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is the maximum over all levels of an expression involving only two consecutive levels.
More particularly, we consider the classical bound by Hackbusch, a bound by McCormick,
and a bound obtained by applying the successive subspace correction convergence theory

MSC: with so-called a-orthogonal decomposition. We show that the constants in these bounds
65F10 are closely related, and hence that these analyses are equivalent from the qualitative point
65N55 of view. From the quantitative point of view, we show that the bound due to McCormick
65F50 is always the best one. We also show on an example that it can give satisfactory sharp
prediction of actual multigrid convergence.
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1. Introduction

We consider multigrid methods for solving symmetric positive definite (SPD) n x n linear systems:
Ax=bh. (1.1)

Multigrid methods are based on the recursive use of a two-grid scheme. A basic two-grid method combines the action of a
smoother, often a simple iterative method such as Gauss-Seidel, and a coarse grid correction, which involves solving a smaller
problem on a coarser grid. A V-cycle multigrid method is obtained when this coarse problem is solved approximately with
1 iteration of the two-grid scheme on that level, and so on, until the coarsest level, where an exact solve is performed.
Other cycles may be defined, including the W-cycle based on two recursive applications of the two-grid scheme at each
level; see, e.g., [16].

When the system (1.1) stems from the discretization of an elliptic PDE, V-cycle multigrid has often optimal convergence
properties; that is, the convergence is independent of the number of levels or, equivalently, of the mesh discretization
parameter h. There are two classical ways for proving this. One way consists in checking the so-called smoothing and
approximation properties [3,4,7,8,10,11,15]. Another possibility consists in defining an appropriate subspace decomposition
and then analyze the constants involved in the successive subspace correction (SSC) convergence theory [13,14,6,18,20,
19]. So far, these approaches have only been compared (e.g., in [20]) on the basis of the regularity assumptions that an
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elliptic boundary value problem should fulfill in order to guarantee optimal bounds for the multigrid method applied to its
finite element discretization. This allows only qualitative conclusions which are further restricted to a specific context. For
instance, such a comparison does not cover V-cycle multigrid for structured linear systems [1]. In fact, a detailed comparison
of the convergence theories for V-cycle is difficult because they may be (and have been) formulated diversely. There is some
freedom in choosing the subspace decomposition for the SSC convergence theory and there is no unique definition of the
smoothing and approximation properties.

The smoothing and approximation property ideas form the basis of the early proofs [3,4,7] of h-independent V-cycle
convergence. For the case when A is SPD, the classical proof is presented in [8, Theorem 7.2.2] by Hackbusch. The conver-
gence estimate is then characterized by the approximation property constant c4, which is a maximum over all levels of an
expression involving only two consecutive levels.

An alternative approach has been developed by McCormick in [11] (see also [10,15]). Here again, the convergence esti-
mate depends on a constant § which is a minimum over all levels of an expression involving two consecutive levels.

The SSC convergence theory is more recent and also more general, since by tuning the choice of the space decomposition
one can prove some results for elliptic PDEs without requiring regularity assumptions [5]. The comparison with other
approaches is not easy because this theory is traditionally formulated in an abstract setting. In this paper, we first develop
an algebraic formulation of the theory, resulting in a bound which also depends on freely chosen quantities. Next, we
justify that this degree of freedom seemingly disappears if one adds the constraint that one must be able to assess the
main constant in the bound considering only two levels at a time. Note that this latter constraint is not only mandatory to
develop the comparison with the other two approaches. It is also very sensible in view of a quantitative analysis, where, as
we illustrate on an example, Fourier analysis setting is used to numerically calculate the bounds and compare them with
the actual convergence factor.

Transferred back into the original SSC setting, the choice for which this two-level assessment is possible corresponds
to the so-called a-orthogonal decomposition, which is also the decomposition that has been most extensively used when
analyzing multigrid methods for the class of (H?-)regular problems. Then, the bound depends mainly on a constant K and,
in this paper, we show that the three constants c4, § and K are in fact closely related, namely

K =max(1,cp)

and
-1_ .2
87 =c,,
where cf) is a Hackbusch approximation property constant for the number of smoothing steps being doubled. Hence the

three approaches are qualitatively equivalent, in the sense that they simultaneously succeed or fail to prove optimal conver-
gence. From the quantitative point of view, it further turns out that McCormick’s bound is the best one.

The reminder of this paper is organized as follows. In Section 2, we state the general setting of this study and gather the
needed assumptions. In Section 3, we develop our algebraic variant of the SSC theory and recall the results of Hackbusch
and McCormick. The comparison is performed in Section 4, and an example is analyzed in Section 5.

1.1. Notation

Let I denote the identity matrix and O the zero matrix. When the dimensions are not obvious from the context, we
write more specifically I,;; for the m x m identity matrix, and O,y for the m x | zero matrix.
For any real matrix B, R(B) is the range of B and A/(B) is its null space. For any square real matrix C, p(C) is its

spectral radius (that is, its largest eigenvalue in modulus), ||C|| = +/0(CTC) is the usual 2-norm and ||C||r = /Z,-’j CiZj the

Frobenius norm. For a SPD matrix D, ||[v|p = (v Dv)1/2 = ||D1/2v| is the associated D-norm of a vector v (if D = A, it is
also called energy norm) and

ICviip )

ICllp = max ———— = | DV/2cD~1/2|
v |Ivlip

is the induced matrix D-norm.

