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Abstract

We consider two parallel-in-time approaches applied to a (reaction) diffusion
problem, possibly non-linear. In particular, we consider PFASST (Parallel
Full Approximation Scheme in Space and Time) and space-time multigrid
strategies. For both approaches, we start from an integral formulation of the
continuous time dependent problem. Then, a collocation form for PFASST
and a discontinuous Galerkin discretization in time for the space-time multi-
grid are employed, resulting in the same discrete solution at the time nodes.
Strong and weak scaling of both multilevel strategies are compared for vary-
ing orders of the temporal discretization. Moreover, we investigate the re-
spective convergence behavior for non-linear problems and highlight quanti-
tative differences in execution times. For the linear problem, we observe that
the two methods show similar scaling behavior with PFASST being more fa-
vorable for high order methods or when few parallel resources are available.
For the non-linear problem, PFASST is more flexible in terms of solution
strategy, while space-time multigrid requires a full non-linear solve.
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1. Introduction

Since the clock frequency of computer processors has not increased sig-
nificantly in the past fifteen years, an increase in computational performance
for numerical algorithms can be achieved only by increasing parallelism, and
modern supercomputers now contain many thousands of computing cores.
Exploiting the capabilities of such massively parallel systems is not straight-
forward; algorithms with optimal complexity and excellent scalability must
be designed to minimize the run-time of computationally intensive problems,
such as the solution of time dependent partial differential equations (PDEs).
When dealing with parallel solvers for discretized PDEs, the solution process
is traditionally parallelized in space using domain decomposition techniques,
until stagnation. Considering the technology trend, the traditional sequen-
tial time stepping will increasingly become the bottleneck for computational
scalability for many applications. Hence, the development of new parallel
methods that exploit concurrency in the time direction has become essen-
tial for time dependent problems. However, parallelization in time can be a
challenging task, as, for many physical processes, the time direction is gov-
erned by a causality principle, with a preferential direction of information
flow through the temporal domain, i.e. forward in time. Nevertheless, sev-
eral new methods for temporal parallelization have been proposed in the last
20 years. For a more comprehensive review regarding the parallel-in-time
literature of the past 50 years we refer to [1].

The objective of this work is to compare two of the most relevant re-
cent approaches: PFASST [2] and space-time multigrid methods (STMG)
[3, 41, [5 6], [7, 8]. The current paper is similar in spirit to the comparison pre-
sented in [9] (where the authors suggest a future comparison with PFASST).
Since many parallel-in-time methods are based on a coupling between coarse
and fine time propagators, they can be framed in a multilevel-in-time set-
ting; for example, MGRIT [5], Parareal in [I0] or PFASST in [II]. Despite
the similarities of these different approaches, the methods can behave quite
differently on some problems. To date, the majority of papers on parallel in
time methods investigate a single method, and very few have investigated the
computational advantages and disadvantages of different methods on well de-
fined benchmarks. Here we attempt to compare two methods using the same



spatial discretizations and solvers to emphasis the differences in scaling in
the time direction.

In the remainder of this paper we present such a comparison between
PFASST and STMG. In Section [2l we describe the respective time discretiza-
tions of the two approaches. In Section [3| we present a reaction-diffusion PDE
and its discretization in space and time. In Section [4] we describe the solu-
tion methods that will be used in Section [5] where weak and strong scaling
experiments are reported.

2. Preliminaries on the time discretizations

Let us introduce the time discretizations that we use for PFASST and
the space-time multigrid, respectively. Both formulations are based on an
integral form of the continuous problem and converge to the same collocation
solution, if the same nodes are used (see e.g. [12, 13]). To illustrate these
methods we consider the initial value problem with Uy € R, on a single time
step I, :== [T,,, Ts1) C R

u'(t) = f(u(t),t) for T, <t <Th, uw(T),) = Up. (2.1)

2.1. Collocation form

The PFASST algorithm is based on the spectral deferred correction (SDC)
method, an iterative scheme introduced in [14] based on a collocation approx-

imation of (2.1)). Let us consider the Picard integral form of (2.1
t
u(t) = Uy + fu(r), 7)dr, (2.2)
Tn

and the M right Gauss-Radau nodes {t,,,}}_, in I, with T, < t; <ty < --- <
tar = Thy1. We approximate ([2.2) by its collocation form, with U, ~ u(t,,):

U =1U,+ AtQF(U), (2.3)
where At :=T, 1 — T,

U = [Ul, ...,UM], UO = [U(), ceny Uo], F(U) = [f(Ul,tl), 7f<UM,tM>],
(2.4)



Q is the M x M matrix Q := (¢m, ;) ;—, With the quadrature weights

1 [tm
=— [ C()dt
Qm,] At/Tn J() )

and {{;}}L, are the Lagrange polynomials at the M nodes. An SDC iteration
can be considered as a preconditioned Richardson iteration to solve ({2.3])
(see, e.g. [13 15]) and, if SDC converges, it is equivalent to an implicit RK
method, with ¢, ; being the values in the corresponding Butcher tableaux.
The resulting RK method is A—stable and has order of accuracy 2M — 1 for
M Radau quadrature nodes [16].

2.2. Discontinuous Galerkin

Variational time-stepping methods are receiving increasing interest by the
scientific community, especially in the context of adaptivity in space—time,
for example in [I7, [18]. Discontinuous Galerkin (DG) methods, in partic-
ular, have been widely used to discretize the time direction in the space-
time setting as they ensure that the information flows in the positive time
direction. They have been employed for a variety of problems such as con-
vection/advection/diffusion equations or the Navier-Stokes equations. For
example see the works [19, 20], 21, 22, 23, 24] [6] 25]. The use of DG dis-
cretization in time was first introduced in [12] for the discretization of a
neutron transport equation. In this paper the authors show that, for finite
elements of order ¢, the method is strongly A-stable, has convergence order
2¢ + 1 in the nodes, and is equivalent to an implicit (RK) time stepper with
q intermediate steps. The first analysis on DG methods as time stepping
techniques is provided by [26] and [27], followed by the work in [28], 29, [30].
More recently, specialized solution methods have been introduced, for exam-
ple by [31, 32 B33, B4]. A priori and posteriori error analysis have been also
provided, e.g. see [30, [17, 35, B6]. See [37] for a recent survey on the topic.

Let us consider the weak formulation of , where the continuity at 7,
is weakly imposed, and its finite dimensional approximation with u =~ U €



P,(1,,) (i.e. the space of polynomials of degree q)E|

Tnt1

/ U ye(t) dt + (U(T,) — Uo)o(Th) = / FU@), Do) dt,  (2.5)

n

for all test functions v € P,(1,,). Equivalently, integrating by parts (2.5)), we
obtain the standard DG formulation:

- / U () dt 4 U(Taad)o(Tosr) — o(To)Up = / U, () dt,

' (2.6)
where the upwind fluz is given by the v(T,)Uy term. In the interval I,,, we
construct the approximation U in the nodal form,

Ut) = Unlom(t), (2.7)

where {En,m}n]‘le is the basis of Lagrange polynomials of degree ¢ at the
g+ 1 = M Gauss-Radau nodes in [,. We can rewrite ([2.6)), using the ap-

proximation in (2.7)) and the definitions in (2.4)), as
K,U = J,Us + M,F(U), (25)
with K, My, J, € RM*M given by

Tn+1 M
K, = [_ / ()5 () At + Lo i (1)l (Trsr) : (2.9)
n ij=1
Tn+1 M M
M, = [/ Ui ()05 (1) dt} o Iy = T G(Tar)]i oy - (210)
" ij=1

Let us remark the similarity between (2.3) and (2.8) and that J,U, =
[Up, 0, ...,0]T. For multiple adjacent time elements equation ([2.8) can be
naturally extended, with obvious notation, as

KU = T, Up_1 + M F(U,). (2.11)

