (B A" B7A% A1 ) = %

C

According to (4.21]), we have

pre > 1 - — M[pPAST Qo — M)

Hence, considering first the case where Xl < 1_§TG and Xl #* Xm, there holds

~2~ o _ _
[D1]° A1 1 A — PTG 1 —pra >1 PTG

X i)f 2X;1: fal 9
11| ST NEE T A= 2o — 1) 2

(4.27)
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the last inequality following from 0 < A\; < A, < 1. Note that [@.27) implies |p1|> > 0.
The right inequality (4.25) follows then from

)

zm: 12pl‘2 <||~||22m >‘2’p1|2 < 4 H~||2Zm )‘2|pl|2
= Mpl? (A1[p1]?)? (1= pra)? A2

together with (4.26)). If A = Xm, we have

g ol VI L BT 73
215l 0= pre)

the last inequality coming from the fact that 7 is a projector, and hence ||7|| > 1. On

the other hand, when A > ch one has (since A; < 1)
m Y9~
- M |pi|? X2|p; |2 4 4 -
oz:Z Z~12 1 22 Z2 - 1 2§ 1 2H7r||2,
= Xl — p1G) Pl —prc)* ~ (1-pre)
the last inequality coming from |7 > 1. |

This theorem can be applied in the context of Fourier analysis, setting A = Akd)

and p = ﬁ(kfl), where A%9) and f)gk*l) come from the block representation of Ay =
1/2 ~ —-1/2

N(QV) / Ay N(QV) 12 and P, = N,gzu) / Pr. Hence, the main constants for block j < I,

at level k are

(k)

m§“ 3 | By 2 ) ) g8) A0 |(pDy o
= A D)2 (oA’ o) T pE Dy
and
) m{ 3092 |5 =Dy o :mﬁ-k) U@(k’]:) )\Eka)z (D | w0
~ )\(kj) \(p§ )1’2 = ng,g) /\gk,y) |(p§k—1))1,2

where we use subscript v to recall that these quantities inherit the dependence of Ui(k’j )

on the number of smoothing steps. Taking all blocks other than [; into account, we set

~(k) _ ~(k,j) d 3(k) _ 3k n
ayt = max @, an By jzéﬁi’i_lﬂv (4.30)

-1
Considering the contribution of block I to both 1 — 6,(:) , p(E](\/[)C;) and p(E (k)), it is

given by 1— )\(k )

. It is not surprising that the contribution is the same since no coarse-
grid correction is performed on the corresponding modes, which therefore undergo only

the action of the smoother.
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Our definition (4.9) of the smoothing factor entails

(k) . NENDN _ 1 _ [,k 2
m1n<)\1 ’j:lr,?.l,rli—l)\z ) 1 (,u ) . (4.31)

Hence, using successively the right inequality (4.18)) (with second term in the minimum),
the results in [27, Section 7.2] ( for the proof of p(E(TJG)) < p(E](\j)C,) ), the inequality
(4.10) and the left inequality (4.15) (with 1 — A;/A2 bounded above by 1), one obtains

the following cascade of inequalities

(I\2v < ()Y < Ny <1 - min ¥ < —
W)™ < p(Erg) < p(Epg) < 1— min 07 < max, 1+a®

Observe that if maxy—; s u(k) = M(J ) (which often holds in practice) and if &,(,k) is nicely
bounded at each level, these inequalities define a narrow interval containing both the
two-grid and V-cycle multigrid convergence factors. On the other hand, if &(Vk) is large
at some levels, the right inequality becomes ineffective, and the right inequality
further shows that 1 — minj<g<y 5,(:) will be indeed close to 1. As observed in
Chapter [3] the actual convergence of the V-cycle may then scale poorly with the number

of levels.
(k,9)

7

and 'y(k’j)

Now, the smoothing factor u(¥) can be directly assessed from A s =

(k)
1,...,mj ,

only via the relation

j=1,...,1;. However, aﬁ’“) and B;(,k) are related to the al(k’j) , which are known

. . N —1 .
1— Ji(ku))\(kd) =(1- 7(lw) )\(_ka))m/‘

7 A %
Hence, &,(,k) and B,Ek) may be difficult to assess, and their dependence on v is also unclear.
It is therefore not obvious to predict how the previous cascade of inequalities (4.32))

evolves with respect to this parameter. The easiest way to overcome this difficulty it to
use (4.10) combined with (4.13). The cascade of inequalities then becomes

(Ny2v < () < DN < 1— mi (v)
(1) < p(BErg) < p(Eyg) <1 nin 0y

-1

0 () +

< B T S Ly 5P 7
G0 Ty T () 6P (1 = (u))

(4.33)

Note that the two rightmost bounds behave like O(v~!), whereas the smoothing factor
alone suggests an exponential dependence via the left inequality . For the typical
example considered in Section the actual behavior of both p(E](\j)G) and p(E(TJC);)
is close to O(v~1) (see Figure , indicating that the upper bounds provide a more

realistic estimate, at least in the considered case.
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Now, in Theorem below, we show that &,(,k) and B,(,k) cannot increase with v and

we further relate these constants to

mF) (k,j 1 2 _
(k) _ ' lma?( ) i=2 Vi 5 % — ’(pj )l’ ’ (434)
J=hete = k) "L\ (kg mi (kj k—1
(47 A ) I A0l
m k) (kj) ~1 N2 _
i k) Ty (k) (k=1)y |2
R Dl T et 139
=1, l— =2 71 5J )\1 5J |(pj )1|2
Note, however, that these expressions make sense only if, similarly to agk’j ))\gk’j ) =
min1§s§m§k> Jgk’j))\gk’j), one also has
-1 . N1 .
7§k’]) /\gk’]) = min . yék’]) )\gk’]). (4.36)
1<s<m
This, in turn, holds if,
N1 . N — .
AEDTENED <9 min 4D TIARD =) (4.37)
1<s<m!¥ !
- — 7
N —1 .
Indeed, (4.37)) implies in particular min1§i§m§k> ,yi(k,J) )\glw) <1, and further
1— min A& -1 AED =1~ min AFD -1 ALkd)
1<s<mY 1<s<miY
kj 1 kj kj -1 kj
> max(1— A7 A AN ),

hence (4.36)) by virtue of the ordering (4.8)). Observe that (4.37)) holds when the smoother
is scaled in such a way that the eigenvalues of R,;lAk do not exceed 1. On the other
hand, if the smoother is related to some damping factor, the condition (4.37)) is in fact

a constraint on the latter: assuming

k)=l (kg1
%(J) :wi(J) :

it amounts to, taking all blocks other than [; into account,

2

@ = un (k) L\ (ko) (k) L\ (k)
1<5<l—1 \J N . »J 2J
maxlgsgmg.k) V; A + mmlgsgmy“) Y A;
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Theorem 4.3. Let A\; > 0 and ~; > 0, i = 1,...,m satisfy |1 — )\171_1| > 11— )\272_1| >
c > 1= Ayt and set

) )
(2) S o il
and, if |p1| > 0,
3, = i o 22 pi? _
i=2 Ugy)/\%’plp
One has
1\2
(V> ay <@, < an, (4.38)
and, if |p1| > 0,
1~ ~  ~
;51 <B <P (4.39)
Moreover, if
I\ <2— min ;) .
max v Ai <2 i i (4.40)
let m —142 2
Zi:Q Vi A; |pi
=~ 5 ,
(v "A1) " 2o il
and, if |p1] > 0,
g2 Nl
1 M
One has
2 —w\?
< 5 ) a<a, <a, (4.41)
v
and, if |p1| > 0,
2—w ~
5, PSP <B. (4.42)

where w = maxji<j<m 7;1)\1‘-

Further, letting

¢ = arccos ‘3271’2 ,
> iz |pil

one has, for any p such that |1 — 'yi_l)\z-| <p,t=2,....m

o Mio<icm Yi [ sing \” o Maxoci<p i [ sing \°
(1—p) — <a<w — — , (4.43)
maxi<i<mYi \Y; A1 mini<i<m Y% \7; A1
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and, if |p1| > 0,

. 2 2

mino<;<m Y ( tan¢ maXg<i<m Yi [ tane

(1 - e ( )§ﬂ§w2 - 1(7_% S
1

Proof. First, observe that we have
1-— AiUZ(l) =(1- 'yz-_l)\i)2 ,i=1,....,m,

and, hence, the assumed ordering is equivalent to )\1051) < /\gaél) < -0 < )\may(é).

Moreover, when ({4.40]) holds, one also has ~v; I\ = ming<j<m "y, 1\;. We also note that
it is sufficient to prove inequalities (4.41)) and (4.42)) for v = 1, the general case following
from (4.38)) and (4.39)), respectively.

Next, observe that

(v) -1 2v v v
4 1—(1—~"N 1—(1-—
Uz(l) — ( 7l,1 )2 — ( S) — Z(l _ S)k (445)
o, L= (1= N) 5 k=0
with s =1 — (1 — fy;l)\l-)Q = Aial(l) € [0,1], is a decreasing function of )\iagl). Hence,
since )\1051) < )\gaél) << /\mm(%), one has
(v) (1)
O‘Z(V) < 7 ((17)1 , 1=1,...m
01
The right inequalities (4.38) and (4.39) straightforwardly follow.
Similarly, since
(1) —1y 2
, 1—(1—~""N\
G S ks ') PR P (4.46)

-1~ 1
’Yil Yi i

the equality v, I\ = ming<i<m y; L)\, implies

1
ot < A,

hence the right inequalities (4.41]) and (4.42]).

Next, from

=> (= "a)*

we conclude
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hence the left inequalities (4.38) and (4.39). Similarly, from (4.46) we have

o)

vt

which in turn implies the left inequalities (4.41]) and (4.42]).

Finally, for the proof of (#.43)) and (4.44) we first note that [1 —~; '\;| < p, i =
2,...,m and the definition w = maxi<j<m 'yi_l)\i imply 1 — pu < wi_l)\i < w. Hence

2—w<

<2

(1—M>221~l2%‘|pz"2< << w )2 v il

<a<|— :
v 2 il ? N i vilpil?

and, if |p1]| > 0,

2 m 2 2 m 2
I—p Yilpil w 7ilpil
- 5 <0< (= 3
nM/ =l nia/ ol
The conclusion follows since

>oies Ipil?
2t pil?

il [pil?

and tan? ¢ = 5
|p1

sin’ ¢ =

This theorem shows that, from a qualitative viewpoint, it is sufficient to analyze

a®3) and B*4) | which involve only %»(k’j), )\Z(.k’j) g.k*l)
(k.3)

the smoother is well conditioned, all 'yik’J are approximately equal (they are all equal

)

and p . Further, if, as often arises,

for damped Jacobi smoothing). Then &(Vk’j and 5,9” ), J < li, behave essentially like

2 2

sin ¢(F+9) tan ¢(F:7) . (k,j) +

(W) and (V("])IW , respectively, where ¢ is the angle between
1 1

the eigenvector associated to )\(lk’j ) and the range of the prolongation.

This allows to discuss the condition for having satisfactory two-grid convergence
and a satisfactory V-cycle convergence estimate via McCormick’s bound (4.10). Con-
sidering (4.17)) and , only blocks for which Xglw ) = agk’j ))\gk’j ) is small have to
by analyzed carefully. This sounds logical: if all modes inside a block are efficiently
relaxed by the smoother, it does not matter that much how the restriction and prolon-
gation operate on these modes. Now, provided that the smoothing factor is bounded
away from 1, one will have nice two-grid convergence if and only if, for each block with
small 7§k,j ) /\gk’j ), the quantity ng] )Bﬁk’j ) is reasonably bounded above; that is, if
tan ¢(k9) < ¢ <7§k’j) - )\gk’j)>1/2, On the other hand, the condition is stronger for
having a nice V-cycle convergence estimate: this requires Bﬁ’” ) to be bounded above;
that is, tan p*) < ¢ 'yfk’j) - )\gk’j).

Some heuristics present in the multigrid literature |18, p. 1573](see also |21, p. 4])

state: “Interpolation must be able to approximate an eigenvector with error bound
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proportional to the size of the associated eigenvalue”. Our results give a more precise
interpretation of such statements. For mere two-grid convergence the tangent of the
angle between the eigenvector and the range of the prolongation should be proportional
to the square root of the eigenvalue, whereas guaranteed V-cycle convergence requires

it be proportional to the eigenvalue.

4.5 Semi-positive definite problems and local Fourier anal-
ysis

In this section we consider Fourier analysis for symmetric semi-positive definite linear
systems. Such extension is motivated by local Fourier analysis (also called local mode
analysis) that has a wider scope than (rigorous) Fourier analysis. The main idea is
the assessment of the two-grid convergence or of the smoothing factor without taking
boundary conditions into account. In practice, such approach is often equivalent to the
use of periodic boundary conditions and therefore leads to linear systems with non-trivial
null space.

Another way to interpret local Fourier analysis is to consider it as a limit case of
(rigorous) Fourier analysis for SPD problems on grids of increasing size (with, thus,
decreasing influence of boundary conditions on estimated parameters). Now, we pre-
viously observed for the SPD case that the angle between the range of prolongation
and an eigenvector of A should be proportional to the size of the eigenvalue. In the
limit case of local Fourier analysis, the modes belonging to the null space N'(A) of A
should therefore be interpolated exactly, which also corresponds to a common practice.
It then follows that null space components seemingly play no role in the convergence,
and hence that Fourier analysis may be carried out ignoring these modes. This, in-
deed, is the common practice when assessing the two-grid convergence factor (see, for
instance, [61, p.109], [68, p.107] and the references therein).

In Theorem below we give theoretical foundation to this approach with respect
to V-cycle multigrid, showing that McCormick’s bound on the convergence rate can also
be computed ignoring singular modes, or, more precisely, restricting the minimum in
to vectors belonging to the range of Ag. Since is at the root of the further
analysis developed in Theorems and the application of the results in Section [£.4]
to local mode analysis is then straightforward.

Now, to state our theorem, we need to extend our definition of the V-cycle multigrid
algorithm in Section to Aj possibly singular. The only potential difficulty comes
in fact with the bottom level matrix Ay whose inverse is needed. In Theorem 4.4, we
assume that instead one uses any matrix By such that AgByAg = Ag. Such matrices are

called {1}-inverse in [6], and one may check that if rg € R(Ap), then AygByrp = ro. On
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the other hand, to generalize (4.12]), we need the inverse of the restriction of Ay to its
range. The most convenient way to express it is to use the Moore-Penrose inverse A;
of Ay, since, if A, = Xdiag(\;) X7, then A, = Xdiag(A)XT with

‘ 0 otherwise.

A+_{ AN A0,

The expression of A; is thus particularly simple when using the Fourier basis which

makes A; diagonal.

Theorem 4.4. Let x,,11 = MG(b, A, x,,J) be the vector resulting from the application
of the multigrid algorithm with V-cycle at level J > 1, where A is symmetric semi-
positive definite, and, in case Ag is singular, where Ay Lis exchanged for any matriz A(()l)
such thatAoAél)Ao = Ag. Assume that P, , k=0,...,J—1,A,,k=0,...,J, and Ry,
k=1,...,J satisfy the general assumptions stated in Sectz’on with p(IlezlAk) <1
being replaced by p(I — R;lAk) <1, with (I — R;lAk)z = Az for |\| =1 if and only if
z € N(Ag) . Let Preaya(a) be the orthogonal projector onto the range of A.
If b € R(A), then, for any solution X to ,

N N J 8
Priayna) (X —Xpq1) = ESIL (% — x,) = BT, Prayna) (X —Xp)

for some matriz E](\j)G satisfying

p(E](\ﬁ;) < 1— min g,(:) ,

1<k<J
with
" T N(QV) v
5¥) =  min Vi Yk Vk . 4.47
k VkER(Ak) V%(A; — Pk’—lA]jflP]gll)Vk‘ ( )

Proof.  Let g = dim(N(Ag)). Observe that, Ay being non-negative definite,
Ap_1 = P,?_lAkPk_l is non-negative definite with qx_1 < qr. Without loss of generality,
we can express all the matrices using bases of R™ k = J, ..., 0 such that, when ¢; > 0,

the first g canonical vectors span N (Ag). Hence, Ay admits a block representation

0
Ap = ( Th- Am) , (4.48)
k

with all but lower right blocks being empty if g = 0.
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Similarly, we partition

Ry = R{C\/N R{C\m v — Nky RN Nky 7R | P11 = P]?E[ P,?ﬁf
- ) k - v v ) -1 == 9
RE R NN PRy P

where all but lower right blocks of Ry, N ,gy) and Py_1 become empty when ¢, = 0, and
where P,é\i /}/ and Plzz_/\l/ are empty when g > 0 with ¢x_1 = 0. If g > 0, there holds

PRY T ARRPRY  PRYT ARRPRR
Ak—lng_lAkPk—1:<kl e T S S e

RRT ARR pRN RRT ARR pRR
PEYT AR PIY AT RS

Hence, in view of the form (4.48)) and the fact that AfR is SPD, one must have P,ZZ_J\{ = 0.

It then follows that, for any nj X ng matrix

5 <* % >
k—1 = s
* B?E

k *
P._1B,_ P | = ( T) , (4.49)
+ PERBER P

one has

This latter relation also holds for ¢x = 0, the blocks denoted by a star * being then
empty.
Now, x,+1 = MG(b, Ak, x,, k) may be expressed as

Xnt+1 = X, + By(b — Axy,), (4.50)

where the matrix B is defined from the recursion

By = AV
Be= N — (1= N AP 1B PL(I— AN, k=1,...,J

(see, e.g., [65], Section 5.1] ; Bk_1 in this reference corresponds to By here).

Since there holds

(2v) . dk *
- N® A= RR (4.51)
: I— N®) 77 ARR

with all but lower right blocks being empty if g = 0, letting

B * *
7 *B}QR ’
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it follows from (.49) that B may be computed from the recursion
RR RR RR
BER = N2 (1= N AR PERBER PR (1 AR N
k=1,...,J.

On the other hand, when Ay is singular, AgByAy = Ap holds for Ay of the form (4.48))
if and only if BI¥® = A?Ril, whereas from (4.51)) we deduce

RR RR
I— NPT ARR — (1= N T ARRY?,

Hence E, =1 — B,?RAER obeys the recursion
Ey =0
)RR —1 T )RR
By = (1= N7 AFR) (1= PR = Bpa) ARS T PERTARR) (1 N7 ARR),
k=1,2,...,J.

similar to (4.4); that is, corresponding to a multigrid scheme satisfying all assumptions
of Theorem [£.T], which therefore implies

(v)
<1-— .
p(Ey) <1 1I§nl?§XJ o (4.52)

with

(l,) . VTNERV

0 = _ _min RR—1 RR ARR —1 pRRT\,,

veRmTak v (AR - P AR BRIV

Moreover, g]i”) = (5,(:) since

ARR

with all but lower right block being empty when ¢ = 0.
Finally, using (4.50) and the fact that b € R(A), there holds

}E—Xn_;,_l = (I— B]A)(f(—xn),

and hence

P G-xa) =2 ) (1 - (% = x2)
X —Xpt1) = X — X,
R(A)N(A) +1 o I I— BZ?R Aim
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O 0O\ _
= (O EJ> (X —xp)

09 p (% )
= X—Xpn),
0 E, R(A)N(A)

which, together with (4.52)), concludes the proof. |

4.6 Examples

4.6.1 Usual prolongations in 2D

In this subsection we show how the conclusions of Theorems [4.2] and [4.3] can be used

to analyze usual prolongation operators presented in [68]. More precisely, we assess the

parametelﬂ
m Y .12
tan? pU) = 2=z |(PP)il” ()i (4.53)
[(PU)):[?
that characterizes the quality of a prolongation, according to (4.44)). Indeed, see Sec-

1/2

. N —1 .

tion if tanqb(J) <ec- 'y]E]) A§])> , j = 1,...,1, holds for not too large c, then
a smoothing factor bounded away from one guarantees optimal two-grid convergence,
67\

whereas the condition tan ¢U) < ¢ v leads to optimal V-cycle multigrid con-

vergence. Since ’y}j ) is often close to 1, it is thus critical to check the behavior of tan ¢pU)

when )\gj ) becomes close to 0.

Such a discussion presumes that the prolongation P (which fixes tan ¢\)) and the
coarse-grid matrix A (which determines )\Z(-j )) are both known. Here, we develop a slightly
different approach and, for various prolongation operators (taken from [68]), we indicate
conditions that the eigenvalues of a potential system matrix A should satisfy, when used
with such prolongations, in order to lead to optimal two- and multigrid algorithms.
Instead of index j, we use a couple (61,02) of angles (for two-dimensional problems),
adopting the notation of [68]. Although in the context of (rigorous) Fourier analysis 6;
and 0y can take only a finite number of values (depending on the mesh-size assumed),
we follow here the common practice and perform computations allowing all values inside
a fixed interval (0, 7).

Before we characterize in Table Various prolongations taken from Table 6.2 in [68],
we illustrate with bilinear prolongation how the corresponding results can be derived.
From Table 6.2 in [68] we learn that the Fourier symbol for bilinear prolongation is

(14cos(61))(1+ cos(f2)). This means that for a block characterized by a couple (61, 62)

2Here and in what follows we omit the grid number k, the discussion of this subsection does not
depend on the choice of a particular grid.
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we have (with elements ordered not necessarily according to (4.8)))

(1 + cos(61))(1 + cos(2))
p(#1.62) _ (14 cos(fy + 7)) (1 + cos(62))
(1 + cos(61))(1 + cos(f + 7))
(1+ cos(61 + m))(1 + cos(f2 + )

(1 —sin?(61/2))(1 — sin?(Ao/2))
_4 sin?(6/2) sin?(02/2) ' (4.54)
(1 — sin?(61/2)) sin?(6,/2)

sin?(A1/2)(1 — sin?(62/2))

There, p(?1:92) is one of the blocks of P in the relevant Fourier basis. Now, small
values of tan? ¢(91,92) are possible when all but one entry of p(@1:92) are small; that is,
when both 6; and 65 are close to 0 or m. Since vectors p(@1:02) p(@1+m02) [(01.0247) 554
p@1+m02+7) have same entries (ordered differently), in what follows we consider only

the situation when (01,02)— (0,0) (the same comment holds for other prolongations in
Table . Hence, for small 6; and 65,

which, together with , gives, for the ordering satisfying (when all v; are
bounded below), tan? o092 = O (0% + 0%) The same data is given in Table for
other prolongations coming from Table 6.2 in [68]. If we indicate O (0] + 63) in the
third column it means that optimal two-grid convergence based on an optimal smooth-
ing factor occurs if and only if the eigenvalues of the matrix tend to zero only for 6
and 0y approaching 0 or 7, and not faster than O <(sin’7 01 + sin” 92)1/ 2), whereas guar-
anteed optimal V-cycle convergence requires the eigenvalue going to 0 not faster than
O (sin" 01 + sin” 6).

For example, consider any of the usual discretizations of an isotropic laplace oper-

01.02) gatisfy the already observed symmetry

ator on a uniform grid. The eigenvalues A
ANO0102) — \(Or4m02) — \(Or.024m) — \(O1470247)  Moreover, for 0 < 01,0y < 7/2, the
eigenvalue A(?1:%2) becomes small only when (6y,63) is close to (0,0), behaving in it
neighborhood as O (01 24 8 2). In view of the results given in Table and provided
that the smoother with bounded away from one smoothing factor is used, all considered
prolongations lead to an optimal two-grid cycle, and all but constant upwind prolonga-

tion are guaranteed optimal with V-cycle. Note that numerical experiments confirm the
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prolongation Fourier symbol | tan? ¢(¢1:02)
bilinear (14 cos(61))(1+cos(61)) | O (63 +63)
bicubic (8 +9cos(f;) — cos(361)) | O (61 +63)

X (8 + 9 cos(fz) — cos(362))
biquintic (128 — 150 cos(6) + 25 cos(361) — 3cos(561)) | O (65 + 65)

X (128 — 150 cos(f2) + 25 cos(3602) — 3 cos(5602))
constant upwind (14 exp(i61))(1 + exp(2)) | O (01 + 63)
seven point 1 4 cos(01) + cos(f2) + cos(by — 02) | O (67 + 63)

TABLE 4.1: Various prolongations coming from Table 6.2 in [68], with asymptotical
behavior of tan? ¢(9) for small values of 6; and 65.

suboptimal behavior of the V-cycle in this case [41].

4.6.2 2D Poisson

In this subsection we illustrate quantitative aspects of the cascades of inequalities (4.32))
and (4.33). We consider the linear system resulting from the bilinear finite element

discretization of the two-dimensional Poisson problem

—Au=f in Q=(0,1)x(0,1)
u=0 in 09

on a uniform grid of mesh size h = 1/M; in both directions. The matrix corresponds

then to the following nine point stencil

~1 -1 -1
-1 8 —1|. (4.55)
1 -1 -1

Up to some scaling factor, this is also the stencil obtained with 9-point finite difference
discretization. We assume My = 27 M for some integer My , allowing .J steps of regular

geometric coarsening. We consider bilinear prolongation

J
po=| 7"
I,

where Ji corresponds to the natural interpolation associated with bilinear finite element
basis functions. The restriction PkT corresponds then to “full weighting”, as defined in,
e.g. |61] I We consider damped Jacobi smoothing: Ry = w}alcdiag(Ak) , With wyae = 2/3;

that is, such that w = MaXy <o (r-1A,) A = 1. Since the stencil is preserved on all levels,

3up to some scaling factor; the scalings of the prolongation and restriction are unimportant when
using coarse-grid matrices of the Galerkin type.
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it is sufficient to consider only two successive grids; to alleviate notation, we therefore
let N=N"), A=Ay, P=Py_y, Ae = A1 = PTAP and 74 = w4, = PA;'PTA.

Now, we asses p and &, using (rigorous) Fourier analysis. The eigenvectors of A are,
form,l=1,...,M — 1, the functions

oM = sin(mmx) sin(lmy) (4.56)

m,l

(M)

evaluated at the grid points. The eigenvalue corresponding to u,,, is

M)

AM) = 4350 + 31— dsms1) (4.57)
where
sm =sin?(0™) | s =sin?(00) (4.58)
with
(m) _ M7
0 S

The prolongation P satisfies (see, e.g., |61, p. 87])

Ul (1= sm)(1—s)
T US\ZA\TJ—)m M-l Sm Sl (M/2)
P () =4 (O
7uM—m,l Sm(l - Sl)
_u%&fl (1—sm)s

for 1 <m,l < M/2 -1, with PTU%)

block structure (4.6)) with blocks

=0 for m = M/2 or | = M/2. Hence, P has a

p%,l =4 ( (1=sm)(1—=s1) smst sm(l—s1) (1—sm)s ) ,

which also correspond to the bilinear prolongation (4.54]) considered previously. A and
N®@) are block diagonal like in ([£.7) with diagonal blocks given by, respectively,

. M) (M M M
Ay = diag (A( ) /\5\4—)m,M7l ) )\gn,lbfl’ Agwjm,l) ’

m,l

(1= 2™ /12y
ALD

£ = 64 diag { L= }
(¢,8)=(m,1),(M —m,M=1),(m,M —1),(M—m,l)

To assess a,, via and to evaluate the smoothing factor u, we have to determine
the smallest eigenvalue of the block (m,[). We restrict ourself to [, m < M /2, for which
it is given by A, = Ay (1, 1). The results are extended to other couples (m, 1), noting
that the blocks (I,m), (M —1,m), (I, M —m) and (M — [, M — m) lead to the same

set of eigenvalues for A,,; with same corresponding entries of the prolongation vector
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v (J) () v s 1 24a
v qu p(ETG) ‘ p(EMG) ‘ 1— 46 ‘ s 114, u2+aﬂ+u(1—u2)
1 0.25 0.25 0.271 0.333 0.333 0.625
2 | 0.0625 0.083 0.121 0.2 0.2 0.455

TABLE 4.2: The estimates of different terms involved in inequalities (4.33)) for v =1, 2.
Two-grid and V-cycle convergence factors are assessed considering J = 7 and My = 2.

Pm,, and hence with same contributions to p and @;. Transcribing the definitions (4.9)),

(4.28) and (4.30) for I,m < M/2, we have

A (i
U= max max 1-— Amt(3,5) , (4.59)
1<m,I<M/2 i=1,...,4 if I=M/2 or m=M/2 12
i=2,...,4 if Lm<M/2
. S (P )P Amalis 2,00 1) (1.60)
v — v L. Y *
TEmISM/2-1 (A (1, 1B (1,1)2 S () 2(Siy (3,3))
(4.61)
From (4.59)) one finds
1
<.
=35
On the other hand, Theorem applies, yielding
a < a, (4.62)
with
4 2 A (i,1)?
o= ma 2i=2(Pm.t); 4m7l(2’ 2 3 (4.63)
m,I<M/2—1 Am,l(la 1)2 Zizl(pm,l)i
We show in Appendix A that
a <1, (4.64)

whereas we show in Chapter [2| that, for this model problem,

RS PRI
2v
We are then able to report in Table all quantities involved in inequalities ,
using numerically computed values for p(E:%g) and p(E](\j)G), and approximating &, with
its upper bound 1 (from , ); numerical investigation reveal that the latter is
relatively accurate since one has effectively a; = 1 whereas, for v > 1, a,, is apparently
bounded below by 0.75. As a consequence, the rightmost upper bound is in this
example sharper than the rightmost upper bound , and we display only the former.
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FIGURE 4.1: The dependence of p(Eg\;[%) (o) and p(Er¢g) (x), as well as leftmost lower
bound (4.33)) () and rightmost upper bound (4.33)) (+), on the number v of smoothing
steps.

The dependence of these quantities with respect to v is further investigated on Fig-
ure One sees that the O(v~!) behavior of the upper bound (4.33]) provides a more

realistic estimate than the lower bound ;?” based on the smoothing factor only.

4.7 Conclusion

We have presented two cascades of inequalities and witch determine in-
tervals containing simultaneously the bound of McCormick, the V-cycle multigrid con-
vergence factor and the two-grid convergence factor on the finest level. The intervals’
limits depend on ,u(k), which usually coincides with the smoothing factor on level k,
and on the additional quantity &,(,k), which can be further bounded by a more simple
parameter o(¥). This latter parameter depends essentially on the quotient of the sine
of the angle ¢ between prolongation and the corresponding smooth eigenvalue of Ag;
if it is small, the aforementioned intervals are narrow, indicating that the two-grid and
V-cycle convergence factors are both well reflected by the smoothing factor.

Assuming (%) reasonably small, we have further shown that the two-grid convergence
is optimal if and only if the cosine of ¢ has a bound proportional to the square root
of the corresponding eigenvalue of Ay, whereas McCormick bound predicts an optimal
V-cycle convergence if and only if cosine of ¢ has a bound proportional to the eigenvalue
itself. Using this observation, we have clarified the heuristics in the multigrid literature
which use such proportionality as a guideline in the design of multigrid solvers.

Finally, we have extended our analysis to positive semi-definite systems, as can arise
when using local Fourier analysis. In particular, if the system is compatible, we have

shown that the kernel modes of the problem can be ignored in the multilevel setting.
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Appendix A

Here we sketch the proof of (4.64)), or, equivalently, of

4 4
> ) A7 = Apg(LD?D  (Pmy); 0, 1<Im<M/2—1. (4.65)

i=2 =1

Expressing (4.65)) with respect to s; and s, one may check (using, for instance, computer
algebra tools) that

- 1
1 .
256 <Z (im0} At (06 = Mg (1,1)2 Y~ (Pin) )
' =1

=2
= — 18575, — 1725752, +-54(57 5 +5152,) — (5] +52 ) +194(s72, + 5753 ) — 25087 53,
—89(sts2 4575t )+88(s7s3 4535t )~ 165752 —5A(5P 5 +50,51) +42(5) 8m+ 52 51)
=—s ((3—7sm) 43652, (1—25,,) +452, (1—25,,) )
—st ((3—75;)2+36s%(1—281)—|— 2143[2(1—2.9;)2)
— 2515 (9486518 —27(8145m ) +27 (57 +52) —97(57 5+ 5152, )+ 1255752, — 85553 )

and the proof is done if we show that, for 0 < s,,,, s; < 1/2, one has
9(51,8m) = 9486518, —27(814+8m) +27(57 +52) =97 (7 80+ 515%,) + 125572, — 8353, > 0.

This inequality follows from

1 97
9(s1,8m) = f(s1,8m) + 2515m + ?slsm(l —25))(1 — 28,) + 25752, (1 — 4515,,)
provided that
F(s1,8m) = (27 — 7252)s2, + (37s; — 27) 8y + 9+ 2757 — 275, > 0. (4.66)

Since the discriminant of this quadratic equation, namely
D(s;) = 7668s] — 766857 + 100957 + 918s; — 243,

is negative for 0 < s; < 1/2, and since in the same equation the factor 27 — 72312 before

2 is positive for the same interval, the inequality (4.66)) and, hence, the result (4.65)),

Sm

follow.



Chapter

Algebraic analysis of aggregation-based multigrid

Summary

Convergence analysis of two-grid methods based on coarsening by (unsmoothed) aggre-
gation is presented. For diagonally dominant symmetric (M-)matrices, it is shown that
the analysis can be conducted locally; that is, the convergence factor can be bounded
above by computing separately for each aggregate a parameter which in some sense
measures its quality. The procedure is purely algebraic and can be used to control a
posteriori the quality of automatic coarsening algorithms. Assuming the aggregation
pattern sufficiently regular, it is further shown that the resulting bound is asymptoti-
cally sharp for a large class of elliptic boundary value problems, including problems with
variable and discontinuous coefficients. In particular, the analysis of typical examples
shows that the convergence rate is insensitive to discontinuities under some reasonable

assumptions on the aggregation scheme.

5.1 Introduction

We consider multigrid methods [61,27,67] for solving large sparse n x n linear systems
Ax=b (5.1)

with symmetric positive definite (SPD) system matrix A. Multigrid methods are based
on the recursive use of a two-grid scheme. A basic two-grid method combines the action
of a smoother, often a simple iterative method, and a coarse grid correction, which
corresponds to the solution of the residual equations on a coarser grid. The convergence
depends on the interplay between these two components and, when simple smoothers are
used, it relies essentially on the coarsening; that is, on the way the fine grid equations

are approximated by the coarse system.

83
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Here we consider coarsening by aggregation. In such schemes, the fine grid unknowns
are grouped into disjoint sets, and each set is associated with a unique coarse grid
unknown. Piecewise constant prolongation is then a common choice, which means that
the solution of the residual equation computed on the coarse grid is transferred back to
the fine grid by assigning the value of a given coarse variable to all fine grid variables
associated with it. This makes the coarse grid matrix easy to compute and usually as
sparse as the original fine grid matrix.

Aggregation schemes are not new and trace back to [11,120]. They did not receive
much attention till recently because of the difficulty to obtain grid independent conver-
gence on their basis [59, p.p. 522-524], see also [69, p. 663], where an accurate three
grid analysis is presented for the model Poisson problem. This may be related to the
fact that piecewise constant prolongation does not correspond to an interpolation which
is at least first order accurate, as required by the standard multigrid theory [27, Sections
3.5 and 6.3.2].

That is why aggregation is often associated with smoothed aggregation, a procedure
in which a tentative piecewise constant prolongation operator is smoothed [63}/64]. This
allows to develop an appropriate convergence theory, but, at the same time, some of
the attractive features of pure (unsmoothed) aggregation are lost, since the coarse grid
matrices are less sparse and more costly to compute.

In this chapter, we investigate such pure aggregation schemes based on piecewise
constant prolongation. They may indeed lead to two-grid methods with grid independent
convergence properties, as recently shown in [41] for model constant coefficient discrete
PDE problems. There is no contradiction with the above quoted results, whose focus is
on the convergence properties of two-grid methods used recursively in so-called V-cycle
scheme [61]. Indeed, aggregation based multigrid methods tend to scale poorly with
the number of levels when using simple V- or even W-cycles, even though the two-grid
scheme converges nicely [41,48|. However, this may be cured using more sophisticated
K-cycles, in which Krylov subspace acceleration is used at each level [49]. It is also
possible to improve scalability by increasing the number of smoothing steps on coarser
levels [32].

Now, the (Fourier) analysis developed in [41] only addresses constant coefficient
problems with artificial (periodic) boundary conditions. Although there are numerical
evidences that aggregation based methods can be robust in presence of varying or dis-
continuous coefficients [48], this remains yet to be proved. On the other hand, it is also
lacking an analysis which would not only allow to assess a given aggregation scheme for
a problem at hand, but could also serve as a guideline in the development of aggregation
algorithms, in much the same way the coarsening strategies used in classical AMG meth-
ods may be derived from the objective to keep reasonably bounded some convergence

measure of the resulting two-grid scheme [15}53]5859].
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In this chapter, we fill these gaps by developing a convergence analysis which relates
the global convergence to “local” quantities associated with each aggregate. This analy-
sis is based on a general algebraic result which requires only the knowledge of a splitting
of the system matrix A satisfying some given properties, and we show how this splitting
can be constructed in a systematic way when the matrix is diagonally dominant. Fur-
ther, the needed local quantities are easy to compute solving an eigenvalue problem of
the size of the aggregate. They can also be assessed analytically in a number of cases.
This assessment reveals that the convergence is to a large extent insensitive to variations
or discontinuities in PDE coefficients if one can introduce some reasonable assumptions
on the aggregation scheme.

Moreover, as seen below, the bounds deduced in this way can often be shown asymp-
totically sharp provided that one assumes a simplified smoothing scheme with only one
damped Jacobi pre- or post-smoothing step. Hence, we do not only develop a qualita-
tive analysis, but also a quantitative one, complementary to Fourier analysis: this latter
allows to assess the benefit of more smoothing steps or increasing smoother quality, but
is restricted to constant coeflicient problems on rectangular grids.

Returning to a qualitative viewpoint, it should be mentioned that, since the bound
depends only on local quantities, it is independent of the global properties of the under-
lying PDE such as (full) elliptic regularity. For instance, estimates derived in Section
do not need the assumption that the underlying domain is convex, and, in fact, allow
re-entering corners.

The presented results share some features with the analysis of element-based al-
gebraic multigrid (AMGe) approaches, as developed in [18}21}31,133]. Convergence
estimates presented there are also local and can be used to guide the coarsening pro-
cess. The AMGe coarsening itself however differs substantially from aggregation. It
applies only to finite element problems and requires the knowledge of element matri-
ces, whereas the associated prolongation is denser than the basic piecewise constant
prolongation considered here.

The remainder of this chapter is organized as follows. The general framework of
aggregation-based two-grid methods is introduced in Section[5.2] The algebraic analysis
is developed in Section [5.3] and illustrated in Sections and on PDE problems
with, respectively, continuous and discontinuous coefficients. Concluding remarks are

given in Section [5.6]

5.2 Aggregation-based two-grid schemes

The coarsening procedure is based on the agglomeration of the unknowns of the system
(5.1) into n. non-empty disjoint sets called aggregates. The size of the k-th aggregate
is denoted by n®) > 0. Note that some aggregation procedures (e.g., [48]) leave part
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of the unknowns outside the coarsening process, for instance because the corresponding
row is strongly dominated by its diagonal element. As will be seen below, our analysis
gives theoretical support to this approach. Therefore, besides the n. regular aggregates
we define the (pseudo) O-th aggregate as the (possibly empty) set of n(?) unknowns that
are left outside the coarsening process. For the ease of presentation, and without loss of
generality, we assume the ordering of the unknowns such that those belonging to (k-+1)-
th aggregate have higher indices that those belonging to k-th aggregate, k =0, ...,n.—1.

The regular aggregates are the variables of the next (coarse) level in the multigrid

hierarchy. Once they are defined, the n X n,. prolongation matrix is given by

1 if i belongs to j-th aggregate , j=1,...,n
(P)ij = . ‘ (5.2)
0 otherwise.
Hence, setting 1,, = (1 1 --- 1)T, with m being the vector size, we have
0 0 o0
Lo
P = 1.0 . (5.3)
1n("c)
In what follows, we assume a slightly more general form of (/5.3
0 0 0
p®
p—= p®? (5.4)
p(nc)

with p®*) being a vector of size n®). We shall see, however, that for the considered
examples the choice p*) = 1, is often the best (or even the only reasonable) choice.
Once the prolongation P is known, the n.xn restriction matrix is set to its transpose
and the n. x n. coarse grid matrix is given by the Galerkin formula A, = PTAP. In
order to complete the definition of a two-grid scheme, one also needs to specify the pre-
and post-smoother matrices Ry, Ro, as well as the number v, and v» of pre- and post-
smoothing steps, respectively. The iteration matrix Epg of the two-grid cycle is then

given by
Erc = (I — Ry*A)2(I — PTAZ'PA)(I — R{TA)™. (5.5)

The main objective of this chapter is the analysis of its spectral radius p (Epg) (that

is, its largest eigenvalue in modulus), which governs the convergence of the two-grid



Algebraic analysis of aggregation-based multigrid 87

scheme.

It is often convenient to define a “global” smoother X via the relation
I— X 1A= (I-R1TA)(I - RyTA). (5.6)

X has the same effect in one iteration as vs steps of post-smoothing followed by 14 steps
of pre-smoothing. In what follows, we assume that X is SPD, which does not necessarily

requires the symmetry of R; and Rs.

5.3 Algebraic analysis

The starting point of our analysis is a notorious identity for the two-grid convergence
rate introduced in [23, Theorem 4.3]. We recall it up to a slight generalization in
Theorem below. The generalization, that is based on the results in |44], allows for
nonsymmetric smoothing scheme, e.g., 1 = 1 and v, = 0. It is somehow important
because the parameter pup for D = diag(A), which is investigated in the remainder of
this chapter, appears then directly connected to the convergence factor of a simplified

two-grid scheme with only 1 pre- or post-smoothing step.

Theorem 5.1. Let A be an n x n SPD matriz and let P be an n X n. matrix of rank
ne <n. Let Ri, v1 and Ra, vs be such that X, defined by , is an nxn SPD matriz
and let Epg be the two-grid iteration matriz defined by .

Then, setting m1x = P(PTXP)"'PT X, we have

1
P(ETG) = max <)\maac(X1A) -1,1- ) ) (57)
Ux
where
— max vIX(I —7x)v
X7 ernvjo) vT Av

Moreover, for any n x n SPD matriz D, setting t1p = P(PTDP)™*PTD and

vI'D(I — mp)v
= max ————,
veR™\{0} vIiAv

there holds

viXv
< . .
px = (ve%na\}io} VTDV> D (58)

In particular, if Ry = Ry = w™'D with w™' > Apax(D~'A), one has

p(Bra) =1— ;X , (5.9)
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with
px <w lup (5.10)

where equality is reached when v1 + v9 = 1.

Proof. The equality (5.7)) is a direct consequence of [44, Theorem 2.1 and Corol-
lary 2.1], combined with the assumptions that A and X are SPD, which implies

vIX(I —7x)v
max 7
veR"\{0} vl Av

= Amax (A_l/QX(I - WX)A—W) = Amax (ATX (I = 7x)) .

The inequality follows from Corollary 2.2 in [44], setting in this latter Y = D,
Ly = DY? and Q = 7p.

To prove , observe that w™' > Apax(D'A) implies, together with ,
Amax(X1A) < 1. Hence gives since it is known by [44, Theorem 2.1] that
px > 1.

The inequality follows from combined with

vIiXv 1 viwD v
max —— = max ———o——
verm\{0} vI' Dv verm\{0} vIX-lv
1 vIiv —vI(I — wAY2D1AV?)y _1
=w max <w

Y

veRm\{0} vI'v —vT (I — AV/2X-1AY2)y —

where the last inequality holds because I — AY2X1AY2 = (I — wAY/2D~1AV/2)ntv2,
Eventually, when v1 +v5 = 1, one has X = w™!'D, which implies X (I —7x) = w™'D(I —
mp), and, hence, that (5.10]) is an equality. [

When D is chosen independently of P, the first factor in the right hand side of (5.8))

depends only on the smoothing scheme. If Ry = R} = R and v; = 1» = v, setting
S = (I — R_lA)V, one has further

v Xv
vT Dv

<ol WeRN0} <= ISV <IIVIA - ollvIip-ia YV ER.

Hence, when D = diag(A) (the choice that is privileged in the rest of this work) this
quantity is nothing but the inverse of the smoothing factor in Ruge-Stiiben analysis [59].
On the other hand, the second factor in the right hand side of depends on P but
not on X, and keeping it bounded amounts to satisfying an approximation property.

Now, our analysis is based on the splitting of A as

A=Ay + A, (5.11)
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where Ap and A, are both symmetric nonnegative definite and A is block diagonal:

A0)
A
Ay = ’ , (5.12)
Alne)

where A®) | k=0, ..., n, is of size n®) x n¥).

As an example, consider a symmetric diagonally dominant matrix A with positive
diagonal entries (in particular, if all off-diagonal entries are nonpositive, the matrix is
an M-matrix). The matrices A®) |k =0,...,n. can be constructed by restricting the
matrix A to the unknowns belonging to the k-th aggregate and then by subtracting the

corresponding contribution C*) = diag(c;) from its diagonal, in order to keep

ol x .. *
«  Ccm ... *
A= (5.13)
% % . One)

diagonally dominant, and, hence, nonnegative definite. Since A is diagonally dominant,
the contribution subtracted from the diagonal of each A%) can be such that either each

row of Ay is weakly diagonally dominant; that is

(Ap)j5 = D ()il =0, j=1,..,n; (5.14)
2

or such that each row of A, is weakly diagonally dominant; that is

(A)jj = D I(Aigl =0, j=1,..n; (5.15)
i=1
i#]
or something in between; that is

n n n
(A5 =D 1) + D 1Al > (Ab)j; = > [(A)igl, G =1,..,n.  (5.16)

i=1 i=1 i=1

i#] i#] i#]
Once the splitting is known, the following theorem allows to estimate the “global”
approximation property constant up by means of “local” quantities ug), k=0,..nc.
Because each u(Dk) corresponds to a particular aggregate k, it may be seen as a measure

of this aggregate’s quality.
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Theorem 5.2. Let A = Ay + A, be an n x n SPD matriz, with Ay and A, symmetric
nonnegative definite and Ay having the block-diagonal form (5.12). Let P be an n X n.
matriz of rank n. < n and of the form (5.4)). Let

DO
D)
D= ‘ (5.17)
D(ne)

be an n x n SPD matriz, set 1p = P(PTDP)"'PTD and

vI'D(I — mp)v
D= oy vIAv (5.18)
Letting
0 ifn© =0
o ©T p(0)y(0)
HD sup # Z'f n(O) >0
V(O)GRTL(O) \N(A(O)) V(O) A(O)V(O)
and, for k=1,...,n,
0 if nk) =1
k) — BT DI (] — 20y k) - 10
i sup M T( p )V ifn®) > 1, (5.19)
v R\ Ar(AR) v(E)© Ak)y (k)
where
my) =M (p®" DW= p® T ), (5.20)
there holds
pp < max pip) (5.21)

Moreover, M(DO) < o0 if and only if n® =0 or A© is SPD, and, for k = 1,...,n.,

NY;) < oo if and only ifN(A(k)) C span {p(k)}, with, in the latter case,

0 if ) =1
(k) _ T k
Wy = BT p) (1 — 7R (k) 5.22
b max M T( o )V if n) > 1. (5.22)
v(K) eR(AR)\{0} v(k) T AK)y (k)

Proof. We first prove the if and only if result for k = 1,...,n., the case k = 0 being
trivial. The if statement assumes N (A®)) C span {p(k)} which means that either
N(A®)Y = {0} or N(A®)) = span {p(k)}. In the former case the supremum in
becomes a maximum over R"(k>\{0} = R(A®)\ {0}, hence, and NS:I)C) < 00. In the

latter case, decomposing any vector that does not belong to N(A(k)) as v =ap® +w,
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w € R(AM)\ {0}, and using D® (I — 7% )p® = (D®(1 — z¥))Tp®) = 0, we have

(k) vIDW (1 — 7w wIDE (T — 7))
= Su = max :
" vern(® \ﬁ/(mk)) vI ARy weR(AM)\ {0} wl AF)w

leading to the same conclusions. The only if statement is proved assuming N (A(k)) ¢

span {p(k)} and showing that ,u%g) = 00. Indeed, taking v = au + w with w €

N (A®))\span {p(k)} (exists by assumption) and u € R(A®)) leads to

(&) |wlD®) (1 — ﬂ'gc))w + 2au’ D) (1 — Wg))w + 2u’D®)(1 — Wg))u\

Hp" = a:ﬂs\%} a2ul AFu

Since w! DW®)(T — W(Dk))w # 0 by construction of w, this last expression is unbounded
for a — 0.

We now prove . Note that this inequality is obvious when M(Dk) = oo for at
least one k. Hence, without loss of generality we may assume ug) finite for £k =0, ..., ne.
Moreover, since n. < n, there holds up > 0.

Now, observe that

D)
DO — 7))
D(I —7p) = =) (5.23)
D) (1 — 7y
and, hence,
A vID(I — 7p)v
p— X —_—
#D veR"\{0} vl Av
C e vID(I —7p)v
~ verm\{o} vIAyv +vT A, v
St v T pl) (- )y ) 4 vO T p0)4,0)
= max —— 7 (5.24)
veRr™\{0} > k0, VO T ARVE) T Ay
T T T
Let v, = ( V>(k0) VS}) vinC) )T be the vector that realizes this maximum. Notice
T
that Zk:op..,nc V&k) A(k)vg) > 0. Indeed, because of the boundness of u%f), k =

- BT 4 (k)< (k) : .
0, ..., ne, the equality >, n, Vi AWvY =0 would imply a zero numerator in the
right hand side of (5.24), whereas, since A is SPD, vl A,v, > 0, which would further
lead to up = 0. This latter contradicts our assumption n, < n.

Next, since pup is finite, as shown above, vffg) e N(A®) implies

T
v p® (I — ng))v,(ﬁk) =0.
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Therefore, since 7T(Dk) = I when n®) = 1 (entailing D®) (I — ﬂg)) =0)

D okel m vik)T D" — ﬂg{:))vﬁk) + Vio) g D(O)V»EO)

pp = _
D k=0, .m0 N (ML vIA,v,

S v p® (1 2By O po)y©

< =1,...,nc
> k=0,.m Vﬁk)TA(k)ng)
T
v D) (1 — 7))

e ()" (k)

Bgriatny Ve AP
<  max ug) . [ |

k=0,...,n¢

A practical consequence of this theorem is to show that nodes for which the corre-
sponding row is strongly dominated by its diagonal element may be kept outside the
aggregation process by putting them into the (pseudo) 0-th aggregate. The proposition
below presents a simple estimate of the pseudo aggregate’s quality based on diagonal

dominance excess of corresponding rows.

Proposition 5.1. Assume that A is diagonally dominant, that the splitting A = Ay+ A,
satisfies (5.15)) for j = 1,...,n. and that D) = diag {(A)n]z =1, ...,n(o)}. Ifn® >0,

one has

T (o) A
(0) _ v: DWWy < ( )zz 5.25
Mo = M TAO 2N 2 - o (A (5.25)

Proof.  Set n; = 2(A)i — >_7_; |(A)ij| and note that if n; = 0 at least for one
i < ne, the inequality is trivially satisfied. Otherwise, observing that A(® > diag(n;),
the inequality (5.25]) follows. ]

(k)

Regarding aggregates 1, ...,n, it is clear that the value of p,” strongly depends on
p). In the theorem below we further indicate the scope of variation of the aggregate’s

quality if A®) and D®) are given, and determine the p(*) that leads to the best quality.

Theorem 5.3. Let A®%) and D®) be, respectively, an n® x n®) non-zero symmetric
nonnegative definite matriz and an n® x n®) SPD matriz, with n® > 1. Let p®® be a

non-zero vector of size n®) . Let

k) vI D) (I — Wg))v

:LLD - Sup T k 9
veRn I\ A (AR)) vIAk)y

(5.26)

where Wg) = p(p"DFP)1pTDW®) and let Ay < XAy < --- < A, k) be the eigenvalues of
Dk T A) Then,
A< <At (5.27)
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Moreover, if

DO T A® L — A\ p, (5.28)
then
oo 1
Hp =+ (5.29)
2

and, assuming ,u%) finite,
VTD(k)(I — Wg))v = ,ug)vTA(k)v v E R(A(k))

if and only if
-1

D® ARy = xov  with vTDWp=0. (5.30)

Proof. Note that the case ug) = oo implies nonempty N(A(k)) and, hence, Ay = 0.
The inequalities are then trivially satisfied. Moreover, according to Theorem |5.2
we have then N (A®)) ¢ span {p}. Hence, if holds, dim(N(A®)) > 2, which in
turn implies Ay = 0 and, therefore, .

Now, consider u%) < oo which, according to Theorem implies NV(A®) ¢
span {p}, and, hence, Ay > 0. If N(A®) is nonempty, then N (A*)) = span {p} and
A1 = 0, which in turn implies . Therefore, for all v € R(A(k)), pI'D®y =0, and,
hence, wg)v = 0. Then, according to the Theorem a, we further have

&) vI D) (I — Wg))v vIDWy _1

Tyertaingoy  VIABY T yer(atby oy vIABY 2

In addition, a vector v reaches the maximum if and only if (5.30]) holds.
Finally, we treat the case where N/ (A(k)) is empty and, hence, A®) is invertible. Let

x; be the eigenvector of D*) ' A®) associated with the eigenvalue \;. To prove the left

inequality (5.27]) we set

X9 if pTD(k)XQ =0

VvV = x| — (I)TD(IC)X1
pTD(k)x2

) Xo  otherwise,

and note that 7T(Dk)V = 0. Injecting such v # 0 into (5.26]) we find

(k) vIDW)y

—1
Hp 2 vT ARy =
The right inequality (5.27)) follows from
(&) vID®(1 — Wg))v vIDF)y

=\

= < _
Hp vERITILl(%X\{O} v Alkly - veRT(%X\{o} vI ARy



94 Algebraic analysis of aggregation-based multigrid

Moreover, if p = x1, then x;, i = 1, ..., n(*) are also eigenvectors of A*) - D(k)(I—ng))
with corresponding eigenvalues Xl such that Xl = 0 and, for i > 1, Xz = A L. Since
ug) is the smallest eigenvalue of A®*) ! DW®(I — Wg)), follows. Moreover,
holds if and only if v is an eigenvector A*) - D®)(T — Wg)) associated with A;l = y%),

which is in turn equivalent to v D®) (I — ﬂg))v = ,u(Dk)vTA(k)V. |

By way of illustration, consider a symmetric diagonally dominant M-matrix and
assume that the splitting A = Ay + A, is based on the rule (5.14). Then, each A®)
is singular with its null space equal to span{1, ) }. Theorem then shows that one
has to use p) = 1, to keep ,u%g) finite, in which case, by Theorem m ,u%g) =
)\Q(D(k)_l A(k))_l. When the diagonal dominance is strict, the two side inequality
indicates that there is some freedom in the choice of the diagonal entries of Ay,
and one may wonder how to exploit it at best. The following remarks give some clues

in this respect.

Remark 5.3.1 When A® is irreducible and diagonally dominant with nonpositive off-
diagonal entries, and when D®) is a diagonal matrix, D® 1 A® is an irreducible
M-matrix and, hence, an eigenvector whose components are all positive (e.g., 1,,x)) is

necessarily the eigenvector associated with the smallest eigenvalue, which is unique.

Remark 5.3.2 Consider a diagonally dominant M-matrix for which the splitting A =
Ap + A, is based on . If the diagonal dominance is strict for some rows associated
with aggregate k, assuming pk) = 1,x), a nice way to quickly obtain a useful estimate
consists in choosing diagonal entries as large as possible while satisfying with the
additional constraint that 1, is an eigenvector of Dk~ A®) 5o that the condition
ensuring holds. In particular, when D) is a diagonal matrix, it amounts to using
AR) = Aék) +nD®) with A(()k) satisfying and with 7 being the largest constant
such that still holds.

5.4 Discrete PDEs with constant and smoothly varying

coefficients

5.4.1 Preliminaries
We start considering matrices associated with the five point stencil
—ay

s P B—C with ag, oy > 0 and ag > 2(0g + ay) (5.31)

_ay

on a rectangular grid of arbitrary shape. For such matrices we want to assess boxwise

aggregates with four nodes per aggregate (as on Figure (a)) and linewise aggregates
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FIGURE 5.1: Examples of (a) boxwise, (b) linewise and (c) L-shaped aggregation

patterns.

with two, three and four nodes (as on Figure[5.1|(b)). We select the splitting A = A,+ A,
satisfying (5.15). The prolongation vector is p*) = 1,m, k=1,...,n. and, as can be

checked from (5.32)) and (5.34)) below, it is an eigenvector of D*) ~

! AK) associated with

the smallest eigenvalue 5da;1, where 6 = ag — 2(ay + o) > 0. Theorem then

implies that ,ug) = \o(DW) -1 AN = g\ (AR~

Considering more specifically boxwise aggregates, we have

O + —0y —Qy 0

Ak —Qp Qg+ 0 —aQy
—Qy 0 az+ay —0y

0 —Qy —Qp Qg+ Oy

and, hence,
(k) 205+ 20y + dd

Fp = 2min(ay, ay) + 04

whereas for linewise aggregation of size m in x direction

Qp  —Oy
*) -0y 20y
A = =+ 5d I

—Qy;

—Oy Qg

and, hence, the following formula holds for m = 2,...,4:

k) 200 + 20y + g
HD = 0 = m = 2)aw + 04

+6aql, (5.32)

(5.33)

(5.34)

(5.35)

It follows that linewise aggregates of size 4 oriented in the direction of strong cou-

pling become more attractive than boxwise aggregates whenever max(ag,ay) > (2 +

v2) min(ay, o) . Always choosing the best aggregate shape, we have then

ph <3442,

(5.36)
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Since linewise aggregates of size 3 and 2 have better quality than linewise aggregates of
size 4, as can be concluded from (5.35)), this upper bound holds for them as well.

5.4.2 Constant coefficients

We now discuss more specifically the five point finite difference approximation of

0 ou 0 ou
p <ax8x) + a <ay8y) +0Bu=f on§, (5.37)

with uniform mesh size h in both directions, where the boundary 0¢) of the domain
Q) € R? is the union of segments parallel to the z or y axis and connecting the grid
nodes. Note that €2 is possibly not convex and may contain holes.

If the PDE coefficients o, oy and 3 are constant, the above results allow to assess
aggregate’s quality for some typical aggregate shapes. It is also easy to extend the
reasoning to further aggregation schemes, leading to bound above by a modest
constant if either coefficients are isotropic (a; = o) or if one uses linewise aggregation
along the strong coupling direction. For instance, if a; = ay, with m = 3 also
applies to L-shaped aggregates as illustrated on Figure (c)

Regarding Neumann boundary conditions, only the quality of aggregates that con-
tain boundary nodes is not covered by the above analysis. Again, however, isotropic
coefficients and linewise aggregates aligned with strong coupling yield bounds similar
to and . For instance, if a, = o, and 8 = 0, boxwise aggregation near
a Neumann boundary result in matrices A®) and D*) that have the form analyzed in
Lemma below, with a1 = ag and a3 = g4 = 0 (boundary aligned with grid lines),
ay = ag = ag = 0 (resorting corners), or oy = g = a3 and oy = 0 (re-entering corners).

As shown in this lemma, one has then ,u%) < 2 in the two former cases and ug) <223

in the latter, compared to ,ug) = 2 away from the boundary.

Note that our analysis does not require all aggregates having the same shape, which
in fact seldom occurs with practical aggregation algorithms (see [48] for an example).
One should just take care that the global pp is not larger than desired because of a few
irregular aggregates, which in practice can be prevented by breaking them into smaller

pieces.

5.4.3 Smoothly varying coefficients

Consider now the same discrete PDE (5.37) but with smoothly varying coefficients.
Because the matrices A®) and D®) are local to the aggregate at hand, they are equal, up

to a O(h) perturbation, to the matrices A((Jk) and D(()k) corresponding to PDE coeflicients

that are constant and equal to the mean value inside the aggregate. Furthermore, 1, k)

. . -1 . . . .
remains the eigenvector of D®) ™ AK) agsociated with the smallest eigenvalue either
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ap =0y, 0g=0 ap =10ay, d4=0
pairwise L-shaped boxwise linewise linewise boxwise
(size=3) (size=4)

N e po [ p ] wo (6B o 6] po | wE | wp (63| o
12 2 1.940 4 2.315 2 1.959 || 2.2 | 2.184 | 3.756 | 3.638 | 11 8.431
24 2 | 1984 | 4 | 2377 | 2 | 1.989 || 2.2 | 2.196 | 3.756 | 3.744 | 11 | 10.185
48 2 | 199 | 4 |2394 | 2 |1.997 || 2.2 | 2.199 | 3.756 | 3.753 | 11 | 10.778
96 2 11999 | 4 [2399 | 2 |1.999 || 2.2 | 2.200 | 3.756 | 3.755 | 11 | 10.943

TABLE 5.1: The value of pup and of its upper bound (5.21)) for different grid sizes.

because § = 0 and, hence, /\/(A(k)) = span{1,,) }, or by using the trick suggested
at the end of Section in Remark (see also Remark . Hence, as shown
in Theorem ﬂ ,u%g) is the inverse of the second smallest eigenvalue of D) A,
Since the eigenvalues of a matrix are continuous functions of its entries, it means that,
asymptotically (for h — 0), ,u%) tends to the smallest eigenvalue of D(()k) ! A(()k); that
is, to the value obtained in the constant coefficient case. Therefore, the results of the
previous subsection carry over the variable coefficient case, at least when the mesh size

h is small enough.

5.4.4 Numerical example

We consider the linear system resulting from the five point finite difference discretization
of on 2 = [0, 1] x[0, 1] with Dirichlet boundary conditions and constant coefficients
oy, oy and B = 0. The discretization is performed on a uniform rectangular grid of mesh
size h = (N +1)~! in both directions.

For the sake of simplicity, we let N be a multiple of 12, which allows that the whole
domain is covered with aggregates of the same shape. Using the rule , the matrices
A®) and D% are the same for all aggregates. As a consequence, the quality estimate
ug) is the same as well.

We consider first an isotropic situation (o = o). The columns from 2 to 7 of
Table then give the values of up and of its upper bound ,LL(Dk) for three types of
aggregation pattern, presented on Figure Observe that when mode are added to
an aggregate, its quality is not necessarily deteriorated, as can be seen comparing L-
shaped and box aggregates. We next consider in columns 8 to 13 an anisotropic situation

(ap = 10ary). One sees that boxwise aggregation is not recommended in this case.

5.4.5 Sharpness of the estimate

Numerical results in Table indicate that the bound (5.21)) on pup can be asymp-
totically sharp for N large enough. Moreover, as shown in Theorem [5.1] if only one

Jacobi smoothing iteration is performed, we further have p(Epg) = 1 — w,uBl. Hence,
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a sharp estimate of up further leads to a sharp estimate of the two-grid convergence
rate. The reader can wonder why and when this happens. This is what we investigate in
the present subsection, starting with the first question for the particular case of boxwise
aggregates.

Consider that the setting of the above example holds. Without loss of general-
ity, we assume in addition that o, > oy. First, we recall that pw ! AR pk) —
/\1(D(’“)71 A®)) p®*) " and, hence, the vector vi, = (11 —1 — 1) € R(A®) that can
be checked to satisfy D®) - ARy, = )\Q(D(k)_l A®)) vy reaches, according to Theo-
rem H, the supremum in definition of ,ug). Therefore, setting
T

~ T T
V=MmMVve 7 Ve Y, Vb

)

we locally reproduce the maximizing vectors for every aggregate. Moreover, setting
V=Y =" =YN = —YN41 = = —YaN = YonN+1 = - -+ = 1 we further make v take
the same value at every two connected nodes that belong to different aggregates. Hence,
since A, have the form with diagonal blocks being diagonal matrices, there holds
(Ar);; ()i = (v);) = 0 for all i and j. Therefore, setting o; = 37 (A;);;, and since

o; > 0 only for the unknowns near the boundary, there holds

AT = 30 D (A ()i - (@) + > @ (539

=1
=2N(az + o)
=2N Yo, + ay)a; 'V Dv. (5.39)

On the other hand, note that p(k)T DFv, =0 implies m1pv = 0, and, hence,

vID(I —7p)v
AN + VA S
vIDv
vIiAwv +vT AV

vIDv

—1
pM ST DY 4T AN

1D =

uy
_ . (5.40)
k
Lt py) Gy

It then follows from ((5.39)) that up — u(Dk) for N — oo.
The following theorem is useful in extending this analysis to a more general frame-

work.
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Theorem 5.4. Let A = Ay + A, P, D, up and ,LL(Dk), k =0,...,n., be defined as in
Theorem . Assume ,u(Dk) finite for k = 0,...,n. and let, for n(9 > 0 and n® > 1
k=1,..,n¢

- <V<0> T D<o>v<o>)
Vo € argmax —_— ],

v(O)GR"<O)\{O} V(O)T A0)3(0)
& T p) (1 — By k)
Vi €  argmax M T( Tp )V , (5.41)
v eR(AR)\ {0} v(k) T ARy (k)
with Vi, = 1 otherwise. Let v, k =0, ...,n., be real parameters, and set
T
V= <’Yo961 Vol MmO T - 0, Vi, T) : (5.42)

1/2
where 0, = (GkTA(k)Vk) if n® > 1 and 0, = 1 otherwise. Assume either that
vIiAv <evT AW, (5.43)

or that n® = 0, that A% s singular for k=1, ...,n. and that

-1
(c+¥)TA(c+V)<e <k max H(Dk)> vIDv (5.44)

=1,...,n¢

T
for some vector ¢ = (51 p(l)T b, p(nc) T)

Then

1 > o’YkMD
KD = . (5.45)
l+e Y peon:

Proof. ~ We first prove the lower bound (j5.45) based on the assumption (5.43)).
Starting with the equality (5.24)) in the proof of Theorem and setting v(%) = fy;ﬁ,;lvk

together with v = v , we have

D k=1,..ne v (1 — ﬂg)) *®) 4 v T D)y

D k=0,....nc v T ARV B 4 vT A,y
----- ne 05 V. " DO — 7} ))Vk + 78052 %o DO,
T 1+4e¢ Zk . 71%‘% = A(k)vk

(5.46)

“p =

k
1 D=1 nclyklU’(D)

77777

l+e Do "

)

where the last equality follows from ;> vie L D®(T — Wg))vk = ug).
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Now, we prove the lower bound ([5.45]) based on the assumptions related to (5.44]).

We may then assume that

(c+ V) A (c+¥) < VT AV (5.47)

holds, this inequality being proved later. Since u%) is finite, Theorem implies

N(Aﬁ’“)) c span{p®}, k = 1,....,n.. From the singularity of A®) k = 1,... n., we
further conclude that N/ (Agk)) = span{p®} and, hence,

T
(Skp(k) +5k) A% (Ekp(k) + %) =i AWy, . (5.48)
Moreover, using the definition (5.20]) of Wg), we also have
T
(ékp(k) + ﬁ) DW(I — =) (gkp(’f) + Gk) = ID® (1 — 75, . (5.49)

Therefore, injecting v = ¢ 4+ v and v(%) = &,p*) + 'y;ﬁ,;l?k into and using
and , the proof is finished as in the previous case.

We are thus left with the proof of . From Theorem we conclude that
pk) ! ARy, = )\Q(D(k) - A(k))Vk and p®) 4 D®)5, = 0. Therefore,

Vi T W1 — 7 W5, =T DWv,
which implies 5%D(k)vk = ,ukD Vil ARy, . Hence,

VT DV < (k_max Mgf)) vT A,

=1,...,n¢

which, together with ([5.44) implies ([5.47]). [
Now, we return to the previous example and prove the asymptotical sharpness for

linewise aggregates of size m < 4. As in the boxwise case, the vector ([5.41)) is the second

eigenvector of a;lA(k’) given by

(1 v2-1 12 )T ifm=4,

vi=¢ (10 -1)T if m=3,
(1 -t if m=2.
Hence, choosing
v=(n VbT 72 vy Tne VbT)T,
with 1 = =y =73 = = VYN/m = —VN/m+1 = IN/m+2 = - = 1, we further make v

take the same value at every two connected nodes that belong to different aggregates.
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Next, using again ([5.38)) with first term in the right hand side vanishing, we have

VAV = 2Nm ™ ay|[vi[* + aw N (| (vo) 1 + | (ve)m 1*)
< 2N(ag + ay) Ve
=2N Ya, + ay)agllu(Dk)GTAbV, (5.50)

and, hence, (5.45) holds with e = N~'(a, + ozy)agl Mg)- The asymptotical sharpness
follows then from Theorem 5.4l
Considering a general situation, we note that a lower bound close to the upper bound

(5.21)) can be proved via ([5.45)) if there exists a vector v of the form ([5.42), such that

(k)
k
(a) % is close to maxy—o . n. us:)) :

k=0 "k

(b) €, defined via (5.43)) or (5.44]), is small compared to 1.
(k)

Now, the condition (a) can be satisfied by using large values of ’y,g where p )’ is large.

When all ,ug) are the same, we trivially have

Zk OVkND —  max ,ug),

Zk Olyk k=0,...,n.

independently of the choice of ~;. As illustrated in Section the use of 7,3 with
variable magnitude allows to prove asymptotical sharpness in the case where the ,u(Dk) S
are not all the same.

Condition (b) is more difficult to check. One may start from relation and
look for a vector v of the form such that (Ay);; (v); — (v);) = 0 for all i and
7. If such a vector exists, the first term in is zero. Then, let Qp = {1,...,n.} be
the set of all coarse unknowns and set 0§, = {z loi =30 1 (Ar);; # 0}. If as in the
previous example ¢; is positive only for unknowns near the boundary, then 9, is a set

of “boundary” unknowns. Assuming o; and (v);, i = 1,...,n. reasonably bounded, we

have
n

VIAN =) 0i(V)] = O(10))

i=1

whereas, assuming ’y,%, k=1,...,n., bounded below,
VAT = Zv 0, ViAW, =3 " F = O(|)),
k=0

In a discretized PDE context, the ratio [0€y,|/|€,| usually becomes arbitrary small as

the mesh is refined.
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Further, the lower bound (5.45)) can be obtained using only a (given) set of aggregates

(numbered from 1 to 7. for convenience), setting
V=o' v om0 e, T 0T 0T (5.51)

Then, ([5.38) becomes

where (2, is the set of unknowns belonging to the first n. aggregates and 5; = > jeqy, (Ar)ij-
Again, setting 9Q;, = {i|7; # 0} and repeating the steps described above, one obtains

D > 1 e o’YkMD
T 1+e Zk O’Yk

with & = O(|09,|/|Q]). In practice, it means that the upper bound (5.21)) can also be

asymptotically sharp when the M(Dk)s are not all equal, providing that the aggregates for

which ug) is maximal cover a significant part of the domain.

As an example, consider a scalar PDE discretized on a grid from which we can extract
a Q) = N x N square of nodes with every node corresponding to the same stencil of the
form . Then, assuming that the whole square is covered with box aggregates as
on the Figure (a), the relations (5.33)), (5.40)) and (5.39) can be used (with N instead

of N) to show that

> 1 (5.52)
UD = 1+¢& —iD .
: = x yt0 = N — —1=
with ip = m% and & = 2N "oy, + ay)a; fip.

5.5 Discrete PDEs with discontinuous coefficients

5.5.1 Preliminaries

As in the previous section, our analysis is based on the aggregates’ quality, which in
turn involves the computation of the second smallest eigenvalue of small matrices. The

following lemma is helpful in this respect.

Lemma 5.1. Let

40(1 *20[1 *20&1
1| 2« Rl e —0]—«Q
A=t 1 1+ 0o 1— 02 (5.53)
2 —2a1 3a1+as —Qa1—Qs3

—a1—ay —a1—a3 2ant+oastas
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and
Dy = diag (4041 2(0414-&2) 2(041+043) (a1+a2+a3+a4)) , (5.54)

where a1 > 0 and ag, ag, ag > 0. Ay is positive semi-definite, and let )\Q(DglAd) be

the smallest nonzero eigenvalue of D;lAd.

Then,
5— 17
Aa(Dg ' Ag) > Sf (5.55)
and, if a1 = as and ag = ay, there holds
_ . 1 301+ a3
Ao (D71 Ay) = - . .
2(Dy Ag) = min <2,4(a1+a3)> (5.56)
Moreover, if a1 > ag, ag, ay, one has
Mo(D;'Ag) > B (5.57)
with B = Xa(D; ' Ag) (7 0.449) being evaluated for ay = az = ay = 1 and az = 0.
Furthermore,
) Q2 Q= a3 = Q4
M(Dg'Ad) > 5 if { orar=as>a3=a (5.58)

or ] = Qg = Qi3 > 0y

Proof. We first prove (5.55)). Since the diagonal entries of D, are non-decreasing
functions of a4 and Ay does not depend on this latter, AQ(D;lAd) does not increase

with increasing ay. Hence, setting Cy = limy, o0 DglAd, we have

Xa(Dy Ag) > lim Ma(D;1Ag) = Aa(Cy), (5.59)
Q4—00

where

DA, «

C1d = )
0" o
with
1 4Oz1 —2041 —20&1 2(11

A, = 3 —2a1 3o+ as and D, =2 a1+ az

—2aq 3o + a3 a1 + a3
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Hence, \2(Cy) is the smallest eigenvalue of D, ' A, . Now, assume without loss of gener-
ality that a3 > a9 (one may see that they play a symmetric role in the definition of Ay
and Dg). Then, setting

) 4o —20 —20 20
AVT — 3 —2a1 31 + as and ﬁr =2 o1 + o )
—201 31 + g a1+ a9

we have,

T T A (. 2
(DAY = min LAY Ly YAV Yas — ag) (V)3
ver\{o} vID, v ver\(0) VT D,y + 205 - a) (v)s?

> min(Amin(D; ' 4,) %). (5.60)

One may check that the set of eigenvalues of 5,? 14, is

4(0[1 + 012) "8 8(0[1 + 052)

{ 3a1 + as 3 2a71 &% \/17a% + ldoag + a% }

(e.g., by assessing the determinant of A, — X]_N)T for all A belonging to the Se. Since
20 — \/1704% + ldanag + a3 > (2 — V17)(a1 + a2) holds for a1, as > 0, the inequality
follows.

On the other hand, if a3 = as and ag = ay, the set of eigenvalues of D;lAd is given
by {0 L Boites 1y M} which leads to (5.56).

)’ 20 4(a1+o¢3) 4(a1+a3)
To prove (5.57) we note that, as previously observed, Aa(Dj ' A4) does not increase

with increasing ay. Since a7 is the largest coefficient by assumption, setting ay = oy
gives a worst case estimate. Next, we assume without loss of generality that ag > ag
(again, they play a symmetric role). Let then 2070, AVL() and Zl,l be the matrices defined
via with oy = ay = 1 and the couple (a2, a3) given by, respectively, (0,0), (1,0)
and (1,1); that is

2 -1 1 2 -1 1
~ 03 1 _ 12 1
Aop = 2 5 : , Ao = s ;
—1 3 2 -1 2 2
1 1 1 3
-3 —3 1 -1 -3 3
2 -1 -1
N ~1 2 ~1
Ay =
-1 2 -1
-1 -1 2

LAll eigenvalues explicitly given in this proof have been checked with computer algebra.
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Similarly, let Dgg, D1 and Dy be the matrices defined via (5.54) with a; = ay = 1
and (g, a) being, respectively, (0,0), (1,0) and (1,1); that is, lNDO,O = diag(4 2 2 2),
Dy = diag(4 4 2 3) and Dy, = diag(4 4 4 4). Then,

Ay = (a1 — a2)g0,0 + (g — 0é3)121v1,o + 063111,1
Dy = (1 — ag)Dog + (a2 — az) D1+ azDy ;.

Next, using the min-max theorem (e.g., [3, Lemma 3.13]), we have

WTDCZl/zAdDd_l/QW

Xo(D7'A4;) = max min
(D4 ) veRN\{0} wlv wlw
2T Ayz
= max min

veR+\{0} zlv zT'Dyz

(041 — OéQ)ZTAV(Loz + (062 — Ozg)ZTAVL()Z + OéngAVLlZ

= max min = — =
veRN{0} zLv (a — O[Q)ZTD(),OZ + (g — Ozg)ZTDl,o + OngTDLlZ

) .zl Agoz .zl Az . zTAjaz
Z max min | min =~ min ~ min =~

) )
veRH\{0} zlv ZTDO’OZ zlv ZTDL()Z zlv ZTD1’1Z
Hence,
TA TA TA
_ ) .z Agoz .z Aoz .z Az
Xo(D; Ag) > min [ min —=>, min —=——, min —=—— |, (5.61)
ZLD17014 ZT_D()’[)Z ZLD1’014 ZTDLOZ z1D1,014 ZTDLlZ

/

where the second term in the minimum further becomes, since 5% 0214 belongs to
=_1/27  7-1/2
N(Dl,o/ ALODI,O/ )s

min ZTilil’oz =X\ (151_(%;{1,0> =4.
z1D101s 2 D oz ’
Therefore, the proof of is done if we show that the second term in is the
smallest. For this, we note that the vector z = (64 —34 33 —62)7 is orthogonal to
Dioly = (4 4 2 3)T and that 27 A; gz = 15861.5 with 27 D; gz = 34718. Hence, the
second term is smaller than 0.46. Further, the first term in is larger than 0.46, as

can be concluded from positive definiteness of

16.16 15 7T 12
15 16.58 8 11.5

7 8§ 458 5.5

12 11.5 5.5 9.08

12[0’0 + 517014(131’014)’11 — 0.4650,0 =
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which implies zT/ngoz — O.46le~)0,oz > 0 for any z L 1517014. Similarly, the third term
in ((5.61)) is larger than 0.46 since

16.16 15 7T 12
15 16.16 g 11

7 8 4.16 )

12 11 5 9.16

21,1 + 51,014(51,014)T — 0-4651,1 =

is also positive definite. The positive definiteness can be proved, for instance, checking
that the determinants of upper left 1 x 1, 2 x 2, 3 x 3 and 4 x 4 blocks are positive.
Eventually, we prove . If a1 = a9 and a3 = a4, the inequality is already proved
in . If ag = a3 = a4, taking D, = diag(4a1 2(a1+a2) 2(a1+a2) 2(a;+a2))
we have )\k(Dd_lAd) > )\k(ﬁglAd) € {0, 3 %, 3+ %} which leads to
the same conclusions. If oy = as = ag, the set of eigenvalues of D;lAd is given by

1 1 4o+ 10a%+4a1a4+2ai
0,3, 1+

4(3a1+a4)
1602, the inequality (5.58) follows. ]

and, since a1 > a4 implies 10a% + 4oy + 2043 <

5.5.2 Analysis

We consider the PDE with piecewise constant isotropic coefficients (ay(x,y) =
ay(z,y)) and B = 0, and assume Dirichlet boundary conditions. As in the previous
section, we consider the five point finite difference approximation with uniform mesh size
h in both directions (mesh box integration scheme [42]), and assume that the boundary
09 of Q C R? is the union of segments parallel to the z or y axis and connecting the grid
nodes. We aim at assessing boxwise aggregation as illustrated on Figure (a)7 which
was shown relevant for isotropic coefficients in the previous section.

Here we assume that the possible discontinuities match the grid lines. Hence, €2 is
a union of non overlapping subdomains €2; in which the coefficients are constant, and
the boundary 0€); of each €2; is formed by segments aligned with grid lines and having
grid nodes as end points. To exclude some uncommon situations, we assume that every
two such end points are separated by a distance not less than 2h and that each box
aggregate contains at least one point which is interior to one subdomains. In practice,
this assumption is automatically met if the mesh size is small enough; in fact, it has to
be not larger than hy/2, where hg is the size of the coarsest mesh that still correctly
reproduces the geometry of the problem.

The most general situation corresponding to this setting is then schematized on
Figure (a) where the central aggregate has one node interior to 2; and the opposite
node at the intersection of four subdomains: €, 9, Q3 and €y. With the splitting
satisfying , the corresponding aggregate’s matrices A®) and D®) are given by
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(a) (b)
FIGURE 5.2: (a) general box aggregate situation with respect to discontinuities and
(b) discontinuity nodes aggregated with white point nodes.

(5.53) and (b.54), respectively, with «;, i = 1,...,4, being the PDE coefficient in the

subdomain €;.
. , o (k)
Because of the assumption (5.14)) and of Theorem [5.3 aggregate’s quality py,’ is the
inverse of the second smallest eigenvalue of D®*) Ak, Lemma then shows us the

following.

e The approach is robust in all cases, since, by ((5.55)), ug) is always bounded above

independently of the relation between the coefficients «;.

e Nevertheless, from a practical viewpoint, allows a significant decrease of ag-
gregate’s quality compared with the constant coefficient case. However, according
to , which implies ug) < 2.23 (compared with 2 in constant coefficient case),
a major deterioration is avoided when a1 > a9, a3, 4. The latter condition is
satisfied if nodes belonging to several subdomains {2; are always aggregated only
with nodes that belong to §2; with largest PDE coefficient «;. Roughly speaking,
the rule may be summarized as “aggregate discontinuity nodes with those of the

strong coefficient region”.

e In many practical cases, no more than two subdomains are involved at a time
for a single aggregate, and either a; = g = a3, or a1 = as and ag = ay, or
a9 = ag = ay hold, as illustrated on Figure (b) Then, if the rule above is
applied; that is, if 1 is in addition the largest coefficient, applies and shows

that there is no deterioration at all compared with the constant coefficient case.

5.5.3 Numerical example
Consider the PDE (/5.37) on a square domain Q = [0, 1] x [0, 1] with 5 =0,

1 if z < 1/2

ax(2,y) = ay(z,y) = { d (>1) ifz>1/2.
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(a) (b)

FIGURE 5.3: Two potential aggregation strategies for the numerical example.

and with Dirichlet boundary conditions. Consider the linear system resulting from
its five point finite difference discretization (mesh box integration scheme [42]) on the
regular grid of mesh size h = N~!. Since discontinuities needs to be aligned with grid
lines, N has to be even. For simplicity of presentation, we further assume that it is a
multiple of 4. The number of unknowns being (N —1) x (N —1) (there is no unknown for
Dirichlet nodes), the grid cannot be covered with box aggregates only and the coarsening
is completed by pair and singleton aggregates. Then, the domain may be covered with
box aggregates starting from the left bottom corner (as on Figure [5.3(a)) or from the
right bottom corner (as on Figure [5.3|(b)).

strategy (a) strategy (b)
N k:%l,?fnc N(Dk) HUD k:%l’a%nc N%) KUD
32 3.385 | 3.181 2 1 1.993
64 3.385 | 3.286 2| 1.998
128 3.385 | 3.336 2 1 2.000
256 3.385 | 3.361 2 | 2.000

TABLE 5.2: The value of up and of its upper bound (5.21)) for different aggregation
strategies and for d = 10.

Note that the quality of aggregates outside discontinuity is at most 2, as can be
concluded in the isotropic case (o, = «y) from (for box aggregates) or from
(5.35) with m = 2 (for pair aggregates). The bound is therefore determined by the
quality of aggregates containing nodes on the discontinuity, which are given for d = 10
in Table Observe that for the second strategy the convergence estimate is exactly
the same as in the constant coefficient case. For box aggregates, this follows from the
analysis in the previous subsection: the aggregates then obeys the “strong coefficient”
rule stated above. Regarding the first aggregation strategy, note that for box aggregates
one has

41 +d)

-1 _
MS:’;) = Ap(D®) T AR —1 = TRt (5.62)
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using (5.56|) with ay = e = 1 and a3 = a4 = d. This is also true in the pairwise case,

Alk) — -l , D) = 1 :
11 2(d + 1)

Note that (5.62]) implies MS:I;) = 3.38 for d = 10 and ,u([l;) — 4 for d — ooc.

since then

5.5.4 Sharpness of the estimate

Table indicates that, once again, the upper bound (| is seemingly asymptotically
exact. In fact, the reasoning developed at the end of Section [5.4] shows that, asymptot-
ically, p1p cannot be smaller than 2 for an isotropic (o = o) PDE with 8 =0
and a regular covering by box aggregates in at least one subdomain in which the PDE
coefficients are constant. Hence, our analysis is accurate when discontinuity nodes are
aggregated with nodes in strong coefficient region, since then ,u(g) < 2.23. If, in addition,

(

7 g) < 2, like in the numerical example above, then the bound is asymptotically sharp.

It is more challenging to show the sharpness when ug) is significantly larger than
2 for some aggregates along discontinuity, essentially because the proportion of such
aggregates is O(h) or less. Nevertheless, it is interesting to confirm that, as seen in
Table such a limited amount of low quality aggregates is sufficient to affect the
global convergence, and hence that the rule “aggregate discontinuity nodes with those
of the strong coefficient region” has some practical relevance.

In this view, we prove the sharpness of our estimate for the numerical example above
with the first aggregation strategy (depicted on Figure [5.3|(a)), which does not follow
the “strong coefficient” rule. Note that, using the same trick as explained at the end of
Section a similar lower bound on pp can be obtained in more complicated examples
whose domain would contain a rectangular region with two subdomains separated by a
line in the middle and covered similarly with box aggregates.

To apply Theorem we need to construct two vectors v and ¢ such that

20k D O’YkMD —  max u%) for N — oo, (5.63)

oMk k=L,...,nc

whereas e, defined by , goes to 0 as N becomes large. In the example under
investigation, there are some pair and singleton aggregates (see Figure , but we limit
the support of both vectors to the (20+1) x (2¢+1) box aggregates, where ¢ = N/4—1. We
identify each such aggregate k with a couple (z‘ék), i;k)) of indices, 1 < zgﬁ), zg,k) <20+1,
such that (Zg(ck) +1, il(/k)), (z;k) -1, i;k)), (ig;k),iék)—i-l) and (z; ), z?sk) —1) are, respectively, its
right, left, top and bottom neighboring aggregates. Note that the center of the domain
is a node belonging to aggregate (¢ 4+ 1,/ + 1) and that discontinuity aggregates satisfy
i =41,
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Since p(k) = 1,), the vector v, from Theorem is given by the eigenvector

of D)~
is, by vy
(-1 1 —1 1)” for the ordinary ones.

Vo

) norms are given by 62 = viAk)y

(r 1 7 1)T for discontinuity aggregate, with 7

! A®)agsociated with the second smallest eigenvalue )\Q(D(k)il A(k)); that

—(d 4+ 1)/2, and by

The corresponding local energy (semi-

= (3 + d)?/2 for discontinuity aggregates, by

62 = VZA(k)VO = 8 for the aggregates on the left of the discontinuity line and by d 62

for those on the right of it.
Then, the vector ¥ is defined by (v(!) g , v

%E‘lvo

V0 — = e+ 1— i) x v
%E‘lvo

0

~ T
and the vector ¢ corresponds to (c(l) , C , e

W) = (—je+1-

From ([5.64]) we conclude that

72—
T
=2+ 1= i)’ Vi
] .
1072 do?
0
and, setting
201 ¢
s(0) =Y (L—]—i)> =" (i +(i—1)?

i=1 =1

there holds

> i =6;

kil =11

>

1<) <2041

d+ 72
. =0

k: ig’“;ﬁzu

>

1<l <2041
1<z(k)<é+1

T

iR+ = )(€—|€+1—z()|)€_2><

-0+ 1l

=10+ 1—iP))? =

y t e v(nc) T>T Wlth

if1<i® <rq1
1fz;(,3k):€—|—1

o (5.64)
fl+1l1<i,’ <2041
otherwise,
) T with
71y 1f1<z(k) <l+1

0 if 1; ) — {+1

1, ifl+1<i? <2+1

0 otherwise.
if1<i® <r+1
if i) = ¢+ 1
n “ (5.65)
Hl+1<iy’ <2041
otherwise,

=((L+1)(20+1)/3 — 1%,

)2 = 63072(0),

62d+7'2

I 0735(0) .
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Hence, vlg,u(k) = (14+0(™1)) Zk:i£k>:f+1 'y,%pgc), entailing since p%) is maxi-
malforzgg) =/+1.

On the other hand, observe that ¢ + v takes the same value at any two connected
nodes belonging to aggregates (1; ), (k)) and (ig W 41 Z(k)) Moreover, ¢ + v vanishes on
the boundary of the region delimited by box aggregates. Hence, the only contribution

to (€ + V)T A.(C 4+ V) as expressed by (5.38) comes from connections between (ig;k),iék))

and (zé ),23(,, )+ 1). In this latter case, let j; and j be two connected nodes belonging
to aggregates (iggk),z‘ék)) and (zé ),zg,k) + 1), respectively, with iék) < 2¢. For every box
aggregate k, let ky (resp. k_) be the set of two nodes belonging to this aggregate with

larger (resp. smaller) abscise. One then has

;

T~ (£—|€+1—z(k)|) 1f1<2é)<€+1and31€k_
20— 0+1—iP+1) it 1< <0+1and j; € ky
701 1fz;(,:):€—|—1andjlek‘,
=1 it i =04+ 1 and ji € by
20— je+1—iP|+1) ife+1<il <204 1and jy €k
20— 10+1—iP) i1 <i? <2041 and j; € ke

‘ (E—i_G)jl - (E_‘_;)Jé ‘ =

\

Therefore, using ([5.38]) with, this time, the first term being nonzero and the second one

vanishing because of the limited scope of ¢ + v, we have

SO ~ 1+d
T _ (.2 -2
(c+Vv) AT(C—FV)(T —|—2> Z 1
z(k):€+1
1<l <20
+(2rd) Y - =i )2+ (e —-i)?)
1<iM <41
1<l <20
k)2 k 2
= T - T - 2 (3 -
@ +1+d) et +2(P+d) e > (k) +(‘§) 1))

=2 +1+d) 7 +2(72+d) (3s(0),
whereas

VIDV =vivy(2d + 2) Z (20— 0+1— iék) )2
1<il <2041
M=t
+vive(d+7?) > = je+1-iP))?
1<z§,’“)<2£+1
<i? <1

=4 (7 + 1)(d+ 1)+ (d+ 7)) £725(0).
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Hence, vI' Dv = O(f) whereas (€ + V)T A5t (€ + V) = O(1), showing with (5.55)) that
(5.44) holds with ¢ = O(¢~!), and therefore, together with (5.63), proving the asymp-

totical sharpness of the estimate.

5.6 Conclusion

We have developed an analysis of an aggregation-based two-grid method for SPD linear
systems. When the system matrix is diagonally dominant, an upper bound on the
convergence factor can be obtained in a purely algebraic way, assessing locally and
independently the quality of each aggregate by solving an eigenvalue problem of the size
of the aggregate. Our analysis also shows that nodes for which the corresponding row
is strongly dominated by its diagonal element can be safely kept outside the coarsening
process (see Proposition .

We have applied our bound to scalar elliptic PDE problems in two dimensions,

showing that aggregation-based two-grid methods are robust if

e in the presence of anisotropy, one uses linewise aggregates aligned with the direc-

tion of strong coupling;

e in the presence of discontinuities, one avoids mixing inside an aggregate nodes
belonging to a strong coefficient region or its boundary with nodes interior to a

weak coefficient region.

Furthermore, we have shown that the bound is asymptotically sharp when a significant
part of the domain is regularly covered by box or line aggregates of the same shape.

Note that we have conducted the analysis in two dimensions for the sake of simplicity.
The same type of analysis can be developed for three dimensional problems, leading to
similar conclusions.

Our results may also have an impact on practical aggregation schemes. Because of
the above mentioned sharpness, it is indeed sensible to expect that aggregation methods
can be improved by improving aggregates’ quality. And because aggregates’ quality is
cheap to assess, this parameter can effectively be taken into account in the design of
aggregation algorithms. For instance, one may a posteriori check aggregates’ quality
and break low quality aggregates into smaller pieces. It is also possible, in a greedy-
like approach, to decide whether a node (or a group of nodes) should be added to an
aggregate according its impact on the aggregate’s quality and/or select the neighboring
(sets of) nodes that are the most favorable in this respect. These practical aspects are

subject to further research.



Chapter

Fourier Analysis of aggregation-based two-grid

method for edge element

Summary
We consider Reitzinger and Schober]l multigrid method for curl-curl problems discretized
with edge finite elements. We perform a Fourier analysis of its two-grid variant and show
that the corresponding convergence rate can be bounded independently of the problem
size. This result is also compared with the actual two-grid convergence, indicating that
the analysis is accurate. Some numerical experiments are further performed in multigrid
setting with various cycling strategies, showing that an optimal implementation of the

method may be obtained when using the K-cycle.

6.1 Introduction

We consider multigrid methods for linear systems resulting from the discretization with

edge elements of
curl(acurl(E)) + BE =f on Q, (6.1)

where o, 8 > 0 and  C R3. This problem arises when the vector potential is computed
in magnetostatics, when time-harmonic formulation of Maxwell’s equations is used, or
when eddy current approximation is considered (see [8,5] and the references therein).
Note that, since edge element discretization is performed on , the degrees of freedom
in the linear system are associated with edges.

It is well known that standard multigrid techniques, if applied to such discretized
problems, have poor convergence properties. When the multigrid hierarchy is induced
by the refinement of an underlying coarse mesh, as in geometric multigrid, it is further
proved in [77] that a two-grid method can not be optimal if based on a simple point
smoother (like standard Jacobi or Gauss-Seidel). Modifications of standard multigrid by

either using special smoothing techniques [29}2] or by decoupling multilevel hierarchies

113
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for edge and node unknowns [30,35,4] have been proposed recently to overcome this
difficulty.

Here we consider more precisely an algebraic multigrid method based on the coarsen-
ing by aggregation of edge unknowns, as introduced by Reitzinger and Schoberl in [52].
The main idea behind this approach is to perform the aggregation of edge unknowns
so that it also corresponds (via a given edge-node incidence matrix) to an aggregation
of nodes. Doing so, one insures the correct representation of the near null space of the
problem on coarser levels.

Note that, alike classical multigrid methods based on coarsening by aggregation
[11,120,48], Reitzinger and Schoberl (RS) approach has low computational cost per it-
eration and modest storage requirements. However, similarly to classical aggregation
techniques, piecewise constant (up to the edge’s orientation) prolongation is used, which
in turn results in level-dependent convergence behaviour with V-cycle setting (as already
observed in [52]).

Regarding aggregation techniques for elliptic boundary value problems, several ap-
proaches have been proposed recently to overcome this lack of optimality. One consists
in using, instead of simple V-cycle, a more sophisticated K-cycle, in which Krylov sub-
space acceleration is performed at each level [49]. It is also possible to improve the
scalability by increasing the number of smoothing steps on coarser levels [32]. Such
approaches can also be implemented with RS algebraic multigrid, keeping the original
advantage of modest resource requirements. As for the second implementation, numer-
ical experiments in the original RS paper [52] seem to indicate that this approach has
level-dependent convergence similar to that of V-cycle. Regarding the implementation
of RS approach with Krylov-based (K-) cycling strategy, it is however an open question
to what extent level-independent convergence properties can be obtained.

Here we investigate this point. We start by assessing the two-grid convergence of the
RS approach, since a (truly) multigrid method can not be optimal if the convergence rate
of the corresponding two-grid scheme deteriorates with the problem size. We evaluate
the convergence properties using Fourier analysis. This technique was adapted only
recently in [9] to curl-curl problems and, as far as we know, no such analysis is available
for the RS approach.

More precisely, a (local) two-grid Fourier analysis for a two-dimensional model prob-
lem based on geometrical (bilinear) prolongation operator is performed in [|9] for hy-
brid [29] and AFW block [2] smoothers. Here we extend presented ideas to a piecewise
constant (RS-like) edge prolongation and show that the considered two-grid scheme with
hybrid smoother has level independent convergence properties in three dimensions. The
use of three-dimensional setting is motivated by its importance in the field of electro-

magnetical computations.
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Note that instead of using the local Fourier analysis framework, we perform an ex-
act Fourier analysis for problems with periodic boundary conditions. Both approaches
are quite similar, the latter allowing however to account for the grid size. This further
enables to supplement the Fourier analysis results with the assessment of convergence
properties of the two-grid scheme for the same problem with Dirichlet boundary condi-
tions. Their comparison indicates that Fourier analysis gives an accurate prediction of
the convergence rate.

Once the level-independent convergence is proved for a two-grid scheme, some nu-
merical experiments are performed using the corresponding multigrid ingredients with
V-, W- and K-cycles (the two latter approaches have similar operation count per itera-
tion). The results indicate that the convergence speed in the case of the first two cycling
strategies deteriorates with the number of levels, whereas the last approach has almost
the same iteration count as the two-grid scheme on the finest level.

The reminder of this paper is organized as follows. In Section we recall some
useful properties of discrete curl-curl problems and present the main ingredients of the
RS approach. In Section [6.3] we give the Fourier representation of these ingredients for
the considered three-dimensional model problem. The results of the Fourier analysis

together with numerical experiments are presented and discussed in Section

6.2 Preliminaries

6.2.1 Discretized problem

The use of edge finite elements requires the weak formulation of the problem (6.1) as

can be found, for instance, in [29]. More precisely, letting
H(cwrl; Q) = {v € L*(Q); curl(v) € L*(Q)} ,

the “weak” problem consists in determining the vector E € H,(curl; Q) C H(curl; Q)
such that

/ acurl(E) - curl(v)dV + / BE - -vdV = / f-vdV Vv € Hy(cur; Q). (6.2)
Q Q Q
This formulation can be recovered from the original problem, assuming that

/ (curl(E) X v) -ndo = / curl(E) - (v xn)do =0 (6.3)
o0 o0
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holds, through the multiplication of (6.1)) by a test function v followed by the application
of Green’s identity

/Q curl(w) - vdV — /Q w - curl(v)dV = /a (W vndo.

The condition (6.3 is fulfilled, for instance, when homogeneous Dirichlet boundary
conditions

vxn=0 VYveH (ul;Q))= Hy(curl;2)) (6.4)

are used.
In edge element discretization the degrees of freedom are associated with edges; that
is, to any edge denoted by k = (ji,72) with nodes j; and js being, respectively, the

starting and the end points, corresponds an unknown given by

J2
a:k:/ E-ds.
J

The resulting system

is then such that
A= aK.. + (h*M , (6.5)

where K. and M are matrices that correspond, respectively, to the stiffness (curl-curl)
and the mass terms in ((6.2)).

One of the reasons why classical multigrid does not suit for such problems is the large
near null space of A induced by the null space N'(K.) of K. This latter is a discrete
representation of the null space of curl(-) operator, which contains all vectors of the form
grad(f). That is, N (K.) is formed by the vectors Gv, where G is a discrete gradient
matrix. As a straightforward consequence, we thus have K..G = O. When edge shape
functions are properly normalized, it can be proved (see [8] and the references therein)
that G coincides with the edge-node incidence matrix; that is, denoting by (ji,j2) an

edge with j; as a starting node and j2 as the end node, we have

1 if k= (%),
(@) =14 =1 ifk=(j,%), (6.6)

0 otherwise.

Since G associates a given node with several edges, it can be viewed as a transfer
operator from nodal to edge representation, its transpose GT performing the inverse

operation. Note, however, that the number of nodes and edges is generally not the same
and GG, GGT #1.
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6.2.2 Reitzinger and Schéberl (RS) multigrid

It is a common practice to base the design of an algebraic multigrid method on the
definition of a problem-dependent prolongation matrix P. Once the prolongation is
available, the restriction is set to its transpose P” and the coarse grid matrix is given
by the Galerkin formula A, = PTAP. The same procedure can then be applied to the
coarse grid system, and so on, until the coarsest grid which is chosen small enough.
The above ideas can be extended to algebraic multigrid for edge element discretizations
of , provided that they are combined with an appropriate smoothing scheme (for
instance, hybrid [29] or AFW [2] smoothers).

Now, in the RS approach, one first performs an agglomeration of n nodes into n. > 0

aggregates I'r, k = 1,...,n.. The edge prolongation matrix is then defined by

1 ifj= (jl,jz) and k = (kl,kig) with j; € Fkl, Jj2 € sz
(P(e))jk = -1 ifj = (jl,jg) and k = (/{72, ]{31) with j1 € Fk:p j2 € FkQ (67)

0 otherwise.

In other words, edges are grouped together in a unique “edge” aggregate if they connect
nodes belonging to same ‘node” aggregates.

Note that, setting the auxiliary “nodal” prolongation to

1 ifjely k=1,..ne,
T " (63
0 otherwise,
one satisfies a seemingly important commutation property (see [52] for the proof)
ap™ = pleg,, (6.9)

with G and G, being, respectively, the fine and coarse edge-node incidence matrices.
The importance of the property mainly resides in the fact that the columns of G
span the near null space of A. The commutation property then ensures that the columns
of G. belong to the near null space of A, = p@7T Ape),

We also observe that the range of the prolongation matrix P(¢) as defined by
does not contain the entirety of the near null space of A. Therefore, some near null space
components of the error are not reduced appropriately by the coarse-grid correction. On
the other hand, a simple pointwise smoother R cannot reduce these components as well,
since (I — R71A)v ~ (1 — O(h?))v for any v € N(K,.). More sophisticated smoothers
should therefore be used which treat appropriately the near null space modes that are
not in the range of the prolongation.

Here we consider one of such approaches known as the hybrid smoother. Its main

idea is to smooth separately the near null space components of the error, so that they
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can be correctly approximated on the coarser grid. The hybrid smoother involves two
additional matrices: an edges R®) and a nodal R smoother. If these matrices are
chosen to be the lower (or upper) triangular part of, respectively, A and A = GTAG,
we recover the classical version of the hybrid smoother. In what follows we however
also consider diagonal (or Jacobi-like) smoothers. In the smoothing procedure given
below, the number of smoothing steps can be integer or half-integer. In the former case
an additional binary parameter 7 is used to determine if the extra half-step should be
performed in the beginning (n = 1) or at the end (n = |) of the hybrid smoothing

scheme.

Hybrid smoother: x,; = HS(x,,b,v,n)
(1) if v is half-integer and n = 7: perform the steps (b), (d)-(f) below
(2) repeat |v| times:
(a) Edge pre-smoothing: x,, + x,, + R(®) ! (b — Ax,,)
(b) Restrict to nodal variables: r = GT (b — Ax,); e =0
(¢) Forward sweep: e < e + R - (r— A(”)e)
(d) Backward sweep: e «— e + R(™) - (r— AMe)
(e) Transfer back to edge variables: x,, «— x, + Ge
(f) Edge post-smoothing: x,41 < x, + R(® - (b — Ax,,)
(3) if v is half-integer and 1 = | : perform the steps (a)-(c), (e) above

Now, the two-grid version of the RS approach based on the hybrid smoother is presented
below. Note that the pre- and post-smoothing setting are treated differently when the
number of smoothing steps is half-integer. The reason for doing so is that the resulting

two-grid (and the induced multigrid) preconditioner is then symmetric when vy = vs.

RS two-grid cycle: x,,+1 = RSrq(b, %y, v1,12)
(1) vy steps of pre-smoothing: x, < HS(x,,v1,b,T)
2) Compute residual: r =b — Ax,

3) Restrict residual: r. = P(E)Tr

(2)
(3)
(4) Coarse grid correction: e, = A;lrC
(5) Prolongate coarse-grid correction: x, < x, + Ple,
(6)

6) vy steps of post-smoothing: x,,11 « HS(x,,, 2, b, | )
When applying this algorithm, the error satisfies
A 'b — Xn+1 = Era (Aflb — xn) ,
where the iteration matrix Frg is given by

-1
B = 5 (I — p© (P<€> g AP(e)) pe’ A) st (6.10)
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The pre-smoothing iteration matrix satisfies

(1) S if 11 is integer
S = o o (6.11)
SY (I — R® ™ A)I—-GR™ " GTA) if v is half-integer,
where
S=(I-RO T A)I-Gx™ T aTA( - RO A, (6.12)
with X defined by
- X740 — (7 g T gy g T 400y (6.13)
Similarly, the post-smoothing iteration matrix is given by
Ssz) _ Sh2 » » if vy is integer (6.14)
(I —GR™ ™ GTA)(I - R® ™ A) S if vy is half-integer,

Our main objective is the analysis of the spectral radius p (Epg) of Epg, which
governs convergence of the two-grid method. We note, however, that the RS multigrid
method can be used as a preconditioner, with the preconditioner matrix Bpg in the
two-grid case given by

Erg=1—- BrgA.

Since the system matrix A resulting from the edge element discretization of is
symmetric positive definite (SPD), and since Brg can be checked to be SPD for vy = vy,
the linear system can be solved by the preconditioned conjugated gradient method [28§].
In this latter case, the relevant convergence parameter is the condition number (see,
e.g., [24, Theorem 10.2.6]), given by

>\max B A 1_>\min E
s (BroA) = (BrgA) _ (Erc)

)\min (BTGA) 1-— )\max (ETG) '

Unless the coarse grid matrix is weighted (as it is sometimes the case below), one can
check that AV2EpqA=Y2 = T — AY2BpAY? is semi-positive definite (see Theorem
3.19 in [65] for nonnegative definiteness of Brg ' — A and Theorem 2.1 in [44] with
ne > 0 for presence of zero eigenvalues) and, hence, Amin(E7c) = 0. The condition

number in such case can therefore be deduced from

1

H e S T Era)

(6.15)

and will not be reported explicitly.
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T
Note that, since AS%V) = SY7 A and AC = CT A, where C stands for the coarse

1
o5
) < A1) A>

A15V1 CTS( )TA>

grid correction, we have

p ( (V1,V2

I
©

o (S(”l)C’S v2 )

— ) (E%’”)) , (6.16)

and the number of pre- and post-smoothing iterations can be interchanged without any
impact on the asymptotic two-grid convergence. Moreover, if 1 and vo are both integers

or half-integers, using A = GT AG we have S%l/ 2)551/ D _g , which further implies

(1) o(v2) _ cquitve _ oitr2) _ o(vi+ie)
ST Sl =" Q—ST _Sl ,

and, hence,
o (E5) = p (5070500) = p (05 507) = p (05075) = p (B9

In this case the two-grid convergence factor depends only on the overall number v =
V1 + o of smoothing steps.

Now, in what follows we consider the hybrid smoother with v = 1/2, 1 and 2 smooth-
ing iterations. In the two latter cases both 1y and v are either integer or half-integer;
hence, the asymptotic convergence factor then depends only on v. The case v = 1/2
corresponds to either (v1,12) = (1/2,0) or (0,1/2). However, it follows from
that both have the same asymptotic convergence, this latter depending again on v. We
therefore report the results with respect to v instead of (v1,12), at least in the two-grid

setting.

6.3 Fourier analysis

6.3.1 Model problem

Consider now © = (0,1)® with periodic boundary conditions. The vectors in
H,(curl; Q) = Hp(curl; Q) are therefore also assumed periodic; that is, for any v €
Hp(curl; Q) we have v(0,y,2) = v(1,y,2), v(z,0,2) = v(z,1,2) and v(z,y,0) =
v(z,y,1). Note that the constraint is then satisfied since the contributions of
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opposite faces of 02 are opposite. The weak formulation can therefore be consid-
ered and the resulting problem is further discretized by trilinear (brick) edge elementsﬂ
(see, e.g., |66 p.54]) on the cubic grid (N +1) x (N +1) x (N +1) of grid size h = N~L.
Since it is sometimes convenient to refer to an edge via its position on the grid, we
also associate a triple k = (ky, ky, k») to any node unknown such that hk gives node’s
coordinate position, and to any edge unknown such that hk correspond to coordinate
position of the corresponding edge’s middle point. Note that k., a = z,y, z, is a half-
integer if the corresponding edge is oriented in the a direction and integer otherwise.

Now, following the notation in [9], we set
(AL, Ay, AL) = {(kg + Ap, by + Ay ko + ALI0 < kg, ky, k. < N)},

and let £ = 7(1/2,0,0), E¥ = 7(0,1/2,0), EF = 7(0,0,1/2) and N = Z(0,0,0) be
the index set of, respectively, edge unknowns in z, y and z directions and node unknowns.
We also note that, for any edge k, the set of its neighbours; that is, the set of edges that
have a common element with k is given by (k +t) = ((kz + to), (ky +t,), (k2 + )7,
where t € 7, with

1 1
T={t=(tetyt:) [ t,tyt: € {1, 5, 0, =, —1} and to +1, +1. € Z}

and

k ifk<N,
(k) = .
k — N otherwise .

Assuming that the matrix A arises from the discretization of (6.2]) with coefficients
a and (8 being constant, the entry (A),,s for a given edge orientation depends on the

relative edge’s position k — k/, and, hence, satisfies

ZteT S'Lz} (V)<k+t> if k € £lz] ,
(AV)ik =19 Yier 3'[cy] (V)ksty ifke el (6.17)
DteT 5'[52} (V)ktty ifke gl

Similarly to the two-dimensional analysis in [9], we associate a stencil to edges in any of
the three directions. For instance, for edges in = direction the stencil can be represented

Lthe elements that belong to the boundary edges being periodically extended to the opposite bound-
ary.
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FIGURE 6.1: Edge neighbourhood.

as a triple of two-dimensional stencils

T Sl . §la) o
—3,-3,1 33,1
[z] ] [z]
s s s
-3.—1,3 . -3.0.3 ] —3L3
T xT
ST["E](L) = ° S_1_19 * S 119 °©
2 2 2120
[] (2] (2]
S_1 4 _1 S_1g_1 S_14_1
3,-1,-4 2.0,—3 11,-3
] [x]
© S_1_1_ ° $_ 11 _ o
LL 111 111 i
] ] @ ] o s, o s o
50,—1,1 50,0,1 50,1,1 273 3020
S[130] 1 5[1361 1 5[1361 1
111 1ol 111
1.-1,3 1,04 11
[«] [x] [x] [] []
50,-1,0 50,0,0 50,1,0 ° S1_10 * 5110 ° )
[z] ] ]
*3-1-4 503 *$1-3
Sl Sl Sl (2] (o]
0,—1,—1 0,0,—1 0,1,-1 o sh o sh o
L . 119 11
L 1—3.-1, 1.3, 1]

the edges in this stencil being also represented on Figure More particularly, the
“bold” segment corresponds to the considered edge and to the entry 3[[)%’0, the other 8
edges in x direction forming the rest of the central 2D stencil; the remaining 24 edges are
oriented in y and z direction and belong to two planes, those with smaller x coordinate
corresponding to the first 2D stencil, the others being associated to the third one. For
these two stencils, the black and white bullets schematize the nodes (as on Figure
and the value between two bullets in the stencil corresponds to the edge between them
on the figure.

Note that the same stencil representation can be used in y and z directions. In
these latter cases, to avoid any confusion on the choice of directions perpendicular to
the considered edge, we assume that stencil entries SEZ],ty,ty a =y, z, of every column
have the same ¢, and the entries of every line have the same t,. Note that the stencil

in the x direction given above also satisfies this assumption.
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Now, assuming edge elements oriented in the positive axis direction, the matrices

K.. and M for the considered problem satisfy (6.17)) with

o 1 o —1 o -2 -2 -2 o —1 o 1 o
' -1 -4 —1 1 4 1
STW(Ke)=¢ || o4 o =4 of|-2 16 -2 o -4 e 4 o,
1 4 1 1 /|
o 1 o —1 o -2 -2 -2 o —1 o 1 o
(6.18)
and
[ (1 4 1] |
) — -
STV (1) = o] a 16 af]e]], (6.19)
1 4 1

respectively. The stencils are the same in the y and z directions.

6.3.2 Fourier analysis setting
For edge unknowns, we define the Fourier modes separately in each direction:
k0 _ 1 i(kaOu+ky0y+k0:)

= , if k € glal
(u[a}(e))k _ { © T nee (6.20)

0 otherwise ,

whereas for the node unknowns the usual definition is adopted

1
1/]\73

The following abbreviations are used in the rest of the chapter:

(u(8)),, = e’ = eikabuthyfythsb:) e € N (6.21)
cq = c0s(0,/2) and Sq = sin(0,/2), a=2xY,%. (6.22)

The proposition below shows that the subspace spanned by a triple of edge modes
(um () ul’(h) ul? (9)) is invariant with respect to the system matrix A if 6 € ©, where

oml, 2ml, 2ml\"
= < . .
C {( N N W > \Em,fy,ézeNandO_Em,éy,Ez<N} (6.23)

That is, in Fourier basis we have A = diag(A(#)), with A(f) given by (6.25)).

Proposition 6.1. Let A be defined by (6.5)), where K.. and M are edge matrices on
a (N+1)x (N+1)x(N+1) cubic grid satisfying (6.17) with stencils in x, y and
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z directions given by (6.18) and (6.19), respectively. Let ul®(8), a = z,y,z and © be

defined by (6.20) and (6.23]), respectively.
Then, for any 6 € © there holds

A (u(0) ull(9) ul(0)) = (u() ull(9) ull(0)) A(0) (6.24)

where
A(0) = aKee(8) + Bh*M(6) (6.25)
with
A 355+ 352 —dsis?  —sg8y(3 — 252) —s52(3 — 2s7)s.
Keo(®) = 5 | —sasy(3—252) 357 +3s2 —dsls? —(3 - 25)sys: (6.26)
—s52(3 — 257)s. —(3 — 2s2)sys; 3s2 + 3sp, — 4sZs:,

(3—2s7)(3 —2s2)
M(0) = ¢ (3 —2s2)(3 — 252) (6.27)
(3—2s2)(3 — 2s7)

and with s,, a = x,y, z, given by (6.22]).
Proof. Note that, using (6.17)), (6.18) and (6.19)), we have
1 . 4 . .
Au[z} (9) — O‘§ (8 _ 6191 o efzt% o ezﬁy - efzay
_ pi(0a+0y) _ pi(—0a+0y) _ i(0:—0y) _ e%(@ﬁew) ul ()
n oL (e_iez/2(46_wy/2 _ 4e™u/? _ iBu/2402) | i(~6y/2H0:) _ gil0u/2=0s) | i(~0y/2-62))
+ 6i92/2(4€i0y/2 — Q002 4 i0y/2402) _ (i(=0y/240z) | (i(0y/2—02) _ ei(—Gy/2—0x))) ulvl (0)
4 al (e—i92/2(4€—i9r/2 _ 4ea/2 _ Gil0n/240y) | i(=0a/240y) _ i(02/2-0y) ei(—<9m/2—6y))
6
+ 022 (4002 _ g 0212 | h0n/240y) _ (i(=0a/240y) | (0 /2-0y) _ ei(—ez/z—ey)» ul?(6)
+ ﬂ3—16h2 (16 + 4= 4 467 4 460 4 4

1y eiBaty) o i(—Ont0y) 4 i(6a—by) | (;z’(eﬁey)) ull ()
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and, after some tedious trigonometry, the last column of (6.26)) and (6.27)) follows. The

other lines are determined similarly. [ |

Regarding the edge-node incidence matrix, the general expression can be further

rewritten for the considered grid as

1 ifk, = (ke+(3,0,0)), (ke+(0, 3,0)) or (ke+(0,0, 3))
(G, =3 -1 ifky, = (ke—(5,0,0)), (ke—(0,3,0)) or (ke—(0,0,3)) (6.28)

0 otherwise.

The following theorem gives the Fourier representation of G.

Proposition 6.2. Let G be defined by (6.28]) on a (N+1) x (N+1)x (N+1) cubic grid.

Let ul(0), a = x,y, 2, u(8) and © be defined by (6.20), (6.21) and (6.23)), respectively.
Then, for any 0 € © there holds

G7T (um(e) ul (6) u[ZJ(e)) = 2iu(0) (s, 8y 52 (6.29)

and with sq, a = x,y, z , given by (6.22)).
Proof. Note that for any k € A there holds

(GTul (0)), = 1 (ei((kw+1/2)91+ky6y+kzﬁz) B ei((kw—1/2)9w+ky0y+k20z))

VN3
_ <ei91«/2 _ e—i61/2> (u(6))x

= 2isin (6,/2) (u(#))x,

which gives the first entry of (6.29)). The proof for the other entries is similar. [

Now, we assume that N is even and consider two types of aggregation patterns:

(xy) we aggregate nodes into squares in xy-plane, leading to
I‘iy = {(2ks, 2ky, k), (2kz+1,2ky, k.), (2kg, 2ky+1, k), (2kz+1,2k,+1,k.)}

with kg, ky, k. being integer and such that 0 < 2k, 2k,, k. < N.

(xyz) we aggregate nodes into cubes by grouping the nodes

VY7 = {(2ky, 2ky, 2k.), (2k,+1, 2Ky, 2k.), (2kg, 2ky+1,2k.), (2k,+1,2k,+1,2k.),

(2ky, 2ky, 2k, +1), (2ky+1,2ky, 2k, +1), (2ky, 2k, +1, 2k, +1), (2k,+1,2k,+1,2k.+1)} ,

with £, ky, k. being integer and such that 0 < 2k,, 2k, 2k, < N.
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We extend our coordinate notation to the coarse grid edge unknowns, letting

{(ke+ADg, ky+ Ay, ko 4+A|0 < 2k, 2k, k. < N)}  if 0 =uzy,
IZ(Aasv Ay, Az) =
{(kz+As, ky+Ay, k. +A|0 < 2ky, 2k, 2k, < N)} if £ = zyz,
and setting their index set to 5}35] = Z,(1/2,0,0), S}y] = IF(O, 1/2,0) and Sl[z} =
74(0,0,1/2), ¢ = xy, xyz, for edges oriented in z,y and z direction, respectively.
The edge prolongation defined by is then given for any k = (k;, ky, k.) by

(Wi, + (W),
Ky = (2k,+1/2, 2k, +1, k.), ko = (2ky +1/2,2k, k)  if k€ EL
T (W)kl + (W)k2 )
(PO Whe={  ky=(2k,+1,2k,+1/2,k.), ko= 2k, 2k, +1/2,k.) ifke &l (6.30)
(W, + (Wi, + (Wi + (W),
Ky = (2k,+1,2ky+1,k.) Ko = (2, +1, 2k, k) |
Ks = (2ky, 2k, +1, k)  ky = (2kz, 2k, k) ifk e .

in (xy) case and by

(W, + (Wi, + (Wi + (W),
Ky = (2ky+1/2, 2k, +1, 2k, +1), ko= (2k,+1/2, 2k, 2k.),
ks =(2kp+1/2,2k,, 2k, +1), Ky = (2kp+1/2, 2k, +1,2k,) ifk € £, |
(W)kl + (W)kz + (W)ks + (W)k4 )
P wik=1 ki =(2k,+1,2k,+1/2, 2k, +1), ko= (2k,, 2k, +1/2, 2k.), (6.31)
ks = (2ky, 2k, +1/2,2k.+1), kg = (2ky+1,2k,+1/2,2k.) ifk € Y.
(W)kl + (W)kz + (W)k3 + (w)k4 ’
Ky = (2K, +1, 2k, +1, 2k, +1/2), Ko = (2K, 2y, 2k, +1/2),
ks = (2ky, 2ky+1, 2k, +1/2), ky=(2ky+1,2k,, 2k.+1/2) ifk € 5L

in (xyz) case. Further, we define the coarse grid Fourier modes for ¢ = zy, zyz, and
a=uz,y,z, as
(“/Ea}(g)) = { Tt v tleed (6.32)

k 0 otherwise .

As shown in the following proposition, the frequency aliasing is then such that all Fourier
modes ([6.20) corresponding to the frequencies in ©,(0), ¢ = zy,xyz, lead to a unique

frequency on the coarse grid, with
Ouy(0) = ((0z, 0y, 0)", (0 + 7, 0y, 0.), (04, 0y +, 0.)", (0, +m, 0, +7,0,)"), (6.33)

and

Gmyz(e) = ((em an 02)T7 (6‘1"‘777 9y7 ez)Ta (9307 9y+7r7 ez)T7 (930"_777 9y+777 ez)T
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(0, Oy, 0.+m)", (0+m, 0y, 0.4m)T, (0, Oy+m, 0.47)", (Op+7, Oy+m, 0.+m)7) . (6.34)

Proposition 6.3. Let Pa(cz), Oy and ngf,)z, Oy be defined by , and by
, , respectively. Let ul () and uy](ﬁ), a =92, = xy xyz, be defined
by and and set s, and ¢, as in .

Then, for any (61,602,03,04) = @xy(%]r\f”, 27}51’, 27;\%), Uy by, l, € N, and for any
a=x,y, 2, there holds

T
P (ul(01) ul(62) ul(05) ul(62)) = ule)(6.) Pay(80)"

T
2l
where 0, = (22’]’\?% 22, 2“'2) and

N N
—2¢i(0x+6y)/2 (—cy icy isy sy) ifa=ux,
Pwy<9c)H =q —2ei0at6y)/2 (—Cq isp iCy Sy ) ifa=y,

—4¢t(02+0y)/2 (—CyCy QCySy i8yCqy SySe) ifa=z.

Similale7 fO’I" any (917 927 935 047 957 967 97, 08) = @:tyz(M 27l'£y7 Q%Z ), gg;, gy, fz € N,
and for any a = x,y, 2z, there holds

T H
P (ul)(0r) ul)(82) ull(05) ul(0,) ul)(65) ul)(86) ull(07) ul(65)) = ule).(6.) Pl.(6.)

Yz TYz

T
2
where 0, = (227}\/@“’, 2 %y, 227;\?2) and

—4eM0sF05H0:)/2( ¢ ¢, icyc, is,C. S,C. iCyS. CyS, SyS. —isys, ) ifa=w,
)H

73:,[0‘;}2(90 — 400y +02)/2(_c ¢, isyC, iCuC. SpCo 1C4S, SpS, CuS, —iSgS, ) ifa =1,

202 40,40.)/2( _ ‘ ' ; i o =
4ei(0+0y+02)/ (—CgCy iS4Cy UCxSy SpSy 1CxCy SypCy CpSy —iSgSy ) ifa=z.

Proof. We indicate the proof for PQSZ) when a = z, the proof is similar in the other

cases. For any k € 59[63;], setting 61 = (04, 60y,0.), we have

(PQEZ)T u[x](el))k _ ei((2k1+1/2)9,+(2ky+1)0y+kz(92) + ei((2kz+1/2)91+2ky9y+kzez)
_ eik956i91/2(1 + €i9y)

(Pagg)Tu[x](Qz)) — i((2ha+1/2) Ot m)+(2hy+1)0y+h202) 4 oi((2ka+1/2) (O+m)+2ky 0y +K-0:)
k

_ eik9c€i2kzﬂ'ei(91+ﬂ)/2(1 + eiﬁy)

(PQEZ)T um(ﬂs))k = i(2ka+1/2)00+(2ky +1) (Bytm)+hz02) 4 (i((2ka+1/2)00+2ky(By+m)+k=62)

_ eikGCeiex/Q(l _ eiey)

<POEZ)T u[x](94))k — i((2ka+1/2)(0x+m)+(2ky+1) (Oy+7)+k202) + ot ((2ka+1/2)(0n+m)+2ky 0y +k20=+)

— ik yi2kom i(00+T) /2(1 _ eiey)
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and, since 1+¢'v = cyewy/Q, 1—ety = —isyeiey/Q, ¢™/2 — i and e2k+™ = —1, the desired
result follows. [ |

Now, note that the Propositions and imply that botlh the system matrix A
and the coarse grid correction matrix I — Pe(e) PE(E)T APe(e)) ) PE(E)T A L=y, xyz,
with P, given either by or by , possess invariant subspaces

N N N (6.35)

{u[a](ﬁ) la =z,y,z and 6 € 65(27%96 2mly 27%2)}
with £, ¢,, (. being integer. Since the union of such subspaces for 0 < €,,0,,¢, < N
forms an orthogonal basis in R3V 3, the coarse grid correction matrix has a block diagonal
structure in such basis with m x m blocks (m = 12 in the (xy) case and m = 24 if (xyz)
is considered). If, in addition, the subspace is invariant under the smoothing
iteration matrix , the same conclusion on the block structure holds for the two-
grid iteration matrix ; that is, in the Fourier basis Epg = diag (55175%52) with
Ee, 0,6, being a m X m matrix. The invariance requirement on the smoothing iteration

matrix is in turn fulfilled if there exist matrices R(¢) and R such that

R (ul)(0) ul(9) uFl(0)) = (u(6) ul(9) ull(0)) (o), (6.36)
R™u(h) = u(®)R™ (0). (6.37)

It is then possible to assess the two-grid convergence factor via the spectral radii of
ng’gy’gz, namely

p(Brg) = max p(Ze,¢,.0.) -

z sty Lz

If both R(®) and R(™ are of Jacobi type; that is, if

1
R®) = —_ diag(A), (6.38)
w(e)
1
R™ = — diag(A™), (6.39)
w(”)

then (6.36)) and (6.37)) hold with

1 16 16
@@= — [a— 222 g
RO(6) = — <a + Bh 36> "

6
1 . (n) . T 1 28
= — diag(A'") = — diag(G MG):Tﬁh 3
wn

" 1
RU(6) = — O

the second equality of the second line coming from K..G = O.

If R and R™ are of Gauss-Seidel type; that is, if R(®) and R are (up to some
reordering of unknowns) upper (or lower) triangular part of A and GT AG, respectively,
then the relations and are not satisfied. However, following the usual
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practice [61,68,[8], we can approximate these matrices by R® and R™ which satisfy
(6.36) and (6.37)), respectively.

In particular, since A = GT MG has the following three-dimensional stencil

-1 -2 -1 -2 0 =2 -1 -2 -1
-2 0 -2 0 32 0 -2 0 -2 )
-1 -2 -1 -2 0 =2 -1 -2 -1

which also correspond to a trilinear discretization of Poisson equation, the stencil of R™

can be chosen as

1 00 o][-1 -2 -1
Ay — LT ~ _
ST(R)H[}osQo 2 0 2],

2 0 —2 || -1 —2 -1

if the nodal unknowns are updated in lexicographical order. Then,

RM™(9) = 1—12(32 —de™ " (3 — 352 — 3s] +4s2s?) — de (1 — 252)),
with 0 = (6., 0y, 0.) € ©.

For the edge Gauss-Seidel smoother, different strategies can be considered, depending
on the order in which the edge unknowns are updated.
direction-based strategy: edges in x direction are updated before those in y direction,
which in turn are updated before those in z direction; the ordering inside each direction
is lexicographical.
point-based strategy: edges that are associated to a particular node are updated
one after another (if not associated to an already updated node; that is, if not already

updated) ; the nodes are considered in lexicographical order.
The first strategy can by approximated by the stencil

0 0 0

ST[QJ](E(E)) = %Oz [ ° } —2 16 0 [ ° }

+%ﬂh2 [.} 4 16 0 [.}
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in x direction, by

__olo—l o__O 0 O__o—lolo__
) 0 0 0 0 0 0
sT[yl(fz(e)):Ea o 4 e —4 o ||—-2 16 0 o —4 e 4 o
0 0 0 0 0 0
o1l o —1 o -2 -2 -2 o —1 o 1 o
[ [0 0 o] |
+ L g2 [ } 4 16 0 [ ]
36 y I
1 4 1
in y direction and by
[ 61 o -1 o]l 0o o o] o <1 1 o]
. -1 —4 -1 1 4 1
ST[Z](E(E))zéa o 4 4 o ) 16 0 o -4 e 4 o
1 4 1 -1 —4 -1
o 1 o —1 o -2 -2 -2 o —1 o 1 o
[ [0 0 o] |

in z direction. The corresponding Fourier block can be evaluated as in the proof of

Proposition [6.1], and is given by

- 1 . , . 1 . . 1 .
R(e)(ﬁ )11 = a§(8 —e Wy _ om0 _ 2(1 - 282)6_’@) + ﬁh2§(4 +e Wy 470 4 5(1 — 283)6_192)

~ 1 ) . . 1 ) ) 1 )
(RO0)22 = ag(8 — e — e —2(1 = 257)e %) + o Bh*(4+ e + e 4 (1 - 257)e ™)

~ 4
(R(e)(G))gg = —a§(3 — 2s§)sysz

~ 1 . . . 1 , ) 1 .
(R(0))33 = oag(s — e _ 70y _9(1 — 282)e7 ) + ﬁh2§(4 + e We 0y 4 5(1 — 252)e7M0) .
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The second strategy corresponds to the stencil
[ 600 0ol 0 o0 0]] o 0 o0 olf]
) -1 0 0 1 0 0
STE(R®)) = 5% o 4 0 o -2 16 0 o —4 e 0 o
1 4 1 —1 —4 —1
o1l o -1 o -2 -2 -2 o —1 o 1 o
[ [0 0 0] ]
1
+ 36 ° 4 16 0 ° ,
Bh?
1 4 1
in x direction, to the stencil
[ o000 0o 0 o of] 0 o0 ol
. —1 0 0 0 0 0
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TABLE 6.1: Convergence factor of a two-grid method with Jacobi hybrid smoother,

N v=1/2 v=1 v=2
50  xy. 0.852  0.794 0.755
xyz. | 0.852  0.794 0.755
100 xy. 0.853  0.796 0.759
xyz. | 0.853  0.796 0.759
150  xy. 0.853  0.796 0.760
xyz. | 0.853  0.796 0.760

estimated via Fourier analysis.

point-based direction-based
N v=1/2 v=1 v=2|v=1/2 v=1 v=2
50  xy. 0.745 0770 0.723 | 0.716  0.739 0.716
xyz. | 0.770  0.777 0.726 | 0.716  0.740 0.716
100  xy. 0.751  0.782 0.748 | 0.722  0.752 0.741
xyz. | 0.776  0.789 0.751 0.722  0.753 0.741
150 xy. 0.752  0.785 0.753 | 0.723  0.755 0.746
xyz. | 0.777 0.792 0.756 | 0.723  0.755 0.746
200 xy. 0.752  0.786 0.755 | 0.724  0.756 0.748
xyz. | 0.777  0.793 0.758 | 0.724  0.756 0.748

TABLE 6.2: Convergence factor of a two-grid method with various Gauss-Seidel variants

of hybrid smoother, estimated via Fourier analysis.
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6.4 Numerical results

6.4.1 Two-grid method

For the numerical investigations that follow, we set « = 1 and 8 = 0.01. When Jacobi
smoothers and are considered, the weights are chosen to be w(®) = 1/3
and w(™ = 2 /3. This choice corresponds to the biggest values of weights such that the
iteration matrices I — R(®) " Aand I — R™ " A are still positive definite for any N.
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v=1/2 v=1 v=2

N FA D FA D FA D

20 xy. | 0.845 0.825 | 0.779 0.743 | 0.725 0.671
xyz. | 0.845 0.844 | 0.779 0.775 | 0.725 0.721

30 xy. | 0.850 0.835|0.788 0.763 | 0.744 0.707
xyz. | 0.850 0.849 | 0.788 0.786 | 0.744 0.741

40 xy. | 0.851 0.840 | 0.792 0.772 | 0.752 0.721
xyz. | 0.851 0.851 | 0.792 0.791 | 0.752 0.749

TABLE 6.3: Comparison of Fourier analysis and actual two-grid convergence factors in
the case of Jacobi hybrid smoother.

v=1/2 v=1 v=2

N FA P D FA P D FA P D

20 xy. | 0.711 0.640 0.600 | 0.689 0.683 0.646 | 0.573 0.587 0.583
xyz. | 0.733 0.680 0.681 | 0.702 0.698 0.717 | 0.583 0.600 0.659

30 xy. | 0.733 0.675 0.639 | 0.741 0.746 0.693 | 0.667 0.678 0.636
xyz. | 0.757 0.714 0.715 | 0.749 0.746 0.746 | 0.672 0.683 0.706

40 xy. | 0.741 0.687 0.662 | 0.760 0.750 0.715 | 0.705 0.711 0.672
xyz. | 0.766 0.727 0.710 | 0.768 0.763 0.758 | 0.708 0.715 0.724

TABLE 6.4: Comparison of Fourier analysis and actual two-grid convergence factors
for point-based Gauss-Seidel hybrid smoother.

We first consider Fourier analysis for large problem sizes. The corresponding results
are given in Table for the Jacobi version of the hybrid smoother and in Table
for the different variants of its Gauss-Seidel version. The asymptotical values of the
convergence are (approximately) reached for N = 100 in the former case and for N = 150
in the latter. In both cases, the (almost) asymptotical values are bounded away from 1,
showing that RS approach has h-independent convergence properties in two-grid setting.

Note that periodic boundary conditions are rarely used in practice, their main pur-
pose here is to make the exact Fourier analysis possible. It is therefore instructive
to compare previous results with convergence factors of similar problems with realis-
tic boundary conditions. Here, the comparison is made with the problem having
Dirichlet boundary conditions and discretized on the cubic grid (N+42) x (N+2) x (N+2)
of mesh size h = (N + 1)~!. Observe that, assuming the same number of unknowns,
this value of h differs slightly from the one defined in periodic case.

Now, the convergence factors for problems with periodic (FA) and Dirichlet (D)
boundary conditions are given in Table for the Jacobi hybrid smoother. Tables
and present the same information for smoothers of Gauss-Seidel type. In both cases,
we have evaluated real convergence factors using ARPACK [36] routines. Note that,
when a Gauss-Seidel smoother is considered, the corresponding matrices R(®) and R

are approximated by R@ and R™ in order for Fourier analysis to be applicable. That
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v=1/2 v=1 v=2

N FA P D FA P D FA P D

20 xy. | 0.673 0.662 0.602 | 0.479 0.642 0.599 | 0.560 0.538 0.537
xyz. | 0.675 0.665 0.668 | 0.659 0.655 0.670 | 0.568 0.554 0.608

30 xy. | 0701 0.698 0.652 | 0.709 0.702 0.652 | 0.658 0.651 0.603
xyz. | 0.701 0.698 0.697 | 0.710 0.702 0.697 | 0.660 0.657 0.679

40 xy. | 0.711 0.709 0.671 | 0.730 0.726 0.685 | 0.697 0.694 0.643
xyz. | 0.711 0.709 0.709 | 0.730 0.726 0.729 | 0.698 0.697 0.707

50 xy. | 0.716 0.715 0.682 | 0.739 0.739 0.702 | 0.716 0.714 0.670
xyz. | 0.716 0.715 0.713 | 0.739 0.741 0.739 | 0.716 0.716 0.720

TABLE 6.5: Comparison of Fourier analysis and actual two-grid convergence factors
for direction-based Gauss-Seidel hybrid smoother.

5 point-based GS direction-based GS Jacobi

v=1/2 v=1 v=2|v=1/2 v=1 v=2|v=1/2 v=1 v=2
1 0.777 0.792 0.756 | 0.723  0.755 0.746 | 0.853  0.796 0.759
0.8 | 0.737 0.755 0.701 | 0.639  0.697 0.684 | 0.837 0.760 0.704
0.6 | 0.686 0.706 0.614 | 0.472 0.605 0.581 | 0.819 0.712 0.618
05| 0.659 0.675 0.551 | 0.447 0.536 0.499 | 0.809 0.682 0.555
04| 0.644 0.642 0376 | 0594 0.444 0.376 | 0.798  0.667 0.474
03| 0.854 0.809 0.673 | 0.854 0.809 0.673 | 1.166  0.667 0.667

TABLE 6.6: Dependence of convergence rate on v for (xyz) prolongation and various
smoothers.

is why in this latter case the convergence assessed via Fourier analysis (FA) does not
coincide with the actual two-grid convergence for problem with periodic (P) boundary
conditions.

Regarding the values in these three tables, we observe that the Fourier analysis
seems to give an accurate, although sometimes pessimistic, estimate of the real two-
grid convergence. More generally, in view of all results presented so far it appears that
Gauss-Seidel implementations are superior to the Jacobi ones; the difference between
point-based and direction-based variants of Gauss-Seidel is small, the latter performing
globally better. We also observe that the use of more smoothing steps does not neces-
sarily pay off, and in some cases it can even slightly deteriorates the convergence; the
use of v = 1/2 (or vi,vy = 1/2 in case of symmetric multigrid method) seems to be
a good choice. Regarding the prolongations considered, the performance of (xy) and
(xyz) variants is similar, the latter being more attractive because of the faster decrease
in the size of coarser grid(s).

It is observed in [11] in the context of aggregation-based multigrid for Poisson-like

problems that a simple way to improve convergence is to use a weighted coarse grid
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vy point-based GS direction-based GS Jacobi
1/1,1/2:1/2 I/l,l/gzl 1/1,V2:1/2 V1,I/2=1 1/1,1/2:1/2 I/l,l/gzl

1 4.80 4.10 4.08 3.94 4.90 4.15
0.8 4.26 3.36 3.45 3.19 4.43 3.43
0.6 3.82 2.32 2.82 2.43 4.05 2.73
0.5 3.70 2.32 2.56 2.08 3.94 2.39
0.4 3.93 2.38 2.53 2.02 3.92 2.37
0.3 4.58 2.67 2.68 2.04 4.23 2.66

TABLE 6.7: Dependence of condition number on « for (xyz) prolongation and various
smoothers.

correction instead of the usual one. The same observations hold in the present edge-

based two-grid setting, replacing (6.10]) by

—1
Brg = 5" (I —~47lp (P<6> g AP@) pe’ A) st

as can be seen in (xyz) case from Table Since the relation is not necessary
satisfied for v # 1, we report in Table the variation of condition number with the
weighting factor. Note that the optimal value v ~ 0.4 of the weighting parameter is
almost independent of the smoother (except for the condition number in case of point-
based Gauss-Seidel), and leads to a substantial decrease in the convergence rate (by
a factor of two or more for both Gauss-Seidel variants) and slightly less substantial

decrease in the condition number.

6.4.2 Multigrid implementation

We now consider the multigrid implementation of the RS algorithm. The convergence
behaviour of the method is investigated for V- and W-cycles [61], as well as for the
Krylov-based cycling strategy [49]. This latter is implemented as in Algorithm 3.2
from [48], with flexible conjugated gradient (FCG) acceleration at every level and with
t = 0 (that is, exactly two FCG iterations are performed). Since the choice of FCG
is relevant if the preconditioner is symmetric, we set 14 = vo in what follows. The
resulting multigrid method is itself used on the finest grid as a preconditioner for the
FCG(1) method from [45] (which amounts to standard conjugate gradient method in
the case of V- and W-cycles).

In what follows we consider (xyz) prolongation with a direction-based Gauss-Seidel
smoother as the most interesting combination. This case is supplemented with the
Jacobi hybrid smoother to illustrate the effect of a less efficient smoothing scheme. The
iteration counts for the three cycling strategies are given in Table for the periodic
case and in Table[6.9 for the Dirichlet one. In all cases the iterations counts are obtained

using 10 randomly chosen right hand sides (the same for three cycling strategies) and
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Jacobi direction-based GS
nbr. vy, vg =1/2 v, v =1 vy, v =1/2 v, vg =1
grids| V. W K|V W K| V. W K| V W K
2 22 22 22|19 19 19 18-19 18-19 18-19 16 16 16
3 35-36 30 24-251| 29 24 20-21 | 25-26 22 19 21 17-18 16
4 43-44 36-37 25| 33 27-28 20-21 29 24 19 25 20 16
5 51 41 25-26 | 38 31 21-22 35 28-29 19 | 28-29 24 16

TABLE 6.8: Iteration counts for various cycling strategies; periodic boundary conditions
are considered; the finest grid corresponds to N = 33 (98304 edge unknowns).

Jacobi direction-based GS
nbr. vi, v =1/2 vy, Vg =1 vi, v =1/2 vy, vg =1
gids| V. W K| Vv W K| V W K| VvV W K
2 23 23 23|20-21 20-21 20-21 19 19 19 16 16 16
3 39 32-33 28| 32-33 27 23 28 23-24 20 |22-23 19 17-18
4 51-52 42 29 |40-41 33 23 31 26-27 20|23-24 19-20 17-18
5 57-58 45-47 30 | 42-43 34-35 23 | 31-32 27 20 24 20-21 17-18

TABLE 6.9: Iteration counts for various cycling strategies; Dirichlet boundary condi-
tions are considered; the finest grid corresponds to N = 34 (101376 edge unknowns).

reducing the residual by a factor of 10!, Regarding the results for the Gauss-Seidel case
we conclude that, at least for the considered problem, the K-cycle multigrid converges
in almost the same number of iterations as the two-grid cycle implemented on the finest
grid. A slight increase is observed in the case of the Jacobi smoother, which is however

less pronounced than the one for V- and W-cycles.

6.5 Conclusion

We have performed the Fourier analysis of Reitzinger and Schoberl multigrid approach
on 3D curl-curl problems discretized with edge finite elements. We have shown that the
approach has level-independent convergence properties for various smoother configura-
tions and aggregates’ shapes. We have compared the results of the analysis with the
convergence rate of similar model problems and observed that the former give accurate
estimates of the later. We have observed that a few iterations of the Gauss-Seidel hybrid
smoother combined with the cubwise aggregation coarsening leads to a good compromise
between resource requirements and convergence speed. In multi-level setting, we have

observed that an almost level-independent convergence can be recovered when using

K-cycle.
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