2. General setting

We consider a multigrid method with J + 1 levels (J > 1); index J refers to the finest level (on which the system (1.1)
is to be solved), and index O to the coarsest level. The number of unknowns at level k, 0 <k < J, is denoted nj (hence

ny=n).
Our analysis applies to symmetric multigrid schemes based on the Galerkin principle for the SPD system (1.1); that is,
restriction is the transpose of prolongation and the matrix Ay at level k, k=] —1,...,0, is given by A, = PkTAk+1P1<, where

Py is the prolongation operator from level k to level k+ 1; we also assume that the smoother Ry is SPD and that the number
of pre-smoothing steps v (v > 0) is equal to the number of post-smoothing steps. The algorithm for V-cycle multigrid is
then as follows.
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Multigrid with V-cycle at level k: x,.1 = MG(b, Ag, xn, k)

1) Relax v times with smoother Ry: X; = Smooth(x,, Ak, Rk, v, b)
2) Compute residual: 1, =b — Arxy
3) Restrict residual: re_q = P_;7%

(
(
(
(4) Coarse grid correction: if k=1, eg = Aa]ro

else e;,_1 =MG(ry_1,Ax_1,0,k—1)
(5) Prolongate coarse grid correction: ):(n =2Xn + Pr_1€x_1
(6) Relax v times with smoother Ry: ;411 = Smooth():(n, Ak, R, v, b)

When applying this algorithm, the error satisfies
A,:]b — Xpy1 = Eﬂ%(Ak*lb — Xn)
where the iteration matrix E$)G is recursively defined from
E,ﬁ%:O and, fork=1,2,...,]:
Eye = (1= R ' A)" (1 = P (1 = Eyg ) A Py A (1= Ry A)” (2.1)

(see, e.g., [16, p. 48]). Our main objective is the analysis of the spectral radius of E,(V{é which governs convergence on the

finest level. Our analysis makes use of the following general assumptions.

General assumptions

n=njy>nj_1>--->1Mp,

Py is an nyy1 x ng matrix of rank ng, k=J—1,...,0;
Aj=Aand Ay =Pl AP k=]-1,...,0;

e Ry is SPD and such that p(I — R, 'A) <1, k=J,.... 1.

Note also that most of our results do not refer explicitly to the smoother Ry, but are stated with respect to the matrices
M,({”) defined from

-1 _
I-M" Av=(1-R;"A)". (2.2)

That is, M,E”) is the smoother that provides in 1 step the same effect as v steps with Rj. The results stated with respect

to M,i”) may then be seen as results stated for the case of 1 pre- and 1 post-smoothing step, which can be extended to the
general case via the relations (2.2).
Most results depend on the following parameter:

T
w, Axw
o™ = max(l, max max M) (2.3)
1<kSJ weeR™ wT M1(<V)Wk
From p(I — R, 'Ap) <1, it follows that 0 < 2, whereas (2.2) implies
w _J1 if v is even,
W= { 14+ @D —1)" ifvisodd. (24)
Hence one has also @™ <2 for all v. Further, if @V =1, then ") =1 for all v.
We close this subsection by introducing the projector 74, which plays an important role throughout this paper:
ma, = Pr1 A Pl A (2.5)

3. Bounds on the V-cycle multigrid convergence factor
3.1. SSC theory

We consider the SSC convergence analysis as presented in Theorem 4.4 and Lemma 4.6 in [18], and Theorem 5.1 in [20].
Of course, there are more recent versions of this theory, e.g., in [19] it is obtained an identity (known as XZ-identity) which
provides the exact convergence factor. However, we do not see how to transform these further versions so that, according
to the focus of this paper, they deliver a bound that could be assessed considering only two levels at a time (while being
significantly different from the bound given by Theorem 3.1 together with Theorem 3.3). In particular, it seems clear that the
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exact convergence factor is a global quantity whose knowledge necessarily involves information from all levels. Note that
SSC ideas are also treated in algebraic setting in [17, Section 5], where both the XZ-identity and approximation property
approaches are presented, without however comparing them.

Now, we first develop in Theorem 3.1 below an algebraic version of Theorem 5.1 in [20]. We give a complete proof since
this version slightly improves the original formulation, which uses a matrix I" with same entries in the strict upper part,
but nonnegative entries in the strict lower part and positive entries on the diagonal.

Observe that in Theorem 3.1 below the freedom left in choosing the pseudo restrictions G corresponds, in the original
formulation, to the freedom associated with the choice of the space decomposition. More precisely, given a set of Gy,
k=0,..., ] —1, we can construct a corresponding space decomposition as defined in [20]. In Appendix A we show that the
converse is also true; that is, with any admissible space decomposition in the original theory, one may associate a set of
pseudo restrictions Gy such that Theorem 3.1 will yield the same bound as Theorem 5.1 in [20], except for the improvement
associated with the refined definition of I".

Theorem 3.1. Let E,(v{(); be defined by (2.1) with Py, k=0,..., ] —1, A, k=0,..., J,and Ry, k=1, ..., ], satisfying the general
assumptions stated in Section 2. Fork =1, ..., ], let M,E”) be defined by (2.2), and set M((]V) = Ap.
Let Gy, k=0,..., ] — 1, be ny x ng4q matrices, and, fork =0, ..., ], let f’k and ék be defined by, respectively,

Iv)] =1,
Py= PP, k=J—1,...,0, (3.1)
and
é] =1,
Gk =GiGry1, k=J—1,...,0, (3.2)
with P_1 =G_1 =0.
There holds
—_ o
0 2-w
E <l —7—7—7—7—, 33
PEwe) 1= o+ e 53)
where w™ is defined by (2.3),
J TEAT TV ~
v G, (I — Pr_1Gr_1) M, " (I — Pr_1Gr_1)Gyv
K(“)zmax Zk:() k( k—1%Yk ;) k ( k—1Gk—1) Gk ’ (3.4)
veR" viAv
and
0 Yo - YoJ
0 A )/1]
I = : , (3.5)
0 Yy-nJ
0
with, fork=0,...,J—1andl=k+1,..., ],
VTéIT(I — P1_1Gl_1)TIv3[TAI3ka
Yio = Max max — —-5 T o - . (3.6)
wkeR™ VeR™ (w, MW wi)V2(vT Gl (I = Pi_1Gi_)TM; 7 (I = P1_1G 1) Gv)1/2
Moreover,
Ir <o™Vig+1/2. (37)
Proof. In what follows, we omit the superscript (v) in M,iv). We first gather some useful definitions:
Qi = (I = P1Gx_1)Gy, k=0,....J;
Ty = Pr(My) "' PL A, k=0,...,J:
Fy=U-T)(I = Tg—1)--- U =T1)I—=To), k=0,...,]. (3.10)

In addition we set F_1 =1,
As shown in [17, Proposition 5.1.1] there holds

Eye=U—=TNU=Tj_p)- (=TI =To)(I = T1)- (I = Tj_)(I = T)).
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Further, since A~ = T)T = U =T A~ ! and (I — Tg)2 = — To, one has E,(V{(); = F]A”F]TA, showing that

2
o 2 IFjviia
p(Ejic) = IFyli3 = max ——2. (3.11)

Using this relation, we first show that (3.3) holds if

vIAV <K(1+1IT)) (Zv Fl AT|F_ 1v> vv e R, (312)
=0

Indeed, since AT, = TkTA and using (2.3), one has, Vv € R",

IF-avIZ = IFevliz = (Feav)T AFg_qv — (Foeqaw) (= Ti) " AU = Ti) Frq v
=2V Fl_ ATy Fyo1v — (Fo1v) T ATi(F—1v)
=2vTF | ATkFx_qv — (Fo1v)T APM, ' PLAPRM ! PTA(F_qv)
=2vTF_ | ATkFk_qv — (Feo1v)T APM, P ARM, T P AF_qv)
> 2vTF]  ATyFqv — 0™ (Feoav)TAPKM, TP A(Fy_qv)
=2 - ") F_ AT¢Fy_qv.

Summing both sides for k=0, ..., J] shows that, Vv € R",

IvIZ = IFvIZ = (2 — o (Zv Fl AT/F_ 1\/)

=0

and it is straightforward to check that this relation, together with (3.12) and (3.11), implies (3.3).
We now prove (3.12). Observe that, using (3.8), there holds

J J J
> PQ=) Pl = P1Gi)G =) (PG — PiGi) = PG — P_1G 1 =1.

1=0 =0 =0

For any v € R", one may then decompose v Av as the sum of two terms (remembering that F_; = I):

J J J
viAv=> "vTAPQv=) vTF AP Qv+ ) vI(I—F,)APQuv. (3.13)

=0 =0 =1

In order to prove (3.12), we bound separately the two terms in the right-hand side of (3.13).
Regarding the first term, one has, applying twice Cauchy-Schwartz inequality,

J J
~ 1/2 ~ 1% 1/2
S vTEL ABQv <Y (v QM) A (v FL APM; B AR v)
1=0 1=0
J 172 , 1/2
< (ZVTQITMIQ,V> (ZVTFIT_]AT,Fllv) . (3.14)
=0 =0
To estimate the second term, first observe that
I—Fq=1-(U-T_)Fy=0-F_)+T_1Fy="=) TFi_1.
Therefore,
J J -1
S ovT(I—FL)APQv=> "> vIF_ T AP Q.
=1 I=1 k=0

whereas, for any 0 <k <1< J, using successively (3.9) and (3.6) with wj = M,;llv’,ZAFk_w,
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TrT TabD _ TrpT D -1\ pT A P
vIF_ TEAPQv = (v FL_ AP M) PLAPIQuv
TAT 12T LT 5 a—1pT 1/2
<ya(v' Q MiQv) (v Fy_{APyM, ' Py AFi_qv)

= va(v QM) P (VT FL AT Fr_qv) /2.

Hence, since ||I"|| = max, % = MmaXy,y H’;T”% and using the definition (3.5) of I', there holds
/- 172 172
DvI(I=FL)AP Qv <Y ) va(vi QM) (v F ATiFi1v)
I=1 I=1 k=0
] 1/2 J 1/2
< ||F||(ZVTQ1TM1Q1V> (ZVTFkT_lATka—lv) :
1=0 k=0

Combining this latter result with (3.14), one gets

] 172 , 1/2
vTAv<<1+||F||>(ZvTQ,TM,sz> (ZvTF,T_lATIFl_lv) :

=0 I=0

Taking the square of both sides, and using (3.4) (which amounts to Zl]=0 vTQlTMl Qv < KvT Av) straightforwardly leads
to (3.12), which completes the proof of (3.3).

It remains to prove (3.7). Note that | I"|| < || |l£ = (Zl]:] 5;10 ¥&)'/2. Further, for any 0 <k <I< J and for any w € R"
and wy € R,

wT QIT PlTAﬁkwk < (WT QITIVDITAIVDI Q,w)l/z(w,f IVJkTAIV’kwk)l/2
= (WTQITI‘\zQlW)]/Z(W,f/‘\ka)l/2

<o (WT QITMIQIW)UZ(W]ZMka)l/zy

showing that ¥ < @), The required result straightforwardly follows. 0O

Now, in this paper, we focus on bounds that can be estimated considering only two consecutive levels at a time. The
following theorem helps to see when the main constant K”) in Theorem 3.1 can be set in that form.

Theorem 3.2. Let Py, and G, be defined by (3.1) and (3.2) with Py, k=0,..., ] — 1, and Ay, k=0, ..., ], satisfying the general
assumptions stated in Section 2. Then, for all v e R"

J
viAv=3 vIGy( = Pio1Gre-n)' Al = Pro1Gro1)Giv

k=0
J
+2) VTG P Al = Pi_1Gr_1)Grv (315)
k=0
J
=D VI Gr(I = Prea )" Akl + Pro1Gr-1)Gev. (3.16)
k=0

Moreover, if Py_1Gk_1 is a projector, then
(I — Pg—1Gk—1)" Ak(I + Pg_1Gr_1) (3.17)
is nonnegative definite if and only if
Gk—1= A Pl Ar. (318)

Proof. We begin, noting that v AyPx_1Gy_1vi = (v{ AxPk_1Gr—1vi)" = v} (Px—1Gr—1)" Axvi holds for all vi € R™. Using
this relation with vy = Gkv, Egs. (3.15) and (3.16) follow from
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J
> VTG + PeoqGre) T ArI = Preq Gr—1)Grv
k=0
J v v v v v v v v
=Y VTGPl ARGy — v G P APy_1Gr_qv =V Av.
k=0
Next, (I — Px_1Gr—1)T Ax(I + Px_1Gk_1) is nonnegative definite if and only if
Vi (I = Pr—1Gr1)" AT + Pr—1Gr—1)vk =0 Vv e R™
which in turn is equivalent to
Vi AkVie = Vi (Peo1Gro) T AP 1 Geq v Yy € R™,
this latter being nothing else but
|Pr—1Gr—1lla, <1.
Hence, if Py_1Gj_q is a projector, it has to be orthogonal, and, hence, symmetric with respect to the (-,Ay-) inner product

(see [12, Section 5.13]); that is, Py_1Gy_1 = ByAy for some symmetric By. This implies Gy_1 = Ck_1P,Z_1Ak with Cy_q
symmetric. Since Pj_q has full rank, Px_1G_1 is then a projector if and only if C,_1 = Ar_1; hence the required result. O

Now, consider the definition (3.4) of K"). To obtain an expression that can be assessed considering only two levels at
a time, the only possibility we have found is to express the denominator vT Av as a sum over all levels similar to the
sum in the numerator, and, assuming each term involved nonnegative, to bound the ratio of both these sums >, ax/ >, bk
by the maximum of the ratios maxy(ax/by). The first result of Theorem 3.2 tells us that such a splitting of vI Av always
exists, but the second result tells us that it is exploitable only with G,_; = A,:]P,LlAk, since otherwise there would be
negative terms in the sum of the denominator, at least for certain v.> Note that these Gj are such that Py_;Gy_q = A,
and correspond to the so-called a-orthogonal decomposition in the original abstract theory. This choice is further analyzed
in the following theorem, where we prove in particular that one has then I" = 0. Note that with the original formulation of
[20, Theorem 5.1], one could only prove || I"|| < o™.

Theorem 3.3. Let the assumptions of Theorem 3.1 hold, and let G, k=0, ..., ] — 1, be defined by (3.18). Then, K") and I', defined
as in Theorem 3.1, satisfy, respectively

T TV
KW = max(l, max max —k (U= ma) M - nAk)Wk) (3.19)
1<k<J wyeR™ Wi (I — w4 )T Ap(I — 7m0, Wi
T TrsV)
w, (I—m M, (I —ma, )W
= max(l, max max k M) T K A k) (3.20)
1<k J wieR% w Awg
and
=0, (3.21)

where 1, is defined by (2.5).
Proof. We first prove (3.21). Note that (3.18) implies @1 = Af]ﬁlTA, [=0,...,] —1. Hence, for any 0 <k <1< J and all
wy € R™, v ¢ R",
wlPLAPI(I — Pi_1Gi1)Gv = w] PTAPA Pl Av — wl PTAP 1AL Pl Av
=wipPl - P[(PfAPA ) P] AV
TpT T (5T A% —1\»T
— W Py '"PI—Z(PI—IAP1—1Al—l)Pl—lAv
TpT T »T TpT T »T

=W Py PPl AV =W Py - P, Pl AV

= w,flv’,fAv — W}{-IVJIZ-AV
v« = 0 and therefore I = 0 readily follows.

3 Theorem 3.2 proves this under the additional assumption that PGy is a projector, but we did not found any usable bound based on G for which PGy
would not be a projector.
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We next prove (3.19) and (3.20). Using (3.16) and Py_1Gyg_q1 = 4, together with (I + nAk)TAk(I —mp)=0—- JTAk)T X
Ax(I — 7,) in the definition (3.4) of K, one has
W _ iy im0 VT GLT = Pioa G ) M (1 — Pyt Gy )Gy
veR" S VTCT(I — ProtGr—1)T Ak — Pi_1G_1) G
o Y VTGTU = ma) "M (I = 7a) Gev + vT Gl AgGov
veR" Z,{Zl vT(v},f(I — )T ArI — nAk)(v?kv + vTégAO(V}OV

_ wl (= ma) MY U = ma) i
<max{ 1, max max T T .
1<k wieR™ Wy (I — a,)" Al — T8, ) Wi

(3.22)

This proves that the right-hand side of (3.19) is an upper bound on K’; the right-hand side of (3.20) is a further upper
bound since

wi (I —mp) "M (I — 74 )Wy ViU —ma) MY (U — A vi
max T > max T s
wieR™ wy Apwy vieR™ V. - JTAk)TAk(I - JTAk)Vk

as seen by restricting the maximum in the left-hand side to wy = (I — m4,) v, (taking into account that (I — nAk)z =
I —ma))-

To prove that the right-hand sides of (3.19), (3.20) are also a lower bound on KW, let, for k = 0,...,], Qk =( -
Pk_lck_l)ék. Then rewrite (3.22) as

J TATnM A
K(U) — max Zk:0 v Qk Mk Qkv )
vert Sl ovT QL AQpv
Since GgPy =1, for k=0,..., J —1, Lemma B.1 in Appendix B proves that, for 0 <[,k < J with k #1,
QP1Q=Q; and QrP;Q;= Opyxn.

Restricting the maximum in (3.23) to v = P;Q;w for some 0 << J yields

(3.23)

TATn W A
w'Q M;”Qw
K(”)>ma>1<1—T’vT’ _
weR" whQ/ AilQw

o WG A= PG MY A — PG Gyw
wek' wTGl (I = Py Gi)T Al = PG Grw

o WA= PG MY (= PG w
wieR W] (I = Pi_1G_)TA|(I — Pi_1G_1)w,

the last equality stemming from the fact that G;, and hence G;, has full rank (from (3.18), (3.2), and because Pj has full
rank by virtue of our general assumptions). The conclusion follows because

w] (I = P1G_)TAl(I — PG wy = w] (I — )T Al — 7t4) Wy
=w] (A — AP AT PL A w

< W’T Aw. d
3.2. Hackbusch bound

The bound from [8, Theorem 7.2.2] is recalled in the following theorem. Note that this analysis requires ) = 1. This
condition is however not too restrictive since the smoother can be scaled to satisfy it. Note also that, according to (2.4),
™) =1 always holds for v even, and that oV =1 entails 0™ =1 for all v.

Theorem 3.4. Let EI(V{(); be defined by (2.1) with Py, k=0,..., ] —1, A, k=0,..., J,and R, k=1, ..., ], satisfying the general
assumptions stated in Section 2. Fork =1, ..., ], let M,E”) and w™ be defined, respectively, by (2.2) and (2.3).
Then, if o™ =1,
)

) Ca
Po(E < , (3.24)
( MG) quv) + 2




184 A. Napov, Y. Notay / Applied Numerical Mathematics 60 (2010) 176-192

where
¢ = max max v,f(Ak_l _ Pki]Ak_j]PkT*l)vk. (3.25)
1<k<J vgeR™ VZMI((V)_l Vi
Moreover, if o =1,
(1
p(Epe) < % (3.26)

Ca +2v.

Note that Theorem 7.2.2 in [8] considers only (3.26). The bound (3.24) is a straightforward extension (through the
replacement of M,El) = Ry by M,((”)) that will make easier the comparison with other approaches. It is not really useful
in practice since, as will be seen, (3.26) is always better than (3.24). Note, however, that (3.24) is more general since one
may have v =1 while @ > 1.

Note also that in [8] some bounds based on c4 are also proved for the W- and two-grid cycle, that are better than those
obtained by using just the V-cycle bound as a worst case estimate.

3.3. McCormick’s bound

We recall in the following theorem the bound obtained in [11, Lemma 2.3, Theorem 3.4 and Section 5] (see also [10], or
[15] for an alternative proof).

Theorem 3.5. Let Ez(v{(); be defined by (2.1) with Py, k=0,..., ] —1, A,, k=0,..., J,and R, k=1, ..., ], satisfying the general
assumptions stated in Section 2. Fork =1, ..., ], let M,iv) be defined by (2.2).

Then,
ED) <1 -sW 3.27
P(Eng) < » (3.27)
where
w1 2
Ivill, =11 =M Al
§") = min min A k A (3.28)

1<K vy R I = 7a)viell3,

with 7, defined by (2.5).
Moreover,

_ 1 _
80 < (6 v 1), (3.29)
4. Comparison

We first state our main result, which relates the constants K", c;”) and 5,

Theorem 4.1. Let K, cg’) and 5™ be defined respectively by (3.19), (3.25) and (3.28) where Py, k=0, ..., ] —1, A, k=0,..., ],

and R, k=1, ..., ], satisfy the general assumptions stated in Section 2. Fork=1, ..., ], let M,i”) be defined by (2.2).
Then

KW = max(l,ch”)), (4.1)
and
1
) _
Ca
Proof. Let

4 1/2 —-1/2
P=A P A k=1,...,].

One has



W)

C = mMmaxX max

1<k veRk

= max max
1<k ] veRk
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vI(A Y = P AL P v

T 1
v Mk %
1/2

1/2 —
VI = AP AL PT Ay

-1
vIAPM T Ay

v (I =P PDyv

185

= max max —
1SKSTveRE T Al 20071 4172,
TM(V)/ _1/2(1 P PT)2 _1/2M(V)]/2v
= max max - k
1<k<J veRk vTv
vIad P PDHA MY A 21— B Pl v
= maxX max T
1<k<J veRk vl
Since (I — Py PD)A; % = (1= AP P A L AYDAL P = A2 = a)T, this leads to
W _ VI =) "M — Ay
C = maxX max N
1<k<J veRk v Apv
hence (4.1).

On the other hand, observing that M,(czv) satisfy

-1 -1
I—M® 7 A= (1-M"" A)°, k=1,...,],

(Ot 2

Ivilg, —II1—M Arvlly

8" = min min k k 5 k
1<k< ] veRk I — ”Ak)VHAk

-1 -1
T A=A =M AT A =M Ay
= min min
1<k< J veRk vI(I — )T AT — ma )V

-1
- vI A —vT AT — M ARy
k< verk VI —ma )T A — 74,V
-1
VT A = VT = MY A
= min min

1<k<Jverk V(I —ma)TAp(I — w4 )V

-1
v AMEY T Ay

= min min T
1<k veRk VEAR(I —T4,)V
yTM@™ 1
= min min
1<k ] veRk v T(I—?TAk)Ak %
1
o f
Ca

We are now ready to compare the bounds (3.3), (3.24), (3.26) and (3.27). This is done in the following theorem.

Theorem 4.2. Let Ez(v{é be defined by (2.1) with Py, k=0,..., ] —1, A,, k=0,..., J,and Ry, k=1, ..., ], satisfying the general
assumptions stated in Section 2. Fork=1, ..., J, let M ,((”) and o) be defined, respectively, by (2.2) and (2.3). Moreover, let K™, ch”)
and §) be defined respectively by (3.19), (3.25) and (3.28).
Then
2 — oW

N
p(Eyig) <1-8" <1 - Ko (4.3)
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Further, if o™ =1,
,O(E(])) 5(u) i (4.4)
MG (v) + 2 :
and, if o =1,
(1) C(V)

c
p(Eg) <1-8M < 0 LA (4.5)
+2v ¢, +2
Moreover,
2— oW 2— oW
12279 2T, (456)
KM 2
and, if 0™ =1,
) v)
c 1 8
A< =1- ) (4.7)
Cﬁp +2 8§41 80 +1
Proof. Let us first prove two intermediate results:
) v)
c c
€A _ @ A
2 S ST um @8
and, if o™ =1,
C(M) 1
’;‘) gch“v)gg(cﬁf)+v—l), neNg. (4.9)

The first intermediate result (4.8) follows from
2v) _ ) v) =1y ,v)
M~ =My (2M1< - Ak) M
combined with
ZVkM(”) >2v) M( vy — vi Agvi > (2 — a)(”))v,ZM,EU)Vk, Vv € R,

We prove the second intermediate result (4.9) for = 1; its generalization to i > 1 is performed replacing Ry by M,ﬁ“)
in the proof below. First, the right inequality (4.9) is a consequence of (3.29) since, using (4.2) one has

1 1 1
=50/ (5(1/2) tv—1)=—(c{"+v-1)
v
where §(1/2) corresponds to the V-cycle algorithm with a smoother R such that

I—R A= (1-R 'A%

Such Ry is indeed well defined since w =1 entails that I — A]/ZR 1A]/2

hand, the left inequality (4.9) is a straightforward consequence of

is symmetric nonnegative definite. On the other

Vi M(“) vie SVVER vk, Vv e R
which we prove as follows. This relation holds if and only if

yTAPMO T A2y, <ovT AV2RST ANy, Wy e R
which, in view of (2.2) and when o =1, is satisfied if
1-(1-x)"<vx Vxel0,1];
that is, if, VA=1—-x¢€[0, 1),
1-AY
1—A

\U,

which is readily checked from 12" ="' 12l < v,
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Now, the second inequality (4.3) follows from the right inequality (4.8) combined with (4.1) and (4.2). The second
inequalities (4.4) and (4.5) are equivalent to, respectively

e > () + (e -
and
(D > (D 4 20) (2 - 1).

These inequalities follow from the right inequality (4.9), used with (u,v) = (v,2) and (u,v) = (1, 2v), respectively, com-
bined with (4.2). Next, the last inequality of (4.5) is a consequence of the left inequality of (4.9) used with (u,v) =(1,v).

Finally, inequalities (4.6) and (4.7) follow from the left inequality (4.8) combined with (4.2) and (4.1), because 8 ' > 1, as
may be seen from

sn™1 _ v

wh (I —mp) "M (I = 78 )Wy

= maxX max
1<k weeR™® Wi (I — 1wa) T Al — Ta,) Wy
2
W (I —ma)TME" (I — 7 a) Wi
= 2 2
@@V 1<k< ) wieR™ w (I — wa)TMEPY (1 — 7w ) Wi
=1. O

From (4.3), (4.4) and (4.5), one sees that McCormick’s bound is always the best one, whereas inequalities (4.6) and (4.7)
show that all approaches are nevertheless qualitatively equivalent, since they give bounds which, at worst, correspond to
McCormick’s bound with main constant smaller by a modest factor.

5. Example

We consider the linear system resulting from the 9-point finite difference discretization of the two-dimensional Poisson
problem

—Au=f inf2=(0,1) x (0, 1),
u=0 indsf

on a uniform grid of mesh size h =1/N; in both directions. The matrix corresponds then, up to some scaling factor, to the
following nine point stencil

1 -1 -1
-1 8 —-1]. (5.1)
1 -1 -1

We assume N = 2/ Ny for some integer No, allowing J steps of regular geometric coarsening. We consider prolongations
in form of the standard interpolation associated with bilinear finite element basis functions. The restriction P,f corresponds

then to “full weighting”, as defined in, e.g., [16].* With these choices, the stencil (5.1) is preserved throughout all grids (up
to some unimportant scaling factor), and cf{’) may be assessed by analyzing
wi(— nAk)TM,((”)(I — TTa,) Wi

max (5.2)
Wi Wi AWy

for a matrix Ay corresponding to stencil (5.1) applied on a grid with mesh size hy = 1/Ny. Considering two successive grids
is therefore sufficient, and, to alleviate notation, we let N = Nj,, A = A, MM = M,ﬂ”), P=Py_q, Ac = A1 = PTAP and
TpA=T04, = PAC_IPTA.

To assess (5.2), we resort to Fourier analysis. The eigenvectors of A are, for m,I=1,..., N — 1, the functions

ur(an) =sin(mmx) sin(lr y)

(N)
m,l

AN — 4B + 35 — 4ss) (5.3)

m,l —

evaluated at the grid points. The eigenvalue corresponding to u_ ;7 is

4 Up to some scaling factor; the scalings of the prolongation and restriction are unimportant when using coarse grid matrices of the Galerkin type.
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where
sm=sin?(mm /2N), s =sin’(Ir /2N). (5.4)
The prolongation P satisfies (see, e.g., [16, p. 87])
(N)
u
o (1=sm)(1=s)
pT UN Zm,N—1 _4 SmS| (N/2)
(N) B sm(1—5 m,l
—upy_ m.l m( 1
(N) (1 —=sm)s|
m N-I

for 1<m,I<N/2—1, with PTur(an) =0 for m=N/2 or m = N/2. Expressed in the Fourier basis (that is, in the basis of
eigenvectors of A), I — 4 is therefore block diagonal with, for 1 <m,I < N/2 —1, 4 x 4 blocks

(I =7y = 14— Prg(A0) ' PL Am, (5.5)

where

PLi=4(A=sm)A=s) smst sm(1—s) (1—=sm)s),

— diag(L V) M) (N) (N)
Aml_dlag( ml’)”N m,N— l’)”m Nfl’)‘mel)’

A(C) =Pl | Am 1P = 64(3sm(1 — sm) + 35(1 — 57) — 165(1 = 5Dsm(1 — 5m)).

For m=N/2, 1<I<N/2—-1and [=N/2, 1<m<N/2—-1, (I—-7a)y; =12 is a 2 x 2 identity block, whereas
(I—ma) Ny =1 reduces to the scalar identity. If M) in the Fourier basis has the same block diagonal structure, we
are left with the analysis of

pmi=p (U= Ta)] MY =7 p)m ALY (5.6)

Now, we consider more specifically damped Jacobi smoothing; that is Ry = W), dlag(A) W)ye 181, with wjac € (0,4/3)

to ensure 0V = (3/2)wjac < 2. Then, for any number of pre- and post—smoothlng steps v, M™ is diagonal in the Fourier
basis, with diagonal entries depending on the eigenvalues of A; that is (see (5.3)), depending on s, and s;. To obtain grid
independent bounds, it is then interesting to consider py, ;= o(sm, S) as a function of sy, s, and to let these parameters vary
continuously in [0, 1], excluding the corner points where s, (1 — si) = s;(1 — s;) = 0, which correspond to singularities. For
all v, p(sm, 5;) has the following symmetries: p(s;, Sm) = p(1—5m, Ss) = P(Sm, 1 — 5;) = p(1 — S;m, 1 — s7). Further, numerical
investigations reveal that the maximum on the considered domain is located at the boundary, i.e., corresponds to, e.g.,
sm = 0. Because of the symmetries it is sufficient to analyze this latter case. One may check that p(0,s;) is the largest
eigenvalue in modulus of

S| +SIL S| 1+SI L
% 0 0 _%
"
1 0 3—(12—5,) 0 0
4 0 0 MTBS, 0 ’
_ M](I*SI);’FIIMG =) 0 0 (1*51)111;:(1*51)/14
where {u;}i=1,.. 4 are the 4 diagonal entries of M,ﬁl ), given by
i = (Am,Di,i
1= ac .
1— (1= (Anii)Y
Thus
+
0(0, ;) = max M3 7 H2 ’Ml Ha ’
3—s5 3—(1-—5) 3

and, injecting the expressions of ;,

1 1
T-(1 =@ —s)™ 1-(1-FQ+s)"

p(0,s) = max(

S n 1—y )
11— =29y 1--29=a-s)*/
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Table 1
Convergence factor of V-cycle (for No =2 and J = 6) and the corresponding bounds for v = 1; (*) the quantity exists, but does not correspond to the
bound, since @@ > 1.

(1)
() @ < 2-0® ()
Wjac o® &y C ci‘ﬁ‘+2 il =42 1-50 P(Eye)
1/2 1 2.666 1733 0.571 0.626 0.423 0.398
2/3 1 2 15 0.5 0.5 0.333 0.271
1 15 1333 1.666 ") 0.5 0.387 0.251
Table 2

Convergence factor of V-cycle (for No =2 and J = 6) and the corresponding bounds for v = 2; (*) the quantity exists, but does not correspond to the
bound, since @™ > 1.

(1) (2)
2 (1) (2) (4) c 2-0? 2 )
@Jac o? €a Ca Ca 621?“ c(2’+2 1- 5% 1-5 p(Egic)
1/2 1 2.666 1.733 1337 0.4 0.4 0.423 0.252 0.187
2/3 1 2 1.5 1.25 0.333 0.333 0.333 0.2 0.121
1 1 1.333 1.666 1.233 (") 0.25 0.4 0.189 0.091

Note that for s; — 0 the third term is larger that the maximum over s; of the first and the second; hence

S 1-—s
p(0,5) < sup ( o+ o ) (57)
5€0D\T — (1 — gy 1—(1— =1 —5p)”

The right-hand side of (5.7) is in fact independent of s; for v =1, and, for v =2 and v =4, one may check, using
elementary function analysis (see Appendix B), that the supremum is reached for s; — 0, 1. Hence

2 1
<v)

+ , v=1,2,4. (5.8)
€a 3va)]ac 1-(1-— %)v

Using the relation (5.8) as an equality, we can evaluate the different bounds. This is done in Tables 1 and 2 for differ-
ent number v of smoothing steps, where we also compare the bounds with the actual convergence factor. One sees that
McCormick’s bound is indeed the best one and, further, that it gives in the considered cases a satisfactory sharp prediction
of actual multigrid convergence.

Appendix A

We first show that Theorem 5.1 in [20] particularized to the matrix case (that is, applied to the case of matrix operators
in R" with a(v, w) = (v, Aw) = vT Aw) yields the same bound as Theorem 3.1 (except for the additional refinement in
the definition of ||I"||), provided that one has W) = R(Py) and V, = R(PyGy — Pr_1Gk_1), where Py and Gy refer to the
notation in Theorem 3.1, and W, V; to notation in [20].

Firstly, note that Theorem 5.1 provides a bound on the energy norm of product iteration matrices of the form (3.10),
where

T = B} QuA, (A1)

B,‘f being a matrix corresponding to an invertible operator onto W, and Qj being the orthogonal projector on the subspace
Wi = R(Py); that is, Qi = Py(P] Px)~P]. It then follows that the definition (A.1) matches (3.9) by setting B;” = PxM, 'P].
Observe also that, Vwy € W,

= B,—:_Wk & W= i)k([’)[i’)k)*le(f)Z'i’)k)*l P,{zk.
Hence
By = Py(PLPr) My (P] ) PY (A2)

is the proper inverse of B,j onto W.
Next, the bound on ||F, ||§‘ in [20] is based on the decomposition of any vector v € R" as

J
V= Z Vi,
k=0

where vy € V. With Vi = R(PxG — Pr_1Gk_1), it means
Vi = Pe(I = Px_1Gg—1)Gyv = (P Gy — P—1Gy_1)v. (A.3)
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Then, the bound in [20] is

2—w

Fila<l— ——, A4
IF 1% GE AL (A4)
where K is such that
J
Z(Bkvk, vi) <KivTAv Vv eRY, (A5)
k=0
where o satisfy
(Awg, wy) < o(Brwg, wi) YwreWs, k=1,..., ], (A.6)
and where K, = ||f||. with I = () being the (J + 1) x (J + 1) matrix whose coefficients are such that
(Awg, vi) < PaBiewi, wi) 2 (Bvi, vi)' 2 Vi € Vi, wi € Wy (A7)

for k <1, and ¥y = P for k > L.

With (A.2) and (A.3), it is easy to recognize that K in (3.4) is the best constant K; satisfying (A.5). On the other hand,
“Ywy, € W" means “for all wi, = Pyw with w € R" and “Vvy € V" means “for all v = Pi(I — Px_1Gr_1)Grv with v € R"".
Hence, for k <1, yj in (3.6) is the best Jj; satisfying (A.7). Further, using the same arguments, we see that ") is the
best choice for w. Therefore, the equivalence between the bound (A.4) in [20] and (3.3) is proved, except for the additional
refinement showing that the lower triangular part of I" can be set to zero.

We next show that with any admissible choice of V), one may associate valid Gy, k=0, ..., J, such that V; = R(P;Gy —
Pr_1Gr_1) (setting P_1 = G_1 = Opyxny ). In other words, any bound from Theorem 5.1 in [20] obtained using a particular
decomposition can also be obtained via (3.3) (up to some additional refinement in the definition of || I"||) using a particular
set of matrices Gy.

We begin the proof letting

Xe=Vod® V1D DV
Observe that the proposition holds if, given Xy C X1 C--- C &; =R", one can find Gy, k=0,..., ], such that
R(PG) = X (A8)
and
R(Iv)kék - Iv)k—lék—l) N R(Iv)k—lék—l) = {0}.
The latter equality is checked if, for all v, w € R",
(PkGy — Pi_1Gr1)v = Py Groqw - = (PkGy — Pr_1Gi—1)v = Pg_1Gqw = 0;
that is, since f)k has full rank, if

(I = Pt Gr1)(Gv) = Py1Gi—1(Gyw)
= (I = Pr_1Gr1)(Grv) = P 1G1(Gxw) =0. (A.9)
This proposition is true when P_1Gg_1 is a projector (note that P_1G_1 = Opyxn, is a projector as well). The right equali-
ties (A.9) follow then from the multiplication of (A.9) by (I — Py_1Gy_1) and Pr_1Gy_1, respectively.

We now assume that éj has been constructed properly for j= J,...,k+ 1 (which holds trivially for j = J — 1), and
show that one can construct Gy such that

R(PyGGri1) = X (A10)
while satisfying the constraint
Gk PrGk = Gy, (A11)

yielding the required result by induction, since (A.11) implies (PyGy)% = PyGy.

Let my = dim(X}). Observe that Wy C --- C W implies my < dim(W}) = n,. Hence (A.10) holds if G, = R(Gy) is a
prescribed my-dimensional subspace of R™ whose image by Py is X. Let Hj be an ng x m; matrix whose columns form a
basis of this subspace. We search for G of the form

Gy = HiZy,

where Z is an my x ngy1 matrix of rank my. Then (A.10) holds if Zk(v;kﬂ has rank my, which is ensured if R(CV;kH) con-
tains an my-dimensional subspace complementary to N (Zy) (see [12, p. 199]). Note that dim(R(Gks1)) = dim(Xjyq) = my,
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hence there exists at least one my-dimensional subspace G of R(é,<+1), and we shall enforce the null space of Z; to be
complementary to Gy.
Consider now the constraint (A.11). With the given form of Gy, it is satisfied when

ZkPyHg = Iy;

that is, according to the terminology in [2], if Zj is a {1, 2}-inverse of PyH. As shown in [2, p. 59], given any subspace Sy
complementary to 7, = R(PyHy) there exist such a {1, 2}-inverse having S as a null space.

Hence the required result is proven if one can always find S, complementary to both G, and 7. This, in turn, is true
since Gy and 7, are subspaces of the same dimension of a finite-dimensional space R, see [9].

Appendix B
Lemma B.1. Let Py, k=0, ..., ] — 1, be niy1 x ny matrices of rank ny withn=n; >n;_q1 > --- > ng. Let Gy, k=0, ..., ] — 1, be
Nk+1 X Ny matrices such that

GiPy = Ink-

Set P_1=G_1 = Onyxno and let, fork =0, ..., J, P be defined by (3.1), Gy, be defined by (3.2), and Qi = (I — Px_1Gy_1)Gy.
There holds, for 0 <1,k < J withk #1,

QkPrQr=Qx and QiPrQx = Opyxn.
Proof. Note that Gy Py = I, implies GiPy = Iy, The first statement follows then from
(I = Pk—1G—1)Gk P (I — Px_1Gy—1) = (I — Pg_1Gp—1)(I — Pg_1Gy—_1)
=1—Pr_1Gr_1.
To prove the second statement, we consider two cases. If [ > k,
(I = P_1GI_)G Py = (I — Pl_1G_1)G| -G 1 Pj_q -+ PPi_q -+ Py
= —Pi_1G_1)Pj_1--- Py
=P _1(I—=Gi_1Pl_1)P—--- Py
= On,xnk,
whereas, if | <k,
GiPk(I — Px_1Gyg—1) = G-+ Gg_1G -+ Gy—1Pj_1 -+ Py(I — Pr_1Gy_1)
= Gl t Gk—] (I - Pk—lck—l)
=Gy G2l — Gp—1Pr_1)Gr—1

= O nyxny- O
Appendix C

In this appendix we outline for even values of v the proof of the following identity

sup ( NI n 1—y5 ) . 2 I 1
SeOD\T — (1= 2y 11 =2 g/ 3vopc 11— ey’
with wjac € (0,4/3). More precisely, we prove that

S

f@sp=

1—(1— gy

is a convex function for wjc € (0,4/3), and hence so is f(s) + f(1 —s;), the prove being finished by the fact that any
convex function takes it supremum at the boundary.
Now, note that

flo)=

3 ac — _ — —
‘;J fe@/Bap) = (14c++c) =g
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is convex for c € (—1,1) if and only if f(s;) is convex. However, f’(c) is convex if % > 0 for c € (—1,1), that is, if

dz—‘zg g <2 (z—f)z. On the other hand, one can check that

dc
dzg dg 2 & 2i-2(.2 | : . 2
—~g—2<—) =— E A2 (et +i(v = 2i)(c+ 1D?),
2
dc dc =

this last term being negative for c € (—1, 1).
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