!The DG solution U can be discontinuous at the nodes. Introducing a left /right nodal
values of U we have: U(T,,)” = Uy and U(T,,)* = U(T,,). Then, in general, Uy # U(T},).
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3. Problem setting and discretization

Let © = (0, X) be the spatial domain and 7" € R* the final time. We
consider the following non-linear reaction diffusion equation:

O — Opeut +y(u* —u) =0, for (t,z) € (0,T) x Q,

O,u =0, for (t,x) € (0,T) x 01, (3.1)
U = uyg, for t=0 and =z €],
where v := u(t,x), up = up(z), and v > 0 controls the intensity of the

reaction term. Equation is known as the monodomain model or Allen-
Cahn equation, and can be used to describe the progressive activation of
excitable media. For example, in the context of computational medicine,
it is employed to simulate the propagation of the electrical potential in the
human heart [38]. The cubic term is a FitzHugh-Nagumo-type reaction,
with three zeros {—1,0, 1} corresponding, respectively, to a resting state, a
threshold and an activation state. For v = 0 equation is reduced to the
linear heat equation.

Let Ny, N, € N be the number of time and space elements respectively,
and define the following uniform partitions in time and space:

t'i = ZAt, i:O,...,Nt, At = T/Nt,
z; = jh, j=0,...,N,, h:= X/N,.

In space, we approximate (3.1)) with linear finite elements, constructing the
stiffness and mass matrices ICj,, M, € R(WVet1)x(Nat1)

Ng Ny

o M| [t e

1,7=0

K= | [ eltars o]

4,7=0

using the linear Lagrange basis functions {¢;}5, € H'(). Referring to
Section we can consider a space-time finite element approximation of
(3.1) in [t,,t,41] with a tensor structure:

=1

w(z,t) =~ U(x,t) = Z iu:‘jlém(t)gpj(m) (3.3)
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and assemble the non-linear space-time system of size NyM (N, + 1)

Agn u; r(uy) —B, nuo
Byn Agn uy r(uz) 0
. +It®Mq,h - . )
By Agn uy, r(uy,) 0
(3.4)
with

.Aq,h = ICq®Mh+Mq®’Ch, quh = —%@Mh, Mq,h = Mq®./\/lh,

(3.5)
7, being the identity of size N;. For n = 1,..., N;, the solution vector for
the nth time element u, has size M (N, + 1), with values grouped together
according to the ordering in , ie.

. n n n n n n n
W, o= (Ul g, Ul g Uy U g e U e e W g U L (3.6)

’

and the point-wise reaction defined by
[r(w)]e =7 (W]} — [wa]r) for k=0,.., N M. (3.7)
The initial condition is imposed through

g = [0, ceey O, Uo(l’o), U0($1)7 cey UO(wa)]y

having (N, + 1)(M — 1) zeros. Let use mention that, in the space-time
context, increasing M leads to denser blocks. For a detailed description of
the weak formulation of (for v = 0), the assembly and spectral analysis
of system , in a more general finite element framework, we refer to
[25]. With respect to standard methods, the storage of system can be
expensive in terms of memory; nevertheless, the space-time formulation can
be convenient, in terms of scaling and run-time, if is distributed among
multiple processors and solved in parallel. Let us remark that we assemble
just in the space-time multigrid case; when using PFASST the assembly
of the spatial operators in (3.2)) is sufficient. For technical limitations related
to the current PFASST implementation, we replace the mass matrix M,
with its lumped version for both discretizations.
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4. Solution methods

Here we introduce the two solution strategies that will be the object of
the comparison.

4.1. PFASST

The parallel full approximation scheme in space and time was intro-
duced by Emmett and Minion in 2012 [2]. As the name suggests, PFASST
can be described in the context of a multigrid in time method based on a
FAS correction on coarse levels [11]. An alternative perspective on how the
PFASST method is organized is to view it as a way to perform SDC iter-
ations for the collocation Eq. on multiple time steps simultaneously.
For parallel efficiency, the SDC iterations are done on a hierarchy of levels as
in the multilevel SDC method [39] with communication of new initial con-
ditions passed forward in time between processors after each SDC iteration
on each level. Since the communication is only serial on the coarsest level,
the SDC iterations on the finest level are done concurrently, resulting in a
potential parallel speedup if the total number of PFASST iterations needed
to converge on all the time steps remains relatively small. One advantage of
viewing PFASST from this SDC perspective is that variants of the original
SDC method such as semi-implicit SDC (SISDC) [40], can be easily used
in the PFASST context. SISDC methods (also known as implicit-explicit or
IMEX) are appropriate for differential equations for which the right hand side
of can be split into stiff and non-stiff parts. These methods are often
employed in situations where the non stiff component is nonlinear and the
stiff term is linear, so that only a linear implicit equation needs to be solved
in each time step. In Section [5.4] an IMEX treatment is used to treat the
nonlinear reaction terms explicitly and the linear diffusion terms implicitly.

4.2. Space-time multigrid

Specialized parallel solvers have been recently developed for large linear
systems arising from space-time discretizations. We mention in particular the
parallel STMG proposed by [0], the parallel preconditioners for space-time
isogeometric analysis proposed by [41] and [34] as well as the block precon-
ditioned GMRES by [42]. When dealing with a space-time discretization,



where time is somehow considered as an additional spatial dimension, it is
natural to extend the same paradigm for the solving process and consider
space-time multigrid type algorithms.

Multigrid solvers are optimal preconditioners for elliptic problems, and
they have proven to be efficient, with some precautions, also for space-time
discretizations of parabolic problems, such as the heat equation. The heat
equation is first order in time and its discretization introduces non symmetric
lower bi-diagonal blocks in the space-time system (3.4). When dealing with
anisotropic problems standard multigrid convergence rates deteriorate; see,
e.g., [43]. Traditionally there are various ways to address this problem such
as accounting for anisotropy in the particular choice of line smoothers and/or
adopting a semi-coarsening strategy. In [4], 10} 7, [44], for example, the authors
explain how the STMG convergence depends critically on the ratio p :=
At/h?, unless semi-coarsening strategies are adopted. In particular, for y <
1 (resp. > 1) coarsening only in time (resp. space) is an effective strategy.

Let us consider a hierarchy of L space-time grids denoted with [ =1, ..., L
and [ = L corresponding to the coarsest one. We construct the space-time
restriction operator Rf“ from level [ to level [ + 1 as

R =T eP oSt for I=1,..,L-1, (1)

where 7,"™ and S/*! are restriction operators in time and space respectively
and Pll“ is responsible for M —coarsening in time, i.e. varying the number
of Gauss-Radau nodes M along the multilevel hierarchy. Interpolation op-
erators are obtained considering the transpose of Rf“. Definitions of these
operators will be provided in the next section. Let us mention that any
restriction operator in can be replaced by a suitable identity matrix, re-
sulting in various semi-coarsening strategies. If M —coarsening is present, i.e.
if Pll“ is not an identity, the resulting multigrid is also known as p—multigrid,
or, more precisely, as a p—multigrid in time (as PFASST).

For smoothing, we employ GMRES preconditioned with an incomplete
LU factorization (ILU(0)-PGMRES). When multiple parallel cores are used,
GMRES is preconditioned using a block-Jacobi preconditioner, with blocks
of size (N, + 1) N M /Cores; for each diagonal block ILU(0) is then employed.
For specialized preconditioners and corresponding tensor solvers applied to



system see, e.g., [45], 406 [34]. On the coarsest level, an LU factorization
is used and coarse problems are assembled through Galerkin assembly. If
~v # 0, equation ((3.4) is non-linear and the STMG algorithm is encapsulated
in a Newton iteration.

5. Experiments

5.1. Implementation

For the numeric examples in this section, as well as throughout this paper,
we used the PETSc framework [47, 48] and the C++ embedded domain
specific language Utopiaﬂ [49] for the parallel linear algebra and the linear
and non-linear solvers. For PFASST we use the modern Fortran library
LibPFASSTF] that was extended to use the same PETSc data structures and
linear solvers as the STMG code to make the comparison as fair as possibleﬂ
The two discretizations produce, up to machine precision, the same solution
inT.

Parallel numerical experiments have been performed on the multi-core

partition of the supercomputer Piz Daint of the Swiss national supercom-
puting centre (CSCS)|

5.2. Solvers specifics and notation

Next we introduce some of the notation that we are going to use in the
following numerical experiments:

° SMG,{'

Multigrid with L levels and spatial coarsening, with Sll+1 in being
standard linear restriction, using the stencil [121]/4 and the operator
St having size (1 + N,/2%1) x (1 + N,/2'). As time coarsening is
not employed, time transfers in (4.1)) are replaced by identities, i.e.

Zhttps://bitbucket.org/zulianp/utopia

Shttps://pfasst.1bl.gov/codes

4For both implementations we used the PETSc type MATMPIAIJ to store distributed
sparse matrices and the KSP type for Krylov solvers.

Shttps://www.cscs.ch/computers/piz-daint
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T =17, € RVNeand P = Ty € RMM for all [ = 1,..., L — 1.
We use V-cycling, with v smoothing iterations of ILU(0)-PGMRES.
We refer to [50] for a convergence analysis in this setting.

STMGE

Space-time multigrid with L levels and 77“ and SZZH in being
standard linear restriction operators, both using the same stencil in-
troduced for SMGL; the operator 7;*! has size N;/2!*1 x N,/2!. We
set Pllﬂ =Ty foralll =1,...,L — 1, i.e. M is constant along the
multilevel hierarchy. We use V-cycling, with v smoothing iterations of
ILU(0)-PGMRES.

SMMGZ

As SMGZE, but using M —coarsening in time, also known as p—multigrid
in time. To perform M —coarsening we consider a non-nested hierarchy
of Gauss-Radau grids on a reference time element, where the number of
time nodes M is reduced progressively on the hierarchy until M =1 is
reached, i.e. having max{M —[+ 1,1} nodes on level [. In Pitlis
obtained through linear interpolation between successive Gauss-Radau
nodes.

PFASSTZ

PFASST solver, as described in Section with L levels and v sweeps
per level. We use ILU(0)-PGMRES as a spatial solution method and
standard linear restriction to create coarse spatial problems. Regarding
temporal coarsening, for performance reasons, we use M = 1 on all
coarse levels.

In the numerical results the run-times are expressed in seconds; the assembly

of discrete problems and transfer operators are not included in the run-times.

The number of iterations to convergence, if present, is reported in square
brackets. Convergence is reached when the relative or the absolute precon-
ditioned residual is less then a tolerance of 107°. The acronym “n.c.” stands

for “not converged”, denoting an increasing residual or if 1000 iterations are
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exceeded. The tests are restricted to temporal parallelism, i.e. #Cores < Ny,
with solvers parameters (i.e. L and v) which minimize run-time for both ap-
proaches. Linear and non-linear iterative solvers are initialized with the zero
vector in the space-time case. The spatial diffusion solver in PFASST (PGM-
RES), are initialized with the best available guess, i.e. the solution at the
previous iteration.

5.3. Linear example: the heat equation

In this section we consider the heat equation, i.e. in the following exper-
iments we set v = 0 in (3.1)), and the initial condition

up(z) = cos (mx) + 2 cos (3mx) + 3cos (drz) for =z € [0, X], (5.1)
with the corresponding analytical solution
u(z,t) = cos (rz)e ™t + 2cos (3rx)e 9™ + 3cos (dmx)e 107, (5.2)

We also consider the analytical solution u, obtained after spatial discretiza-
tion, to focus on the error introduced just by temporal discretization:

@(x,t) = cos (mx)e”! + 2cos (3mx)e”* + 3 cos (4mw)es!, (5.3)
with
p1 = (2cos(mh)—2)/h*, ~ py = (2cos(3mh)—2)/h*,  p3 = (2cos(4mh)—2)/h*

We show, in Figure how the error behaves as a function of the temporal
discretization parameters, i.e. N; and M, for problem (3.1) with 7' = X =
1, v = 0 and ug from equation , discretized, according to with
N, = 1024. Tt is possible to observe, in the left plot in Figure [5.1], that the
error compared to the exact solution decreases as the number of time steps
increases until the spatial error of roughly 10~ dominates. For this reason
the solver tolerance is set to 107 in the following numerical experiments.
The right-hand plot shows that the temporal error decreases with the correct
order 2M — 1 until machine precision is reached.
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Figure 5.1: Left: error at the end node w.r.t. the analytical solution (5.2). Right: error
w.r.t. (5.3), i.e. the error of the discrete ODE. In both cases, the errors decrease, with
the expected order (2M — 1), until the spatial error dominates.

In Example [5.1H5.2| we report strong and weak scaling results varying the
discretization order M. We avoid over-resolving in time by reducing N, as
M increases, according to Figure 5.1} In particular, we set N;, depending on
M, to be the minimum power of two for which |Ju(-,T) — U(-,T)||s < 107
is satisfied. With this methodology, the solver tolerance and the spatial and
temporal accuracies are approximately the sameﬂ

Example 5.1. (Strong scaling). Let us consider the continuous problem
(3.1) with parameters X =T =1 and ug from . We use the discretiza-
tion parameters N, = 1024, M = {1,...,5} and N, varying according to the
results of Figure [5.1], to avoid over-resolving in time, except for M = 1 where
we use N; = 1024, with a corresponding accuracy of approximately 107°.

We show, in Tables [5.1H5.4] run-times and iterations of the three mul-
tilevel approaches described in Section [5.2 The most relevant results are
illustrated in Figure [5.2]

SFor M = 1, we use N; = 1024 with a corresponding temporal accuracy of ~ 1076,
since N; ~ 107 would be required to reach a temporal accuracy of 107°.
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SMG]

M=1, |M=2 |[M=3 [M=4 [M=5,
Cores | N, =1024 | N, =256 | N, =32 | N, =16 | N, =8
1 159 2] [203[4] [049[4] [0.41[5 [0.32 5]
2 1.24 [2] 1.27 4] | 0.29 [4] | 0.30 [5] | 0.22 [5]
4 0622 |080[4] |0.18[4] |0.17[5] | 0.13[5]
8 0382 |0.37[4 |010[4] |0.11[5 |0.08 5]
16 029 3] |0.23[4 |0.08[4] |0.07[5]
32 018 [3] | 0.15[4] |0.07 [4]
64 0.12[3] | 0.14 [4]
128 | 0.11[3] | 0.12 [4]
256 | 0.11[3] | 0.12 [4]
512 | 0.14 [3]
1024 | 0.17 [3]

Table 5.1: Seven level space-time multigrid run-times and iterations to convergence with
no temporal coarsening.

STMG3

M =1, M=2 |M=3 |M=4, | M=5,
Cores | N; = 1024 | Ny =256 | N; =32 | N, =16 | N; =8
1 2.66 (6] 6.57 [18] | 2.12 [30] | 1.75 [30] | 1.23 [30]
2 1.53 [6] 3.71 [18] | 1.21 [29] | 0.98 [30] | 0.71 [31]
4 0.80 [6] 1.82 [18] | 0.64 [32] | 0.64 [33] | 0.43 [32]
8 0.50 [6] 1.05 [18] | 0.39 [34] | 0.52 [37] | 0.27 [34]
16 0.35 [6] 0.67 [18] | 0.29 [37] | 0.26 [37]
32 0.22 [6] 0.53 [18] | 0.22 [38]
64 0.17 [6] 0.45 [17]
128 | 0.17 [6] 0.37 [17]
256 | 0.17 [6] 0.37 [17]
512 | 0.18 [7]
1024 | 0.29 [9]

Table 5.2: Five level space-time multigrid run-times and iterations to convergence, with
full space-time coarsening.
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SMMG]

M =2, M=3, | M=4, | M=5,
Cores | N =256 | Ny =32 | N;j=16 | N; =38
1 3.01 [12] | 0.99 [17] | 0.79 [15] | 0.75 [18§]
2 1.77 [12] | 0.62 [17] | 0.44 [15] | 0.50 [18§]
4 0.86 [12] | 0.28 [17] | 0.23 [15] | 0.28 [18]
8 0.47 [12] | 0.17 [17] | 0.15 [15] | 0.15 [18]
16 0.24 [12] | 0.12 [17] | 0.11 [15]
32 0.15 [12] | 0.09 [17]
64 0.12 [12]
128 | 0.11 [12]
256 0.11 [12]

Table 5.3: Seven level space-time multigrid run-times and iterations to convergence, with
M —coarsening in time. The column for M = 1 is not present as it would be equivalent to
the one of Table 5.1l

PFASST?
M=1, | M=2, | M=3, | M=4, | M =5,
Cores | N;=1024 | N;=256 | Ny =32 | N;=16 | N, =8

1 149 2] | 0.74 3] | 0.2311] | 0.17 [12] | 0.12 [12]
2 1.26 [3] | 0.71 [11] | 0.17 [14] | 0.12 [14] | 0.09 [15]
4 0.85 [4] | 0.50 [13] | 0.11 [16] | 0.08 [17] | 0.06 [18]
8 0.55 [6] | 0.40 [17] | 0.09 [20] | 0.07 [21] | 0.05 [22]
16 0.37 [7] | 0.31[24] | 0.08 [28] | 0.06 [29]

32 0.23 [7] | 0.21[29] | 0.06 [35]

64 0.18 [7] | 0.15 [30]

128 0.15 [8] | 0.11 [30]

256 0.15[7] | 0.11 [30]

512 0.16 [8]

1024 | 0.20 [7]

Table 5.4: Three level PFASST run-times and iterations to convergence.
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Figure 5.2: Strong scaling timing results of SMG (solid lines) and PFASST (dashed lines)
from Example [5.1} run-times of STMG and SMMG are not included since they are not
competitive. We report run-times for M € {1,2} in the left plot and for M € {3,4,5} in
the right one.

The results of Example suggest several observations. First, for the space-
time multigrid methods, using spatial coarsening only (SMG) obtains the
fastest space-time multigrid convergence and run-times. We can explain this
behavior using the discretization parameter

LA

Az2 N,

In all cases considered p > 1; from space-time multigrid literature (e.g.
[7],[51]) we can expect time coarsening to be not effective in this regime, as
we observe by the larger iteration counts in Table [5.2 The case of u < 1
would not be meaningful in this setting, as it would result in a unnecessary
over-resolved time discretization, with N; > N2 > 109.

Let us remark that differences in the convergence behavior for various
coarsening strategies (cf. Tables are not due to different sizes of
coarse problems but are related to their conditioning. In fact, avoiding time
coarsening results in better conditioned coarse problems. For example, the
condition number of the coarsest matrices for SMG} and STMG3 (that have
the same size) is, respectively, 1.7 - 103 and 1.5 - 10* and time coarsening

results in a slower convergence (six iterations) w.r.t. the SMG setting (two
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iterations). The results collected in Table suggest that M —coarsening
is the most convenient way to coarsen in time in the space-time multigrid
case, since run-times are close to the case of spatial coarsening only. Note
also that the M —coarsening in time for SMMG and PFASST are the same.
Comparing SMG with PFASST, cf. Figure[5.2] we observe an overall similar
scaling and run-times, especially for M € {1,2}. As expected from the
space-time paradigm, SMG is characterized by a slower sequential run-time
compensated by a better scaling. As as results, both algorithm achieve a
similar stagnation run-time. For higher values of M, PFASST is somewhat
faster than SMG, presumably due to the reduced cost of the coarsest level.
Finally, it is important to note that for the same accuracy, the higher-order
methods have lower run-times than the lower-order methods, often with fewer
processors. