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On the refraction of shock waves at a slow-fast gas 
interface 

By L. F; HENDERSONt, P. COLELLAt AND E. G. PUCKETT~r 
Lawrt~nee l.ill(·rmort' Natlolllli Laboratory. Livprmutl', CA U4;1:.H. l'HA 

We 1)f(~8Cnt the n'l.mlts of Ilumt'ri('al enmput.atloU1o! of t.he- I'('fra.(~t.inn of a plluH' Hhoek 
wave at a CO,!/CH. gas inh~rfaee. The nllrn<~rieal In<,t.hod WtU-I un 0l)('rator Hplit 
vt~r8ion of a l«'(~ond-of(kr nodunov method, with atllt.ptiv£' grid ft'finmrH'ut. Wt~ 

801vpd the unsttm.dy, two-tiim('n:-&innal, (~omJlf('H~ihJe, I<:ulpr <'qlHttioJll-! nunwrieully, 
assuming pcrfcet fr(ttS equationH of ~tat.e, and (~ompa["(·d our rt'HUIt.l'! with ttw 
(~xJ)('rinH'ntio! of Ahd-BI-I<'aUII,h & H('nder~()n. (:()od 1l~1'('('IIH'lIt WILS u~ulllly ohtu.iJU'd, 
l'SI){\eiully wtwn the eontlLmination of Uw (lH, hy t.lw (~02 Wu,s tllk.,u into uCt:t)tJnt.. 
I{,mnaining dil{{~rt'pandt.·'" w(~m aH(lrihed to the Uf}('ertl\int,if'~ it! uWllloluring (~('rt.nill 

wave an~lelil, dUtl t,o I!Iharp curvat.ure, poor defiuit.ion, or Hhort. len~f.h of fiw wnveN ,tt 
large angles of in<~idmlt:(~. All the main f(}atuJ'{'''' of tlw regulnr and irn'gular f"(·fradiolls 
were resolved numl'ri(~ally for shock st,rengthM that Wf~I'e w('ak, inkrm('diute, or 
strong, These include ff('(l pret~urlior sho('k WnV('N in thl' int(wmediute Itnd strung 
(~aNeS, eVantlSccnt (Hmear(~d out) (~()mpn''''KiOllH in t.he wpuk (:as(\, nn.1 t.he app(~aral1('p 
of an extra expansion waV(~ in the hound precursor refl'adion (BPR). Thl' ~truetUl'e 
of a SPIt was ducidatcd for tht~ fil'st time. 

1. Introduction 
We cunsiller two gaN(~M m(~(,ting along a plnne int('rf,u'e, and we ,1IolSUIIW for 

simplicity that th(~y both oh(~y tht, pt~rf('d gn,s (lttun.tion of !olt,at.(~ (fi~ur'(' 0, We 
RUPP080 that a plane incident shoek i of wavt~ V(·lodty 1,* is propagatl'd into nne of 
tlw gaR(~8 by the impuJ~ive motion of a rigid boundary, sueh ItS u piHt.on which d"iv('s 
into the ga/ol n,t a vl'loc:ity l~l with I({"I < 11,*1. WC~ nbm UHHUIIIl' Umt all th(~ hOlilldu.ri('H 
of t.he My!iltc.~m arc adiahllti(~. Huh!«'qul'nUy i nlt':{'ts Hu' int('rfn(~{' I.('tw('(~n ttl(' ~l1l'1('H at 
an Itngl(~ of ineidmw(\ a, = () m('UHUfed with r(~HJll'd, to th(\ illt.(~rflw('. Tlw lo!h()l~k i now 
hegins to paNH from tilt' firHt, Of indd(~lIt WU1.t, int.o tht1 l«'f~ond, or r('(~('iving gllM II, 
wher{' it b(~{~()mm~ til{' tramunitted ,dHWk t, WtwII itt" n('w v(·)udt..v l ~ dim'rlo! in 
magllitud(\ frum 11" then hy d('finitioJl i hU,R l)(~(\11 n'fmd·C'(1. Fut'fIlu.lI,v tlw n'lut.ivp 
refra(,tivt~ index 1i iH defit1C.\d by (fh'lult'rHOt1 W~B) 

(1.1 ) 

t Pt'rma.lwnt. U(ldN'HM: 'rhe hlHtituu~ of Hplu·e nnd AMtrmulutkl\1 H(·it·lI('t,. :)·(·1 Yo~hill()dlli • 
. HagamihtLta.. Knlll1~llw/l.. 220, .Japiln. 

t Pf'rrmuwllt Ildlh~'KH: Ilt·llI~rt.,tUmt of MI·duLllic:al "!II/-(illl~t'rinl(, Univt'l'Mity of (~a'ifnrfli8, 
Bf·rkt·lt>y, CA 1I47tu. llHA. 

11 I'I\rmll.nent Ilddrt~KH: Ikpartnwllt of Mu.tlwllllf.tkH. l1nivl'notity of Clllil(~r'lit~. nil V 1M. CA nf)tll r., 
llSA. 
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}I'WURK ,. Refradion of a normal shoek wave i at ZI'rt) angle of illt'icitHH'I'. a i U, at ... Jllltil1 

interflu:e lw.tween two media: (a) h ... fore refrae-tinn ; (iI) aft ... r refr'at'tinn. 

The refradion is slow-fast when n < 1; fast-slow wh(,,11 n > 1; and there if'! 110 

refraction when n = I. 
If in laboratory frame the velodties of the gas upstrcnrn and downt~trl'arn of the 

incident shock are Uo and U I respectively, then the pi~t()n ve10city is 

Up~ = u~-uo' 

In this frame of reference the fr!;as upstream of i iI~ undisturhml. so that. 'Un = 0, nnd 
the boundary (!ondition then be<~on}('!.01 Kimply. I ~~ = HI' 

In gmu~ral a I't~ficet(llt wa.ve 1M a.IH() prodlwed nt dw ~ILH intt'rfn.('p hy til(' I'{'fl'lldion 
(figure t b). Whc'n i is a 8h()(~k then 1.:10 also will be t, but ttw n~fied,p(1 wl1ve may h(' 
either an expansion e, Of a shock r. It is aMNumctl that ther{~ is ILlwayH continuit.y in 
the pressure P and in the particle velocity u aCfOSS the interfac{L li'ollowing refnwtio)l 
this gives 

( 1,2) 

(1.:1 ) 

The natUM:l of the reflm~tod wave may be detcrmif}(~l with t.he ht~lp of (l.2) ILncl (1.3) 
to~ether wit.h the notion of wave impedance Z. J!'or Iwad-on refraet ion nt au~I{' of 
incidcm:e a, = 0 the inddent wave imp(~dance. Z" is ddined by 

Z = 1', -/~ = p. - Po 
,- u 1 -uo ft, 

Alternatively, in shock wave coordinates we have 

( 1.4) 

( 1.5) 

Ul'fTlLction of H1wck wave8 at a slQW fast gas interface 3 

wl\t'I"l' P if( the dt·!H.dt,y, ., is the Hr)(~cifie volume. and W(' have u!;('d the fad that in 
1-4hoek wav(~ l~o()l'dinnt(,H Un = -I;'. (In gencral. an up(H.~r CaH(~ IT (11" (~II' t·te.) alWl1yH 
d(~n()t,pH /1. veludty with n~KI)(~()t to lu,boratory e(}()rdinat(~H whert:as a Hmull ml.Mt~ u 
(uo• ,It 1 , et.e.) mny denote a vcl(){~ity in laboratory coordinates or sho(~k wave 
(~oonlinateH depeuding on the context.) The transmitted and reflected wave 
i III pedan(l('s . Zt and Z, are cletined similarly, The pre~sure reflection {Ii) and 
t,I'lUl!olmi~si()n (7') codlicientH are 

(1.6) 

(1.7) 

wit.h similar cxprmu-lions for the shock intensity which is the average power flux 
through unit area in the diJ'(~dion of propagation, anu the codlicicnt for the total 
Imwer tramlmittod (Henderson 1989). The codficit~nts (1.6) and (1.7) s~ow that when 
tlw iml)f~dan(~e int~rea8eM during n~fraction IZtl > IZ,I, then a shock r Will be I't~Jlecu~~1 
from ttw interfa(~(' haek into th(~ ineident gas bccauNC then R > 0, but that wh(m It 
d(~eren.H(~K IZ,I < IZ.I. t.hen wc ohtain a refi(~{lted llxpa.nsioll with II < o. When the 
impl·du,nccK are ('{Jun-I, Zt = Zit tht~rc is no rdl(~ctcd wave even though the two gases 
may ditTer in compositioJl or in states. In this caMe R = o. Now eombining (1.4) for Z, 
and Zt with (1. t) we obtain 

(1.8) 

wht\re vt is the sJlcdfie volume of the glls upstream of the t 8ho(~k. So even with 
Zt = Z,' the wave will still be rcfractl~d if lit ::f: "6' 

l\Ior(~ g(·lleruJly. t.he inddt'nt Mho(~k nlay meet the gas inu~rfae{~ at a non-zero angl(~ 
of illt'idt~nee a, =t= () (fi~ure 2a), and different refra<:tion ph(momcna then oc~(!Ur. The 
wav(~ sY8termol ilIuHtftLt,ed in tiguf(~ 2 (a-c) an~ called rf'yulal' rf'Jractions by analogy with 
von Ntmrnann'!o\ (m4a) (~laS8ifi(~ation of r('gular and Mach rt'jiecti01ul. Hi8 theory of 
rt.gular rpfieetioll iK llt}'Kily extcmh'u to regular refraetion and the n.~~!Ults are in good 
agre(~ment with exp('riment (Jahn 1956; Abd-EI-Fattah, Henderson & Lozzi 1976; 
Ahd-"~I-.'aHah & Henuerson 197Ma, b), 

If a regular wave :;yst<!m is to exist, then all of it.s waves must travel at the Marne 
vdodty (J along the iuterface, and this fact gives immediately the Jutulame-ntallaw 
oj Yf'Jradion, namely 

[ -BL=BL= Iql =BL 
I ~ - sin IX~ sin at to\in a, sin aJ' 

(1.9) 

wlwre (~ i8 the velo('it.y of any wave in thl~ rcfi(lctml and c(mtred expan~i()n.wave, and 
IX) is the) eorI'Cspnnding wave angle (figure 2c). ~~vid('ntly. !l~1 = c1, wil1ch 1M the lo~al 
flpeeu of Hound. lJnd(~r certain conditions this law may be violated; for cXampl{1 With 
a (~ontiJlUOU8 ilwr('astl in the parameter a, the regular wave sYKtem may break up 
with the' shoek moving nht'ad of tIm indd{mt and n'fieetcd waveH to form some tYI)(' 
of irr('guitLr refl'adion with prt~(JUnI()r waves (figure 2d-J). In this event, 

11'.1 It7,1 _ It1,1 _ BL -.->-.---.--, . 
811\ a., Han a, Mill IX, sm aJ 

(1.10) 
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Interface, n < 1. (a) IteRfwted IIh(l(~k. RJUt. IZtI > IZil. a, > a,; (M refled,f'(t Mad, litle degt'rlPrat'y, 
IZ,I = IZ,I. a l > a l = a •• ; (c) refie('W(j eltl)anMion. RitE. IZA < Ihll. a, > at; (d) free pn~(:ur!\or von 
Neumann r'f'fraetion. FNR: (e) twin regular reflection--refraction. TfUt; (j) twin l\Itl,c·h rl" 
fiedion-refra,C'tinn. TMR. i. Inddent shock; '. tramlmitted Khu('k; r. r'. n\tI.,,'tt'tI Hh(ll'kH; 1'. n.II.'{'lNI 
ex pauMion wave; Ie, modified incident l<Ih()(~k; n Maeh sht)('k; II, lIide sll<wk; 8'. R1odifit'd Hid., HJuII'k. 
111 J(1lH int.tlrfac·I\; I. Itf'ginn of undiHturhetl COa ; II. region of ulldi"turh.·d CU.; MW, MllI'h lilll'; 
r40 . 1, • (~(mt,al·t diH('ontinuity; T/~" II' traje{~t()ry path of Hh()(~k wav., {~()nfhlf'IH~'M; X(I,II' tmjl'('fOl'Y 
IHlth atlKIt~N of Hh()('k waVfl cnnOu~m'eM; 1"1.1' "Il()(~k triple points; fI, (Illadrupl ... point; () ori~ill WIlI'I't' 
i tirKt f\fi('Huutered glUt interface. 

)i'or oblique refraction, a, > 0, it is nece8Kary to generalize the definition of wave 
impedance to 

Z = l~-Po 
, - Up. CO!:l fl, · 

wbere fl. is the wave angle mf~Mured with rCMpeet to th(~ disturbed gaM illt(lrft1t~e (fi~ur'(' 
2a). Similar eXl'reKsions an~ defintl<i for tho otiwr waves, and with tlwNe d.'fiuit.iomo! 
(US) and 0.7) mmain valid. 

Tlw rdraction law (1.9) may be combined with the definitions of li, Z" nrul Zt to 
extend (Us) to 

Il{l sin a, voZ,emlp. 
n=-=--= (I.Jt) 1£41 sin at vt Zt COM P, ' 

The partieular angle a l for whi(:h there is (~quality of impetlanec, Z, = Zt. il'i ('nll(~tI t.tw 
angle of intromis.'Jion at = atm. aH in ac()uKti(~ theory. The wn.ve i iM still rl'fnwted nt 
this (~()nditi()n b(~CaU8(l in general n =F I whtm a. = a.m (figure 20). 

Using tlw refradion Jaw we may alMu write 

cosa, = (t -sin 2 a e}l::::: (l-n-2 sint a.)i. 

Rl'frurtion of ~h(Jfk W(l1'n~ at (t <rtiow-ja,.'ft gall int~rfltr~ 5 

Thus (~OHat h(,(!ouWI'l pum imuj(inary wJWIl l-n-2 sin 2 a t < 0, that iH wlwn a.t exceeds 
t 114' tl()rmlll t'TitiNli angle, a." whieh iN dptillt'd by 

. If "1 
sIDa(, = n = /11,1' (1.12) 

Cl('urly a,. only (~XistH for slnw--faHt rt'fra(·tion, n < 1. At the critieal (~onditjon. l is 
P('I'I~'ll(lieulur to th(~ f.!:UH interfaee at = l1t; that is, it is a normal sho(:k. Aecordingly 
til(' go.M inkrfl~(~t~ is not, d('ftpeb~d in t.hiH HP(~t'i".1 (~RI«~ and it n~mainM everywhere in a 
Hitl~lt, plntU'. Jt, follows that wht'n the prl'HHUr(! I~ is applied to the n~(~ei ving gaM it 
eUII!-IPH no dt·fI(,(·t.ion of the inkl'flu~(\ !'It) that it bt'haveK lik(~ a rigid HUrrl\(~(!. (n this 
HPtll'«' IZtl =00. W}U'II a. = at,. In Hummnry. hy (1.11) niH a m(~aHUre of Uw (~n.pat:ity 
of Uw ~nM('!oJ to h(~nd or n~fraet the irwidNlt Nhu(~k, while hy (1.6) and (1.7) the wave 
impt·datWeH dd.(~rminn tlw. Jluture uf Uw reflec~tec:J and tramtmittt·d waVCM. 

Whithum'l:oI (W5~, 1959) thHory ha~ Iwml ('xumdl'd in an attempt to del'f<~rihe both 
rq~ula .. and irr(1gula,r refradions (Clttherat>mo & Sturtevant '9~3; Schwendeman 
WHt\). It, iN attrad,ivf~ not only for it", simplicity hut alRo hecause it oft('n agrnes 
t·c'lIlul'knh1.v w('11 wit.h t'xpertnumt. llow(~ver. it iii! an approximate theory, and it does 
IlOt. deH(~ril)(' wuv(' l'(·tlt'diorHt prop(1rly. nor diMturhl\Jl(:t'.I~ that aril'«~ in t.h(~ downstream 
flow nrHI !oJlthH(~(l'u1ntl.Y overt,nkc a Hhoek. In r(1fl'a(~tjng sy!oJu.~m8 difliculticK can alMo 
Ill'isp whi(~h nJ'(~ appal'putly lI.KloIOt~i1Lh1d with the formation of a 'shm:k Hhm:k' nn an 
int,(·rfltt,t." or t~v('n wh('J\ OIW iH (~I()Ht, to it. J:4'urth(~rm()rtl it (~alln(}t deal with !dw(!k 
diKeollt,inuiti('!; Ilt Il gn~ int,prfa('{! (Cat.h(1rIl8()() & Hturtcwallt lU83). 

By eont,fUHt the von Neumann theory iH exact (within its assumptiOJHol) but it is 
only a<it1(luat,e for dC8(~rihing rt~gion8 of uniform flow I which restricts it to regular 
refmdiolls. lrrt'gular refractions have non-uniformitics and it is then necessary to 
solve Uw {'(I'JUt,ioflH of motion cv(~rywhcrc in order to obtain an 8dc(luat-t~ dcsc:ri})tion 
of tilt' ptwtlom('na. 

I n Ow pr(·I·mnt puper. we preM<'nt the n.~Hult8 of our numerical studicH of ,dow-fast 
f'('fnwt,iotl wit.h parti('ular cmp}uu4iH on tht, irr{'gular Hyl..t.(~mN. The mlmerit~a( m(1t.hod 
thut W(\ U!<It'd is all Ildnption of S(~(~()nd·ord{'r, fillit<~-difft~n.'noc solution of the fi~ul('r 
un(1 eontinuity ('quat,iou8 rclr thf~ two-dinWflIo\iona.l, UlulIt('ady. e()mpn.~!it!<\ihlc ftow of 
pnfed ~u.:-I(,~. It iH u.n Opl'mtor split vcrHion of the 8l\(~()nd-()n.I(~r Gndutlov m(~thod 
dc·\'elop(~d hy van I ... 'er (197H). Collda & Glnz (1 UtJ5) , and Coit'lla. & \\'oodward (fUM4). 
Ttw rC!<lUIt.H arH c()rnpar(~d wit.h th(' {'xp(~rinH'nt.al data of Abd-,I4:I-Fattah & Hend('rsol1 
(1 H7H b). Agr'(~ement wit.h cxp(~rimcnt. i~ 8a.tisfaetofY for much of the data, partieularly 
if nIlOWIlIH't' is mud .. for tlw dft'dl5 of gus (·ont.alninatinn in the eXIN.'rim('nt. Smnt' 
diH{~r'f\J)llJlC'it,~ do exist, ('KI)(winlly for the a, dat.a for irn~gular 8y8tc~m8. This is nH('ril)(~d 
to UIH't'I'tllillt.iI'H ill tlw tlH'aHUfNtU'uts ('au~~tI by t.h(~ sharp eurvat.uro of Uw 
tmlHunit.ted wave at In.rgt\ Ilnglt~15 of illeident a •. 

2. The experiments 
TIlt' ('xp(,l'imental nit\t.hnd ha:l been d('l:mril)('d by Bitomlo (1950), Jahn (1956), 

Abd-~;I-Jl'tI,ttah ,./ al. (1976). n,nd Abd-~I-li·3tt.nh & H(\nucrson (l97~a, b). The 
('xp('rimpnts of t.he 13st nanwd authnrK apl',('ar to he the mOlit extmu~ivc and we 
d(~H(~ril)(l Hwm hrit'fty. A cldit!at.e pol.VlBt\r III(~mbram' was ~~t up in a shoek tube; its 
flllwtiolltl W('I'e to (It'Hlw t.he iuitiu.1 ~a!:l jnu.~rfa(~e aM a plane ~urf.L(:e. and to prevent the 
~llMt'M from mixiH~ ullfil Uw ifWidt'ut. Mho('k tlrriv(·tl. The mUSH of the membrane was 
hd,wt~(\n 0.5 nncl 1.0 x 10-" kg m- t , and it.1i thi(\kOt'KM waN ht·tweml5.5and 0.5 x to-8 m. 



In order to stlt up B. Hlow-·fl\8t, int('rfn,ee sueh a/ol (!0'l/( ~Il ... t.h .. COl! WIl!04 ~lowJy 
introdlJl'pd ont.o OtiC side of t.ht, tlwmlmlfw whilt~ tlw Cit .. Wn,M illt mtiuI,t'd onto tht. 
otht'r. The ~IiSCS Wt~rt~ cont,inuowdy circulated through the sh(wk tub.~ to millimizt, 
mutual contamination by diil'usion and leakage aerosH Uw nwmhl'IUlP. TIll' 
(:outaminuiion was monitored eontinuowdy by a thprmal (~onductivity mett!I', I1ml 
typieu.Uy the C'H. was eont.aminated by about 10% by volume with CO2 , hut. tlH' CO., 
wa.s mueh pun~r. It should be not,cd that t.he volume of CO2 in t.he sh()(~k tuhl' WIlS 

about 250 timeR laq~er than t,h.· ell ... 
A Hhoek of prt·,.wri bed inver!«.~ strt~nl-!:th Ei == J~/ I',. WIU", st.n.rkd in t he CO 2 , 1\1\(1 

arrallKed to Htrik(1 the ml'milrane/l-!:lLs intt~rflLee at, a Jlr(~(lt't4~rmitH'd Iln~I.~ of ineitl"I\(~(' 
a,. The shoek Hhattm,(ld tlu' memhrnllt~ and ('Ilt.t~r('tI t.hl~ CH ... and wa~ t.JUIIO( r('fl'udpd. 
The wavt~ 8'yst,pm was photographed by a ~u~hli('J'('n optieal systmn, and t·ran8du(,I'1'8 
measured the IoIpced and stJ'(\l\gth of the incid('llt I:oIhoek. 

Recently, Haas & Sturuwant (1987) have expcrimcntc~(l with weak Hh()(~k!'l 

n\frading at cylindrical and l!Ipherical interfaces. The ga,'i(.~S were initially prev(~nt('d 
from mixing by the use of plastic membranes or soap bubhleR, How(,vI~r, in the 
interm~t of Himplidty we will contine our attention to plane Wl.H intcrflwPH. 

3. The computations 
3.1. 7'he num('.rirnl method 

We used a 8C(~ond-ordcr finite-diffcren(le solution of the Euler and (~ontinuity 

equations on a rectangular grid with reflecting boundary (lontiitiollH on thrc(\ 8itlt,l'\ 

and inflow boundary conuitions on the fourth. The numcrj(~al intt~grati()n of tht, 
cquations was accomplished with an operator split verRion of a second-order 
Godunov m(~th()d (van Leer 1979; Coldla & Woouward 1084). In our irnpkmtmt.at.ioll 
we employed the efficient algorithm for the solution of the Ri(\mann prohll'1U 
d(weioJled by Colella & Ola7. (1U85). Since the method iN a e()Il~(~rvnt,iv(~ finiu'
diffcrenm~ "u~ht\me, ma,~s, momentum, and 4~n4~rRV wert~ all (~onH('rv(~d. TIU' method iH 
a('curatt~ to Mecond order in "pa(lt~ and time for ~mo()th flow. and (~u..ptureK Hh()(~kM !l.nd 
other di8(~ontinuitie8 with minimum numerieal overt;hoot and «Ii~Hipat.ion. It, hu.!'! 1)('('1\ 
UHt~d quite ext.ensively to compute unsteady siwek fl~Hect,ionH in ~aSt·M. anti hUH a 
d(~monstrated ability to resolve cornl)lex interactions of diseontinuities in good 
agreement with experiment (Glaz et al. 1985). 

An important feature of the numeri(~al methou it! that it emploYH a dynamic 
n'gridding strategy called adaptive mesh r'('nnHment (AMIt). ThiK mltllilH pln.eing a 
finer, r(~d.anglilar grid over any n~gi()n of purti(~ular inum~!'!t or exeCHHivI\ error, wit.h 
Uw grid spacing being rt~dueed by an (lV('n fador . typieally 2 or 4. The boundary of 
the rt'fined grid always e()irwid{~d with the (~('11 pdg(.·s oft.he eoarsegrid. Multiple It'v('h~ 
of refinement were f>m~8ible with thc maximum number of nm~wd grid~ bdng .!(upplif'd 
as a para.m(~t.er by the user. In the pre!«.~nt work, we detcrmimld thoHC rp~ionH t.hat 
required refinement by estimating the local truncation error in th(~ denMity, and 
refining wherever the error was greater than an initially 8p(~dfitld amount. 1n 
addition, we refinod to the maximum extent all multifiuid e(~lh, (thol-lC (~{)ntainin~ 
both ga~eN) and all cells lying within two cell width!; of a multifluid edl. Sp(~dlll mtre 

waH taken t.o ('UHUre that the fluxes on h(lUlldari(~M hetwt~en eoarse and firU' ~l'idH 

matdmd; th(~ dctailM arc given by Herg(~r & Cul(~lIu (l9HO). AdaptiVf~ gridding WItH It 
(~rueial '~OInponent of our mpthod whieh cnablHd UK to reMolv(' imJ}ortant f.'llturl'l'I of 
th(~ flow economically. A typi(~al run wit.h two lt~velR of gridding lUld a rennelD('llt 
faetor of 4 took 10 minuwH of CPU time 011 a ellA Y XMP (~omput('r. 

lll'fm("tion of .~lto('!~ l1JU.m'.'l at a IflOlJJ--ja.HI galf inler11lCl' 7 

Pun· "Itrhon Pun' C(Jllt.l~mifltLteti 
,Jioxidt· met.hane m .. ttll~l\e 

')' 1.2!iH , ,:)u:~ 1.30t 
p. 44.0. ttU» 'H.B4 

'1'''.lI,1/: I. Prop(~rti('H of the JlUrt~ and contaminated gft8e8 

Ttw ~aH itlt('rfa.(~.' W.\oK tnod(·lJ.,d u~in~ an algorithm of Noh & Woo(lwaru (1070) 
known ttl'! HLIC (Himple Line 11~t,4~1·Ia.ee (~a.I(~ulati()n). Hl'rc a number I.J' hetwt~~n n und 
1, ,,,ud eall"d t,ht~ volunw fradmn, waH aKKodau·d with (~a.(~h I-!:rid (~eH through whieh 
tilt! ~n,~ inh~rfa('(' P~KHt.(1. ThiH 11) wa~ tho v()lum(~ frnction of the (:cll oC(lUpil'd by orm 
~)f th.' ~a.seH. ()hVIIH~~dy tht: other gil'" oe(~upied thc fraction 1-fw During (~adl 
mh:gratlOJI ~we('p 11, ~mnp)(\ pwture of th(~ interfaee (~(m~isting entirely of vertical and 
hOrizontal hne segments was construck'd from this volume fraction information 
Thi!'! was used to determine how mueh of each gas was convccted out of thc cdt ami 
int,() adjn('(~nt e('lh~ on this pa,ss. and hpll(!tl to updatc~ the volume fradiolU~ aH..'4oeiated 
wit.h ('lwh (~('II. One of t.h(~ drltwua(·kH of volume-of-fluid-haslld intcrfa(~c tra(~kin~ 
s(~.hemt'H lollll'h as HLIC is that in a region und(~rgoing (!xpansion or .~f)mpreAAion both 
of tht" ~I~S(,H iI,1 a mulUtluid (~dl will .t)(~ (~xpandnd or (~OmpreHMed equally. in "(late of 
thl' dt·nl1lty dlff('r('n(~eH that, may (~XIHt, bt~tw(l(~n them. To use thia m(~th()d with the 
pr£':«'nt. problem. we incorporated a !:'(~hem(~ due to Coldla, ),i'{'rgmmn & Olaz (1nDO) in 
whwh t.he e(~uat.I."ns of ~al'i dynamics an.' MupplHmented wit.h evolution l~quation8 for 
t.ht' volume tra(lt,lOn, total energy, and mass den!olity of each gas in the multi fluid cdls. 
'fhi!'! .f(lr~ulation takcs into at!c()unt the compreHHibility of each gas component in a 
multltiuld eell so as to enliure the correct individual expansions or compressions. 

:L2, Oullinf' and l)lan of th., n1tmf'l'ifal work 

Wf~ N~all pn'~~nt thn re:-lultFl of our (~omputationH aM though w(~ had done a Meri('s of 
(,XP(\fllIl(:r~t!~ In a sIwek tUm', This nwanK that in a partj(~ular !'IC(IlJ(~n(lC, the ratio!'! of 
the MPl'(:lfi(: heat,M Yf' y, of th(· gaseK tl.nd their molecular wdghts /ti./l , were held 
COI1l~tunt ~nd so al80 WI),S tl' Th.t~ .o~ly paramekr that vari('d through the M(~qucnc(~ 
was a •. !hu'l was aSAumed to he Hutlally near the conditioll for head-one incidcm'(l at. 
a.t = O. It waR th(:n inemased in diH(~ret(~ ""tcps until it approach«~d glancing ilwidcn<~e 
at a, = In:; t.huK 0 < (X, < lx, A particular r('fraetion was uniqut~ly dt~fint~d on(~(' the 
~,alu.cs of (y~. Yt.P.,P" til a.() togl,t.iwr with t.he syst£'m boundaricH were given. 
I'ypwally th(~ ph('llOmPlla t.ha.t apJI('u.J'('d from t.hiH procedure Wl'rc a !U'qlU'fl(~(l of 
rf'l-!:ular r'(~fmdlon8 follow('d by an irrel-!:ular HcqUt'tW(l. 

W(~ Hhall compaw our numnri(:al rt'MultA with th(~ experimental data ohtain('d hy 
~bd-I~I. ~'af,tah & H~mdcn~~m (W7Mb) for th(~ ~d()w-fast. 11 < I, G0

2
/CH. gas interfaee. 

rhcJ'(~ w('r«~ two art.faet.s III thoHe exp"'fim('nts which we took into account in our 
e()m~}uta~ionH in order t,o make thl' comparison as accura.tt, 0.::0\ possible. These Wl'fe 
the Itwrtla of the mmnbranc and the eontamination of tht, ga..~8 by diffusion and 
t(mkuge aernSH it. 

.M~mb1'(lrtf i1tfrt~fl. ~e cah~ulated the mt'mlmuae d(,llsity from the published da.ta., 
~lIld It WttH ahout .~80 tllll(~S denioler t.hu,n CO2 at.l1t,nnclard (:onditiorts. Using thiN fado .. 
II~ t.h~~ eomputatiollM. t.he mmnbrafu~ waH t,J'(~at<'d nK though it Wefl) superdcnHt~ carbon 
~JlOxl(ll'. (itllU'rally its (~fI('d was negligihlt·; all we n()ti(l(~1 was a alight di8pla(~ement 
III th(~ preN"'IIJ'(~ (~nnt()UrK when th(~ (~ont.ours Wt~J'(' compared wit.h. and without. the 
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membrane for the same rdraetions. In view of thitl Wt~ delct,(~d it f!'Om ttl(' I'I'mainder 
of our eomputations. 

(Jas contmnination The puhli~h(~d data showed that t,hl~ nH't.ham~ wa~ (~()lItn.minu,kd 
by ahout 10% by volume with carbon dioxide, but t.hat. UlO CO2 itst'lf wus 
approximately I}urc. (ltemcmbcr thdr volume ratio in UlC Mhonk tuho WitH ahout 
250: 1 in favour of the COt.) The propertil'H of Ute pun~ and (·ontamillllt.NI gaH(~H tU't' 
pn'sentt'd in tahh~ t, Contamination iN a signifi('ant (-nt~et and it will be diHewiHl,d 
h(-Iow, 

4. Results and discussion for a weak shock refraction sequence 
4.1. 1'he poilu dill{Jram.~ 

Thc sequence and itl4 polar diagrarmJ arc prp~mlt(-d in figur(~ 3. TIU'y are Himilnr to tilt' 
oneli dmwribl,d hy Ahd-l~l-.Fattah & H(lnden~()n although here we aHsunw thnt tlil' 
CH 4 is not eontaminated by the CO2, Wh(~n lX, iH compnrativf'iy Hnm", tlWI'(l iii U 

f(~gu)ar rtlfmdiun with 11, r('fl(!ctt'd llxpansion (HatE) (tigUrt~ :Ja), NO IZ,I < IZII. R < 0, 
j > T> O. Hinc~(~ the refraetion iH !dow fllHt. n < I, W(l have hy (1.1 t) thut. a i > ail 
that is I is Htp(~IKlr than i, Th(, rt~fl(·et.i()n fl, iH a (~(~ntf(~d. Prandtt Mlly(·r. ('xpansioll fiul 
and it, is plottmi in (,he polar din.gmm a!-l th(! iH(~lItr'opie (~urve t:. 1 t in"erst~dH tlU' pulnl' 
for the t Hhock at the point £1 which ddinc!'l the von N(\unul.IlIl liolutiull ft)f ItRK Tlw 
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tmlution requir(·!-\ Hwre to be ('nntinuity in the pn~!-IHlIrC and in ~hc str~amlim~ 
dinwt.ion B, everywhere along the gas interfaec. Although (L2) remams vahd when 
at =1= 0, (l.a) mu~t l)(~ replaced by 

80 +8.=8,. (4.1) 

wll('re 8 8 nnd B U,fe the defied-ion anglcH for till' i. r and I WaV('K reIiIK~ctivdy. ThiN 
0' Ii. ' t 

is the ('out,illuity (~(}nditinn for tlw HtI't~nmlilw direetioll. It i~ Momctlmt'N e()nVt~nl('n 
to rt~pla{~t· (l.2) by the (l'luivallmt PXpr('KKioJ} 

(P:t - p.) + (/)1 -/~) = (I~ -/~). 
For 1'(~f1ed,(~d expnm~ionH w(' tnU",t, rt~pla(~e (4.') by 

I {II (~()M fJ~ + [. COK p, <It lpI = l{It (~08 Pt. 

whtwe I! U. an~ thp driving pi~t()n velocities of the i and I Nh{)(~kK. dl~j is the 
III. lit c: , . 'tl i tht, n'flcl'tt'd infinitf~Himal withdrawing ph"ton vC'lot!ity lor an ar )ltrary J 1 wa~l\ n .. ., 

(~xpan!<li(}n. ,wd /1/. /It. fJ
1 

lU'(~ till' waVH nngleg whi('h afe defined wIth rC8IK,()t to thl~ 
tli.~turl}NI gu,!o\ int{'rfn(~e (figure 2(1 awl 2(~). 

If lX, iH now iu(~I'(~I:L"-Il~d eOlltilluouKly, the pHial'S shrink somewhat and thf~ 
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Fmutu: 3. Polar dilt.~ra.m8 for 8. wea.k shock refra.(~tion !U\(lUf~lwe with E. = 0.7101 I1t 8. I'UNl CO
2
/('U

4 
ji(a~ int'(·rflL('e. ((I~) n,e~ular refra(~tjun. (d) tr&n~iti'JII. and (f' 0) im·guhu t'C'f ... lt'tinli. (II) 1«'fIN'tt-d 
4\X)"u\Hion. Itn .. ~, At a.( = 27°.IZ,1 < IZ,I; (b) degmlt'rat,(' n~frtu~t.ion Ilt. th.! IUlj.{lll HfinlmmiHl'lioll IX, = 
eli'" ~ :Jt.II!i!l2'" Z, = Z,. It = (I. T = I. the eonditioll for tnt ... 1 f'ner~.v tr&lItirniMHiulI; (r) ,,(.ltc'd.I.1I 
Htuu:k. TUUt. at IX, "'" 3:1.27°, IZ,I > IZ.I; (d) thfl Hhuck (,fit.i.·al augl.- IX .. , ~ :l4AHHIiD; (1') hound 
pre('urKor n~frlt.di()n, BPR. elt > IX ... ; (/) frf'e pre{'urHor nlfr&(lt.inn. J.'pn. . ./I Atul tan' ('VIUU'N(""fll. 

W/lveR; (g) frl'e "rtwursor von Neumann N.lfraetioll. FNlt. Mo,' Mol' Mil,' f"nltl-Htrt'IUn Mndt IlIImh,'rll 
" plolt.rea m, a.nd rt'lative to the i, t, and r Hh'lI'kll reMrM!!(·tivf'ly; (t.,. AI' "2) HulutiOftH of 1.11., \'1111 
Neumann n-gula.r refra.ction thtl()fY; I), uiHturhf'tJ gall interfa(~; A h intetHt,{,tiOl~ poillt I)f tlw 
primary polarH (i,I). For other symbol" !>lee the ml.ptioll to figum 2. 

intel'Ht.~eti()n point A I of the primary poJars (i.t) move!'! downwards towar(h. th(' point 
i which iN the map of the ineidt\llt I-Ih()(~k. As thiK hSJlpunM Uw Ht.rt~n~th 11'2 -1'.1 (If HH' 
('xpansion d('en~aKm'" and cv(mtuuJly vaniHhuK at t.lw n,IlKI(~ of int.romilolsloll eXt = eXim ~ 

a2.0502°, whieh eorresponds to £, ==" == AI' Thl' r('Hcetion iH n~dtw(~d to n. Mu"eh Ihlt, 
d(~gmwrl\cy 11'2 - I'll = 0 ami th(~ other wave irnp(~dan(~e!4 h(~(~C)m(~ ('(Jual: Z, = Z •• R = 
0, '1' = 1. This is the condition for total lransmis8icJn, and here alMO eXt > IX. (figur(,H 211 

\ 
\ 

/ilifTftr.tion oj .~/ulrk U'Ul)f.R at a slow -JaHI glU' intl'.rface 

(b) a, = ]2.0592° 

(r) 11. = 33.27" 

11 
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(d) Q;, "" 34.4885° 

(to) '" _ 38" \ 
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\ 

]t'IOUR~ 4 (d-j). For eaption !tee facing pa"w. 

and 3b), As a_ ('ontinllCH tn incwaH(\ a_ > aim' the n'tI('dioll hU4.~()m('~ n. !'Iilil/'k (lUUt) 
(figurH ac). and Ilnw IZ,I > /Z,1.1l > 0, '/' > I, wit.h uguin at > <Xj • 'l'lw von Nt'lII1UUIIl 

th(~ory gives two H()luti()n~ AI and A2 for BRit, hut experiment HhoWK HUlt it iH t.lw 
weaker At solution whi(:h appt.~arK physieuHy, In this reHpect note thut AI is Uw 
(~(mtjnuation of the £1 Molutiun while A2 is not; in fad at. the int.romit-uo!ioll UJlgl4.~, (-;1 aful 
Al arc jdcnti(~al and d(~generatc: f.) :: "I :: AI:: j, 

UI'j'ra,.tion oj I</wrk WfWf,,, ill (l 8iow jUlil ya,OJ -iutl'rj",'I' 

"'J(II!R~ 4. Cont.our ,.Iflbl of IHf.!: l' fiJr Il wt"ak Mhcwk r~fral,ti(ln tleCIUf'n('t~ with E. = 1I.7M at a pUn' 

('()2/C1t. f.!:Ill-I int.'rfiu'l', (fl) a.. = t.7°, Hit .. ;; (II) tutat tl'llllMrnil'lMiull at tht· &n~le' of intt'omil'tMion, 
a., = a, .. ::::: :\~.H!inio; «(') /x. = a:l.t7°, BRit; (d) IUUt~ IWIt, Al ;2 "'2' Ilt t.hf! Mhut·k I'riti"1l1 1l1I~1C' 
a..,.:::; :' .... 4t;t;[)O; (I') a.1 = :IN°. IWIt; (J) t:X1 = .;\0. "'Pit; (y) at = 49°, 1"1)R; (h) a.. = MO, "'Nit (1'lw 
>!tmight litw rlUUling diagonttily from upper It~ft to luwt'r right rt~pre!leutli the initial, UIUlil'lttlrhffll 
glll-l illh'rliwt,. It iH not 8. prt'tl"lUI'(' contour.) 

As a, (~()l1til1u(,H to in(~r(~a:-«1, Al I\.n«l At appr()a.~h ('aeh other and eventually eoitwidl" 
AI = A2 (figure :ld), 'J'hiH takes pln(~e at Ute .~JtO(k critical angle a f = a!.!" ~ :J4.4t·Uso. In 
gt'lwml t.hiH I\uglt' (lot'S not (~oifldd(~ wit.h the normal criliaJi anulp. a£" dpfirwtl hy (J .12), 
I1IHI u!'Iually Ot'('IIJ'1'! 'I('f()n~ it, aj(" < a". For a j > alii" Hw At and All solutiollH an' no 
lonw'r phYHi('uUy Miguificllnt, h(~(~aujo(e thl'Y I).n~ lIm'('al Ttw n~fra.('ti()11 iH now irrl'J,!:ular 

alld pr('eur~ol" ('ompn':-IHiml waVCH mny develop (figure :Jf,-g). In the eXperillll'lltM of 
hoH. ,Jnhll and Ahd·I~I·~'utt.uh &. JIt'nd"l1Ioll t,h(~ prl~(~Unl()rs did not apP('llr u.s Hoon Ul't 

f.llt' !oIluwk (' .. iti(~111 allgl .. , WJ1!ot l'x(~('('dl'd. In fad, ai had to irwwa!K\ sOIlU'whut b('YllOd 
al;l' I)('('or(' t.twy w('re ohloll~rved. Wl' l-ihall n.~turn to this point later, 

4.2. 1'Ilf 1tu'mf'ril'll1 Tf .. mU.., jor Ihe Sl'lJlumre 

'I'h.' nunl(',·i(~l.l.l n'l·mltli pI"'Ht'ntt,d Iwrc an' all for unrontll'ntimllf'd gl.l.I«'H with no 
till'm.lmtll#'. \V.' In'lit,v(\ Hint, t,h4'Mt~ 1't'~ultM will he of mon.' g('tHoral int,(~r(\~t than th()l«~ 
whil·h iudlulp UH~ It'" iflldH of t)l(' eXfK'riuwl1tH. Hd,'d·(·cl ('IHltour plotH '(IT t.h., 
!oIl'qUPtH'(' a.re' I>4hown in tigun' 4, n. ~('hli('r(,Jl phntugmph from th .. ('xp.'rinwnt,/1 is HhuWIl 
in figuf.' !) (tt) IUld I:OIOlU' (~(lnt.our plutH to (~(IUlpal'c with t h(' l:oI('hlil'rt'n phot.ogra.ph tU'C 

:dwwfl in figure [) (ll, c) (I)ln.t,(\ 1). Of (~nur!oj(' t.1lt' eompariHOf) enu only bt~ (juulit.l1t,ive 

h('(~j\uN(' f.h(~ nurn('ri(~'l.l n.~tmltH dn not indude~ the art.ifl:ld.l'!. How(w(~r. nntt.l that, the 
uumt.'rit'al n'HlIlht (·xhihit. IlII of t.h(~ p~s('ntial ft'uhu'('to! of the tlow whieh Ilrt' found in 
flU' HC'h1it'J"t'1i phot.n and thu,t, th(·Mt~ fc'ntm'Pt4 npp.'lu· to ht' in tilt' l'Ianw n.~lat.i()1I to one 

luwt,lH'r U,H in t.lw twhlie'I'PIL We' pl,(~foIl'lIt. a mut'" c1t'tltil('" (!Ompu.ri8ol1 in §4.4 h.·low. 
luei<h'ut.n,lIy. we prdi'r tht~ e'ulour eoutour plutH to gl"('.Y 1oI(~.lLI(~ plot,s of Hw I-Iluno 

qnantiti('!>( lmeauH(\ Wf~ h('li('ve thnt tlw ('Y" iM mot·(~ MCUlolit.iv(' to dllUI~(~H in (~()IOlH' thn,n 
to (!hn.n~t~K in (~untr8.Nt. We find t.hu.t (~ol(lUJ' l't'v('ull!! mort' d(ltl\il Htwh ali V('I'y w(~"k 
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(a) 

FIGURE 5. (a) Schlieren photograph and (b, t) eolour contour plotH for a. w~ak irrt'!(ular Idllwk 
refraction, ]<'NR at a COl/CHe gu interface with ~j = O.7M and (I., = UUO. 

wave~ or w(~ak contact discontinuities - than black and white, or shades or grey. f.;'or 
{~xampl{~. compare the darity of the two (~()nt.ad t1j8(~ontinuiti{,8 i.tl l and rtl2 (fi~un~8 
2J and tOe) whi(~h emanatt~ from th(~ two 8h()(~k triple points in figuws H(I') and H(b). 
Or compare tll(~ detail with whi(~h t~ rcfi~~ctcd 10Ihnck l' and cxpamfiofl e Ilt'tl di~pln.Ved 
in tht~ schlicnm photogra,lh in figure 14 ((1,) versus t.he colour (:ontolJr plutH in figure' 
14(b). 

4.3. Structure of the Wf,ak irregular refraction systf'.ms 

4.3." The bound precut'8fYf refraction system. BPll 

The n~gular systems HH.J;~ and RRR are well dcseribed by th., von Neumann 
theory, and in more dlltail by our numerkal rcsultM. When the shock (!ritieal angle if! 
(~xl'{·pdml. a, > aSC :::::: :14.4HH5°, th(~ ItHR system heeorm'~ lI.ugmenb·d wif,h an 
(\xpl\usion wave e, whieh lI.ppparl-l in the rC(icivin~ gas (CII.), and with iiM JlI'l':"I!~ure 
eontourH a.pparently (~(mtf(~d on th(~ refra(ltion point Il (figures :11', 41'). T.U' (iont.ouflol 
at fin-4t diver~l~ as Uwy move away from R, but then Mwing around and n·fru.d. int.o 
tim indd(mt gas (COz) wher(l th(lY eonverge intn a comprt~HHion d()WflHtr(·lI.m of Hw 
r('tlc(ltt:~d shnek r. Am!ortiing to the von Neumann theory. thef(~ U.11' no ,.hysh~tllly 
acceptable solutions for at> allC' and the impedan(~c8 of the trnIlHmitt,('(1 and rt'fi(lctnd 
waves are Unrtlal. ~'or thc~~ rea.~on8 tho system is irrugular. 'I'tw r and I Mhu(~k8 nuw 
have sharply increased eurvaturus near R, and furthermol'(l t is nnw lomdly indineci 
forwa.rd of R, at > lit (figure 4e). By contra.~t, for tim rr.guJar HyRI;(~mH t iH evnrywh(.rtl 
irwlined ha(~kwa.rdH, at < lit (figure 4n-d). 'l'huN t is a prt'euffwr wav€' ror a, > a~( .• !\Jul 
hC{laUSe it a.ppar(mtly m()v(~s along the gft.1-i int(~rfa.c~(~ at tlw Ho.m(~ v(·locit.y a.. ... i nll(l r. 
that iH (LU) rNno.ins ~titdi(ld, t iH thcrdom alMO a bo'und pr(~eUrH{)r. Like Ahd.14~1. 
fi'at.tah & H(md(~rH()n we shalt {~alJ t.hiH HyMtem a 'hound pf('(~UrHOr r(~fraeti()n' (BPR). 
1n summary a UPR differs from an RltR both by tho a.Pf)(~arafWc of a fourth wave' 
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.... WIllU4: U. (a) I-ld,li"n'lI photograph a.nd (b, r) L'olour mutour plots for a twin Mad, rdt~{:tion 
type rt'fi·ltt~ti()n. 'l'M n, (~ ti~ure 2/), with €. = 0.18 and GI, == 66° at II. CO,/CH. gat! interface. 

and by the fact that t leans forward (a.t > In:) at the interface, whereas it leans 
hn.(~kwal·ds (at < in:) for a 1-HUt. tl'he detailed structure of the BPR and especially of 
the fourth wave aM display(·tJ in figUfl~ 4(e} have not been reported previou!:lly to our 
kn()wled~(~. Indeml some douht haN 1x~n cxpreH~~d aM to whether a BPR is a basic 
system (If iN mt'rely an (~Xperiml~ntal artifad (Cathera[oloo & Sturtevant t9ti3). Our 
numt~rl(~1L1 reMult .. provide good evidence to support the existence of it 88 a hasic 
Hystem. 

4.3.2. TAe rondition Jor tAe IlliR ~ B/)1l transition 

rrh(~ shock (~riticlI.l angle aac il'4 dcfin(!d by thc double root A. == AI of the von 
NeurnlLllIl theory (figure :ld), and thil!! amounts to a generalization of the well-known 
I:'Ihoek deta(~hlm'nt (!riterion for re~ular/irrcgular transition in shock reflection. 
InsJlection of the polar dia~rams revealK that the flow downstream of the reflected 
shoek is a.lways supcrsoni(~. M'l, > I, for the Al solution. and accordingly the sonic 
(~ritA.·ri()n (or its ~cnera1izati()n to I'(~fraetion) propoHCd by Hornung & Taylor (1982) 
(:unnot exil>!t for the refleet,ed I-Ihtmk. Howev(~r, it (~(J,'tl l'xist for the tramunitf,tt.d I!Iho(,k 
I, l\nd in fa.et it dm'14 ('xh~t at an a, abuut 1° small.'r than (la(" This ditrerem:(l is too 
ImUltl for' experiment to dis(:riminau~. and wc hav(l not done the ddailed and 
cxppt\8iv(~ eomput.aticms ne(~t~HHu.ry to decide the matU!r. Although the numerical 
data show tha.t tlw tUtit ~ BPH. trnn~ition i~ dose to the gem~ralizt!d dctaeh
n\Cnt/~()ni(l point fbI' til<' , :;hock. cXIK'rinwnt SUI!:~CNts that trall!otition is ddaycd 
t.u vullleN of tXt HOIllt'wiulot larger t,ha.n elf = asl .. In the ('xl)(~t'im('nt[ol transition is 
Konwwhat. ()h:·u~Urt~d hy ttw wiw framt! 011 whi(~h thl~ memhrane wat! mounted, a.nd 
Ilhm hy a t,hin film of Milic~mw oil whi«:h waH U8(~d to ~eal th(~ wire to the shock tube 
WillduWH to r't~dlH't' ~u.1'I 't·ttkll~(!. In view of thil<! W(~ t:oudud(~ that transition occurs 
dtlwr at tlw gt\lwralized dpta.ehrmmt/Honh: I)oint. ur dUt4(l to it. 
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~'wmu: 6. gXIM'rilnt'ntat and eomputationlll wave anJ(le data for a CO2/CH. ~1I.11 intc'l·fac' .. with 
~j = O. 78.I'iI,lUtrtl Hymhnbl rt'J1teHf\ut. dat.a from (~'tnput,at,inflH wit.h Il fO'Yo ('ollhllniual,joll Ilf tilt' ('II 
by thj~ ('OJ' Cifl'uhlf 8YIII"uh~ rt'flr(~~~nt dat.a from t'OIlIputatiotlH wit,1t purt~ ~IlIlt'H. All ullll'l' Hvrnhol~ 
rt'prt>lWllt "xllf'I'imt~nt,al datil. m. O. /:::,.. TransmittNI Hh()(!k angl!! eX,: D. O. w, rt'f\(·('t(·d WI\\!~' llnJ{lt· 
eX. or ct,; 0, •• +. Hide Hhu('k 8n~lt' ".; O. 0, 8. intt~rfa(~e ddle(ltiofl 8.ujt;le 8,; D, O. +. t mjt'l't,ory 
path 8.nJ(le X; !fee fI~lJrf~ 2 for t.he definition of the wavl' angle!!. (I<;xpt-'I'imental (11ltll fWIII Ah,j.I':I-
1i'attah & HenderHon 1978b.) 

It is inu'r(,Mting to note that the condition (Xt = Ix mw~t alHo hc attaim~d during Uw 
t,ranHitiotl HItH. ~ BPlt, bC(laUNC aM this O(~(~ur~ w(\ have 8(\en that (at < Ix) -... (at> 
ix). TIU'r('f()f(~ ttw condition t:ormMponding to the nnrmal criti(~al angll' ai' d('finc'd lIy 
(J ,12) iN jOfud to o(:(:ur at thc Marne (lomlition aM the Hho(~k (:ritieu.l u,t1gle (XIII" evell 
though aBC < a( •• 

4.:1.3. ']'he free prer:ursor refraction sY8tem, jI'PR 

With steadily ilH!r(~asing a f , the I wave eventualJy bmakH IOOH(~ from Uw i awl r 
sho('ka and run:-t ahead of them along the gRH inu~rfa('e (figure 4f h). The refmt'Hon 
law has now been violat(\d aH wit.h (lXpres."jol) (1.10), and ttwrc iN now aJrl'.f' IU'('('UJ'~OI' 
rdradiol\ (FPIt) in which the I wave JOOVL'S l'ver furdl('r ~theu.d of i and r with t.ime. 

It will btl n()ti(~('d that t.h(~ pr('MHurc eont()un~ for tlw t waVt' 'U't~ now Hprt·nd out. nt. 
and near, UU~ gaM inu\I'fa(~(\ (figure 4j-·I/,). inHt,C'lld of ht'ing eorwc'uf,r'at.ml ilK for- u. Iduwk 
(figuN' 4e). Thm{ t iM a loenlly Mnwurt'd out or p.?Jllnl"'Ioml wt),V('. lIow(w(~r. furtht'l' away 
from the int'l\rfa(~l~ the cout,ourH do (lonv(\rg(\ to f{)rm a coherent ",hoek. 'l'lw t wave aM 
its(~lf refracted from the Cli. ha(~k into the COs' which 'm~anK that itH ft!fradion hI 
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Ji'lUlllus 7, ('umpMiHHn of th., waVfl HJIt'4\cl .'atin tVI!, (!Mit' fi~Ute 2c) for aCO,/CH. glUl illwrfa{~ with 
~I = n.7S. O. Comput.l'cl <lllt.a 1(11' pute ~IUW'M: D. (·nmplIh·d datA. fur 10% (~()nt!lrnin8.til)n of the (~Hc 
hy tht' (,02; 8.. t'''p''l'iml'flt.a\\ .11\tI .. (fwm Ahd·"~I·l<'lt.ttah &. H .. nd(~rKOn t07~b) . 

loeu,lly rllNt ~I()w. n > I. The wave tru.Ill"mitt,(~d into the COlt is the side wave s (figure 
:lJ. g), alld it iM al!,Jo an eVaneM(~t'nt wave. Since I()(~ally n > I, then la,l > la,/. 'l'he 
c:ontour plots Mhow 110 sign of a n·tleded wave from the 1-8 1"('fra(~tiun, nor dOl~M tht"re 
Kt'(\m to he one in the experimentH (pn:'~umably it is too weak to be n:~s()lved). Thus 
Hw local Hyst.l'm apt>ctLr~ t.o t:om"iHt only of the t-s pair. The 8 wave and the incident 
~h(H:k i {w('ntuu,lIy eneuunt(~r. and mutually modify, eaeh other. The 8 (~(mtour8 
eonVt'I'g(~ to till! n'tleet(~d Hhoek r afu~r passing through i. The modified shock k. 
('()Ht iIHI4.'H to the diHturill'd gas interfac(~ where it iK IOtlltny refra(:ted with total 
int..'I'lUll J' .. 'U.'dioll Jl = - J. ']' = 0, Z, = O. ThtH rm~u,ruol that k iH n'll,'ded aK a eent 1"('(1 
4'XIUUINioli wUVP. f:. Thil'4 (UHt wu,v.\ eventually ()v(1rt.ukt'1ol T and eaUNUM almONt (!ompleto 
mut.ual (~u,rwcllation. NO thnt finnlly a weak rdll'etion iN propagated into the 
dowllHt.rpnm CO2 (figure 4f-k). It is d(~ar from both tht~ experimt~ntal and numeri(~ul 
rt'tmlt,H tlmt 8 iN 1111 evalwseent wave. 'rhe numerical r('sult~ ~d\Ow that t il:l also 
eVI:lIU'se(~nt hut the exp('rinwnts (~u.nnot rC~40lvc it. Mcnee thc comlmtatiun are 
prediding a m'w r('tmlt for t.hi~ wave. 

It il'l natural to (~()nHidt!r the (~onditions whert~ a bound precursor system becomes 
fl, fJ't,(l pl·t·(~ttrHor syrttem Of v i(!e v(~r~. HPlt ~ )1"Plt. This it!! a8Hoeiau~d wit.h the 
M,lreluling Hut of thfl t waVl' iut.u a diHtrihut(~d comprPH8ion rwar th(~ intt~rfu,(~e and it 
U)(,1l ru mol ah(~nd of t lw i d,nd r IoIho(~k~ along th(~ in t.t'ffl\'(~(~, Th.'I'(·foTe til(' tmnl'lit ion 
(,.,ourH with tht~ vinllitioll of t,tw rpfra(,t.ioll law (1.0), in oth(~r won:ls (1.10) nnw appl it'S. 
Ttw luw is of c~()urlole immediately n~'('loItauliHhcd for the prt~eurs()rs 

Il~1 If"l 
!.'lin (X, = sin a, 

4.3.4. 'I'IIp. frf"- fJrecur,~or 't'Olt NflUmtlln YI'Jmciion Hy .. ~tM1t, };,NR 

Tr'unMitiuu ttl yt'1, armUwr irrt'guhLr rcfradioll tak(~8 pla(~e as (X~ continu(~s to 
itwrt\tLH(~. It iH dlUru.(~t(, .. iz.'d hy a weak Mlu~h rt~ltecti()1t appc'aring in ttUl eOll' Soml' 
prmumrc (~ontnurH of it. nn.~ prPHl!llu'd in ti~ure 4(/,) and a I:i(:hlit~rtm phutograph and 
(~ol()ur graphi(:1!1 in fi~urf.l 5(u'(:). Abd-J~I'~'iLt,tah &, Ht'nd{~rsun (107~b) called this & 
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(0) IX, - 30" 

FlOllJUC S (a. b). For caption see facing page. 

'free preeursor von Neumann refraction I (FNR). &-e figures 2(d), 3(U). 4(h), and 
5 (a -c) of this papcr. The conditions for the .F'PR ~ •• 'N H. tranHition arc not known 
and our computations are not sufficiently detailed to form a. hYJlothesis with any 
oontidencc. 

I n summary the sequence of phenomena. for the refraction of a weak shoek at a 
slow-fast gas interface with increasing a.ngle of incidence Gr., is a.s follows: 

RRE ~ RRR ~ BllR ~ .'I)R ~ .'NR. 

This sequence scems to be generally wellsupportcd by both the computations and 
by the experiments. 

4.4. Oompari8on oj the numerical results with experillum' 
In the intcrtlsts of making the comparison as pr(l(~ise 8.8 pOKHihle we used the HaIO(~ 
va.lues of the parameters (Yc,Yt,Pc.P,.€,.Clc) for our input, data 8.t4 Ahd-El-,li'attah & 
Henderson meaBUfl,"'<1 in their experiments. This included using the da.ta. for the 

(d) a, - 66" 

""UlI1ltl<: H. ('UlltOUI' plutH ill' (ll (I) log P and (e) IOJ( p from t'Omputatim)M 01' a stt'Ollfo( Mhl)(,k n-frill-tion 
Nt"IIIt'III'I', £1 n, IH, Itt 1\ plll'l' CO./CH. j.(tlM int4lrf'Il(~. (Tht' tdl·aif.(ht lint' runllio~ dil\f.(nnally from 
UP,,('I' Il'ft to luw('r rij.(ht rt'pn'/W'ntH the initial, UlldiMhtrlJt'(1 gllll in~rfa.L'e. It ill not a I'rl'MKure 

(~nlltour.) 

mll1taminatt'd gas shown in table 1, and the same boundary c(Jnfi~urati()n. Some of 
ttw enmltUtatioflM w(~m rCfK'att~d fur Uw pure gal«'1!t in ordl'r to obt.nin an mlltimatc of 
the joI(lfUolit.ivity of th'l r"'Htdt,,, tu W~K (~()lIiluuinu.t,iHII. 'l'lw IUlliwl,jcml data for tho pun, 
and Uw (~(lntamilU~kd ~aM(,K UI't' (~ornpll ... ·d wit,h {·xIK"'imt.·nt in figUl'('~ 6 and 7. ,li'igure 
t$ t1hOWM 11 vnridy of WllVP U,Ugh~H lLN wdll"H tht, int('rfiw(' dt'fiedion an~lc 8, (figurtl ~a) 
nnd tim tl'ajt~(ltOl'y puth all~le X fcu' dw illt'('I1«~t:t.i()n of ttw i. k. 8 and i waveH (figure 
2d). Foe' the n~gular part of tlw H(·qUl'n(~e. IUtl~;::= IUtit. tlw lIumcrit~al rt~lmltH for the 
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contaminated gas 8,r(~ t.wcrywlmr(~ in 88,tisfa(ltofY agrt~('m('nt with (~xperinlt.'nt" hut tJw 
corTt~Hponding results for the pure gaNeS show a Kignitieant djH(~rt~paney fHr the a, 
data. but not for the at, (le' and 0t (lata. So only thc at dat.a t«.~mn to b(~ ~~mMive to 
contamination, and that sensitivity is greatest ncar transition a. = a~c ~ 34.4HH5° 
(AI == At) whcre small variations in the contamination (~an camm signifimlnt dUlnges to 
at. Thus, for regular refraction the a, data art~ sensitive to (~()ntamination whilp Uw 
data fm' oth(~r angl(~M an~ not. '11his i~ aHerilx~d to the ftl(~t that ilwilh~nt and rdl('('t,,,d 
waveN pr()pagatt~ in the CO. which is littl(~ atr(~eted by eontaminatioll h(~(~auN(~ of t Ilf' 
large fradion of the volume it ()c(~upies in the I'Ihock tube, while thc t wavt~ prollo.glLtes 
in t,he CH. and this i:~ signifi(~ant.ly aff(·ctr.d (t.able I). 

Afu~r transition t.o irregular rcfraetion th(~ numnri(lal data for I,he contu.minnt,('d 
gas are again in agreement with experiment so long as, appr()ximatt~ty. a, < 5C~o; hut 
signifieant discrepancics are evident for a, > 50°, particularly for the at data. li'or 
irregular refraction the t wave is everywhere curved, and as a, > 50° inen'used we 
found that this curvature beeame quite sharp ncar the gns interface. This HIll-de Uw 
ehoi(~c of where to draw the tangent u) t in order to measure Cl.t at ttw int,('rfa('e 

inert'aHingly uncertain. The same diffieulty occurred for hoth the schli('rN) 
photographs and for the contour plots. We t,hernfore looked for m()r(~ rohw~t du.tu. to 
(~ompare with the experiment, which we found in the mnaHUr(~nHmtM of the wavn 
vciodti(lS l.T, and lJ,. 1'he numerical data for l{j('- are compared with cxp('rim('ut in 
figure 7. These data include the computations for the pure and th(~ eont.aminated 
ga~s. and it will be noted that the re~ults bracket the ('xl)(~rilmmt data. 

It should be remarked that the measurements of thc gas contamination are only 
averagc values obtained after the contaminated gases had becn drawn from t.he 
shock tube and individually scnt to the thermal conductivity nwtcr. 'fhf'fefore the 
local contamination near thll gas intc.~rfacn {lould have been si~nifi(~antly dift'oft'lll. 
from th(~ av(~rage value obtained at the met(~r. In view of th(~ uneert.ainti(~H involvl'd 
we conclude that the agreement betw(''(m the num(~rical data and f~xJlerjment is 
satisfactory. 

s. Results and discussion for a strong refraction sequence 
5.1. Wave structures in the sequence 

A second series of computations was done for the G02/GH. interfaClc, ex(~(~pt t.hat i 
was now a atrong shock, E. = 0.18; this work was restri(~tc.lu to the pure ~aKC~. 
&~Iected contours arc presented in figure 8, and a 8chlienm photograph together with 
colour graphics are presented in figure 9 (plate 2). A comparittotl with exp(~rillwnt 
(~ann()t he precise becausc the etft~(~t of gas eontamination has not Ix~cn tak(lll into 
account in thc computations. However, note that the computational "limits in 
figures 9 (b) and 9 (c) clearly display all of the key features of the r()fradiuu found in 
the sehti(~ren photo in figure 9(a), especially the two-shock tripl(~ points in -r and 
8--n-r' and th(l two contact discontinuities cdl and r4" emanating from 'UWHC triple 
points (figure 2J). 

The polar diagrams are presented in figure to. When at is small enough to reI-mit 
in regular refraction. the von Neumann theory providcs thn~ phyt4i(~a.ny a(~(~ept.a.hl(' 
solutiolls. namdy two with ref1c(~ttld shocks A. 1• A.2 and onc with a retle(lu~d (~Xpu.n!oliHn 
£, (figurc lOa). It was the f:J (HHJi~) Holution whh~h Abd-"~I-.Fatta.h & lImuil'l'MOU 

observcd. With incrcaRing (l, one ohtainR the coindutmcn AI == As == i == A J• and then 
thc reftecwd ahocks in the All A2 (RI:Ut) solutions degcnerate W Ma(~h lincs (figurt~ lOb). 
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to. 

Although this takm~ pla(~e at the angle of intromission 1%,," ~ 35.94°, it has no physical 
joIjgnifi(~arWll in thi8 ('a~~ bceau8C €l iH not dcg('m'ratt~ at this condition. Hence the 
impt'<ia.wes arc nol <HJual. Z, '* Z., for th(~ Molution £1 that iii actually obscrved. 

For a. > (lIm' tilt' AI' A2, ImlutioJl!04 are uurt'al and at thc sU.mc time we obtain a 
~w()nd t4Ulutioll £2 of t.lw IU{.}f~ tYIKl (figure lOt:). Huw('vcr, Un(le more it waH the f.l 

Koluticm that. Ahd-I·~I-Ji'u.tt.ah & Hmulcr~on obMllrv('(t. CI(~arly, at at = a'm the 
(lOilwid(,llce eo.ll b(~ llxt.ended to t:2 ; thutJ, AI == A. =: £. == i == AI' Notice. however. that 

I 
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i"'JOURK to. Pol8.r diagrams for 8. strong ahoC'k refr8.etion sequen(le with €. ~ O.IH at alllu ... ! (~02/(:tI. 
gaM inu·rfll.(!e. (a) H.H. ... ~. €, Holution at IX, .... 30"; (b) Jtfl"~. #;, tmlutinn 8.t IX( = IX ... = :lfi.Ofi". Nott' tllI,l, 
£1 iM not a continuation of eithpT the At. or "'I lIulutionH. therefore tilt' Mhm~k I:ritical atlJ(le ji)r AI =
AI is irrelevant for tra.nsition to irregular refradion in thitt (!fl.Itt\; (t) 'UU~, at. tI. == ~""; nnh~ tht·J'e 
are now two H,ng 1ID1utionH, f:. and f.; the £1 lIolution it! observed in eXlJerimentH; ((I) lUtE, at. thtt 
relevant shOt·1t criti(:al angle, £1 a t;., tXt 0::: oX ....... 46.294"; thiij is the tran!!ition (~uditi()n for 
ItfU<~~TMIt; (e) twin Mach reflection-refraction TMH. at«~ = 66" > «or' 

the £1 solution nowhere forms a coincidence with either the "I' At 8OiutionloJ aH it did 
at th(~ A I point in the weak sequence. Consequently, by continuity no refraction of 
the RRH type can appear in this t1trong 8(~qucnec. 

AM ct., continues to increase one cvcntually obtuins £1 == t::a (figUf(~ IOli), wht,rtl the 
iNcntropi(! c is tangent to tho t polar. Thif:j again occurs at thc 8ho(~k eritj(:al angle 
a 8C ~ 37.79°. but it difters from the weak t!!cries in that the coincidence ito! an H.H.Ji~ type 
€1 == t 2, instead of tho H.RH type, "1 == Ai' 

."Of ct., > ct. lIe • the l"(~fraction is irregular and both the cxperim(\nts and th(~ 

computations agree that it is again a free precursor tJystcm. However, the numt'ficld 
results show that both the t and the 8 waves are shocks and llot cvanet-lcent 
compre88ions 8.S they were in the weak sequence. Structurally the jolystem (~on8i",t.H of 
the precurlior transmitted-side shock pair t -8, intt~racting with a single Mll(~h 
reHcction triplet of shoc.~k8 i-r-n (figure JOe). Tho sid(~ foIhock 8 now intcra(~tH with the 
Mach shock n, modificl!l it and produce! the !§Ccnnd rcftcct"d 8hock ,'. Con~tlUtmUy. 
there are two Mach reflectiolllit in the incident galt, '--f&._, I and 8-n-r'. the refraction 
will bo (lalled a • twin Mach ".jl.ection-r'Jraction' (TMR). 1'he " sho{lk undergoml total 
internal reftection at the dittturbcd g8.8 interface and gives ritJe to the rcflecUld 

1.3 A~ AA • ~ • • It. AlA A A iA AAA • AA, 
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Fw II ,nl 1 t. ('olllpariHon of th .. WI\Vf! HIM'f"f1 ratio 1T,/I{ (ft{~ fi~ure 2(') for a (,02/CH~ ~~H inrerfal'e 
with t:( = O.IH. 0. Comput~ld data for purt! gaIWH; A. e,xpermwntal data (fmm AluJ·I'''·Fattah &: 
tll'rHh'l~nrl W7HIJ). 
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li"UHlRY. 12 ... ~xpl~rimelltal and ~omputlltiOfl8.1 W8.ve an~l~ data for a eOl/CH. J"t"fri\('tion wit.h S, -
U. tHo ('ir('uliLi' Mymhol!'l tt'pn'IW-nt tint-a ffUm c'oml'utatiollH with pure j,t1lMt'1I. All othf'r tt..,·mhols 
n'pl't'H(lnt t'xpl'rimt'ntal tillta. 0.6. 'l'ra.U1unittt'C1 HhOl'k t\IlKIt' Gil; o. Ie. rt'flf'{·tt'd wt\V(' tl.1IJ(1t'! GI, IIr 
GI,: •• +, Hid~ HIUlI'k antoeltl Gi,: o. rn. I"t,ol'fll.('" dt·tlt·c!tlull 11hJ(lt· .t, i O. +, h·aJt'!{·t.nry po,th a.nJ(lt! Xl j 
0. D. traj14"lHrY path IlIIMlo X" ("!"IMlrlnwntal data from Ahd· .. :I·'.t.tah &. Hl4hdl1rMnn U)7Mb.) 
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(a) 

FrnURB 13. (a) Hchlieren photograph and (b, c) colour contour plots for a twin regular refleetion type 
refradion, TRlt (see figure 2e) £. = 0.53, a, == 50.5"', at a COt/CHi gaM interfa,<..'e. See elMo the 
caption to figure 5. 

expansion e, which in turn overtakes and attenuates r. Contatlt diH(~(mtinuiti(l~ edt 
and cd. appear at the MR triple points (figures 2J, Se, Ua, b and We); of coun«~ they 
are not visible in figures 8(d) and 9(c) aincc ,thetIC arc (~ontourH oflog p. There artl now 
thI'C(~ shear layers in the downstream flow, namely cd, and rd •• and the diHturbed ga~ 
interface. 

5.2. Comparison of the numerical results with experimp,nt 

The numerical results arc compared with the experiments data in figures II and 12. 
As cxpected the discrepancy for the at data is compa.ratively largf! because we did not 
take into account the gas contamination. Qualitatively it is similar to thc dhwfcpancy 
for the weak serics in figure 6. The increasing size of the di!.(~repancy for the irrt~gular 
rllfraction is again attributed to the uncertainty of measuring at with ine"(~8Sing 
curvature of the t shock ncar the interfaoo. The angltl data for Xl' X2' and 6

" 
art~ 

generally in Hatil!!factory a.gN:~cment. granted the numerieal and (~xpcrirnental 
uncertainties. 'l'hc8C last mC8SUr(~mcnts were made (~ithcr f()r the CO2 flow fi('ld, or 
along its boundary (6,) and, 8.8 we havc secn, such nwasurcmentl'l aw im~cnsitive to 
gas contamination. The curvature of the reflected sho(lk r prevented UK from making 
reliable measurements of a,t while the short length of the side ~h()ck 8 Himilurly 
prevented reliable measurements of aa' The discrcpaneies for a r and a, are Mignificant 
and are attributed to the8C un(.'Crtainties. 

In figure • I the numerieal data for L{/ U, diHplay a small sY8tcmatic diH(lrt~pan(~y 
from thc experimental data. This is qualitatively l!Iimiiar to the pure gas rei-mit,s 
shown in figure 7, and is ascribed to the Hamc caUHt~. namely gas eOlltamination. 
Nevertheless, the agreement with experiment is quite rcaHouablc. 
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F1011R.B 14. (a) Hchlieren phoiugraph a.nd (b.t) colour {~niour ploUt for a twjn von Neumann 
irregular refraction. TNR (Abd·~I-Fattah & Hendenwn 1975b) at a CO./CH, gu interfaL'e with 
£. = 0.53 and IJ., = 62°. 

6. The boundary between the strong and the weak systems 
We c()nsidt~r how a weak irregular refraction may be changed into a strong one, or 

vi(~c VerMa, }4'NH ~TMIt. This will be done by continuoUloJiy redudng f, from f, = 
O.7H where the l:4yl:4tA~rn is weak, to f, = 0.18. where it is strong. In the following 
dh~cUBHi()n the paramct,(~rs (1'"1't,p~,,u.,) will be held constant and a., will be allowed 
to vary only slightly while f; is decreased. We lK~gin by considering tht.l weak. 
irregular refraetion that we call }4"NR at Sf = 0.78 (figures 4", and 5a-c). As fl 
dcel'cases thc shock triple points Fl , Ft, (figures 2f and 3g) continuously approach the 
quadruple point () (figure 2e) and then for some f. they coincide with it. It; == FI. == 
O. Th(~ weak Mach reflection has now vanished and the number of shocks in the 
incidt!nt gal'4 arc reducl~d to four, i-8-r-k (figure 2~). If we imagine that the CH. is 
replaecd by a rigid fnt'dium with the same boundaries, t.hen the four-shock 
int<~raction would amount to thl~ twin regular rdlm~tion studied by Hmith (1059). 
Hin(~ll the i ami II sh().~kH are gl'lll'rally of UI1(~(IUlt.1 stnmgth, their inM'raction it! 
asymmetri(lal nnd Il. eUlltaet discontinuity al'il'l('s in the dowilstream flow. A schlieren 
phntograph of thil:l fl!frll.(~tiol1, ()htaillt~d by Abd- J:!~I-}4~attah & Hl'ndcrson with S, = 
0.53 and tX, = 50.50 is presented in figure 13 (a), together with (~olour contour plots 
from the computations in figure (l3b, c) (plate 3). We shall call it a twin regular 
I'efle(ltiou--l'cfmdion (L'RR). A(~tually the cited authors found t.ha.t this sYl!!tcm 
tlxiHtcd 1'01' a range of St and not ju~t for a particular value on thn bounda.ry bt~twecn 
the Mtrong and tlUl weak SYHt,('m8. If St = 0.5:1 is hdd (lOtlHtant and tX. is now inel't.~88Cd 
to a. = 02°, th(m the fnllr-Nho(lk "'YHtcm (~hangt'tJ into the twin von Nlmrnalln syl!!tt'm 
(TNR) (Ahd·J4:1·J:!"attah & Ht'ndt'rlmn IU7Hb) ",howl1 in figurtl 14 (r)lat.c 4). "~vmltuaUy, 
h{)WtlVt~r. ar.! G. hC(lOmeH MmtLlI enough the f()ur-Mh()(~k Hy~k'm in the 'flU-I. (!hango8 to 
the twin Ma(~h rdlm:tion (!haractcril'lti(lN of B l'MH. at £f == (UH, and a., = 66° (tigun~8 
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2f. 8d, I, D, and lOe), The oondition for t,he TltJ~ ¢ 1'M It tr.,nsit.ion hn,v" h(~l'n 
discussed by Smith for reflection, and Abd-I1;I· ... 'aU,l\h &- Hend('~()n for J"(ofmrf.iotl. 

A variety of Mpceial conditions may be used to d,~finc preeisdy the Htrmlg/w(~nk 
boundary. Some of them have been discussed by the ahove auth()n~. HllJ"(~ we unti(~e 
that for weak syHtems the regular/irregular transition IUU-t ~ BPl{ t,akl\1oI pIllet' Itt. 
the von Neumann tangency point A1 == A2 , that is at a!l{" but fl)t !-Ct,rong H)'St.C·1Jl1ol till' 
tangency condition has a different (~haraetcr €l == €i, so JUtg ~ TM It, hut n,~ain nt, 
ex~I" It flemns plausible th(~ref()re to d(~fitw th{~ stro,'g/weak houudu,ry at, dw point. 
where both conditionH are in coindd(mce, A1 == All == f, == £2 == i == A ,. J!~tlr the pllft' gas 
illterftwe COt/CH. this is approximatdy at E" == E, = 0.47. tlnd at = a4."!)o. No 
an incidcnt shock i has a weak refraction whenever Sf > 6" and a Ntrollg one wlwn 
E, <X,,· 

Abd-EI-}t'attah & Henderson used a different COlldition for thc boundary, based 
upon a g(meralization of the von Neumann ciassifiei\-tion for shq(~k reflection, hut the 
definition of the boundary is somewhat arbitrary. 

Them iK some hint that in our results for the stl'lmg S(~(IUmWl~ 5 = 0 .• 8, t.he four
sho(~k 'rUB. tlystA.,m appears immediately after trar\sition to 0.1\ irregular refrudi()u. 
However, it is not fC80lved unequivocally. and ir, any event a TMH. iH (~('rt,ninly 
prescnt when 12., iO(~reaseB by only a small furth(~r amount. . 

Eaeh regular or irregular wave system occurs for definite ranges of valueR of the 
system paramcters (y" Yt'P"P" 6 •. a.,), and it is posstblc to produce a t,()p()l()gi(~al plot 
of E, vcrsus GI, for a given combination of gases (Ye. Yt,P"Pt). Abd-gl-Ji'attah & 
Hcnderson (1978b) did this for the CO2/CH .. interface and we r(~fer th{~ intert'!d.('d 
reader there for further details. 

7. Concluding remarks 

In our computations of the weak refraction sNJU(\n(~c we UH(~d f,h(~ t-Iame in(mt datu 
as Abd-I1;I-ll attah & Htmdel'8on had measured in t,heir eXp(~finwntK. ThiH indlUkd 
the effects of gas contamination due to leakage aO(~ djffu~ion aeross tht~ membmrH', 
and also the inertia of the membrane. The obj(~nt waH to teHt the validity of Hw 
computations by obtaining as prcCiHC a comparison with experiment as pOMfoIible. We 
found that thc membrane inertia made very little diff(~rcnce and we ignored it in our 
lator comput,ations, Howcver, our data for th(~ wP.V(~ angle at of the transmitt.(~d 
shock was 8tmsitive to gas (~()ntamjnati()n. and to tl. It~f04H(\r ext«mt SO waH t.he wu,v(\ 
velocity l{ dat,a ofthili shock. N()m~ oCthe other datft, dit-lplayed Hueh 8tmlolitivity. uud 
this wa~ ascrihed to tho fa(~t that a. and l~ W(lrC flll~aNUr(ld for the eH. (~Omf~ml('nt. 
which was significantly affoded by eontamination (t,ahltl I) Wher(lll.S Uw oth .... dlltu, 
X. ar , ex •• and NO on, wore measurcd for the CO2 c(,mponent whieh was very little 
affected by the contamination. 

Our computations were everywhere in reasonable agr{,'Cmtmt with cXf>erim(~nt 
when gas contamination was taken into accountl except for the 12.t data when, 
approximately, a, > 5()o. That discrepancy waH ~cribed to the unc(~rtainty of 
making aetmrate me88urements of at owing to the int~reaMingly large curvaturt~ of t.he 
transmitted wave with inereasing al > 'l'hiN un(~t~rtainty applied to both th(~ 
eXJ)(~rimental data and to m(~aSUnmlCntl'l mado from ttl(' ecmtour plutH. 
. Th(~ computation~ Wt~rc done for inviHdd gaHeH and Hi'WH the rmmltli w(m~ g(~tWflllly 
m good agreement with expt\rim(~nt it iH (~oneluded that ViH(~ORity hu.d no Higlliti(~nnt 
effect on the measurementM. Presumably viscosity Would be of mOHt importance in 
It 1 1. . 1 , .1 l' I. • ;+-.. t J It, 
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gu.l'«~!'I. Th(~ (~omputu,tiunl'l nlluwlld vortidty production and tram~p()rt hut not visc()utJ 
difl'U!-linn. 

The eomputatioruo\ rm~olv(~d the fo4trU(~ture of the hound precursor rdra(~tion (HPH), 
and f('vealpd the pre~mt~(\ of a fourth wave, whieh waH an cxpanRion and apparently 
(~entred on the J"(\fra(~tion point. After transition to a frt~c precursor sYHtem, HPlt ~ 
~'Plt. the transmitted/side !-Chock pair were fuund to be smeared out in the region of 
the gl\H int(~rflu~e, whieh w(\ eaBed evanescent waves. 

Himilur .. fJ(-ets w(\r(~ found in our computat.ions for stronger refraction a.nd were 
u.H(·rihed to tJw ~u.nw mlllHea. Our computations displaYl~d all the prindple features 
found in (lxp(~riment, ~ueh aM local single Mach n~flcdion-·refractions, twin Ma(~h 
refl(lt~tion rdmetions, fre(~ pr(~curs()r foIhoekH, contaet discontinuitic}s, rcflccu~d 

expalU~i()n WaV(llS, and so on. In particular our computations were ablc to acuuratdy 
and sharply resolve contact discontinuities, for example those cmanating from shock 
triple points (figures 10, 13. and 14). "fhls has historically been a difficult task for 
numerical methods primarily designed to capture shocks. We conclude that the code 
doc/ol provi(lc a Hatisfaetory representation of the refraction phenomena even though 
it ignoreH the dTcetH of vil:wosity and throe-dimensionality. 

ThiN work waH performed under the aUBpi(~e8 of the US Department of Energy at 
t.he Lu,wf(~Jl(~e Livt~rmore National Laboratory under contract numb(~r W·740.')
}!;NO-4H and partially 8UPI)Orted by the Applied Mathematical Sciences subprogram 
of the Office of Encrgy Research under contract number W-740fi-Eng-48 and the 
Deft~n8C Nuclear Agency under tACRO 88-873. 
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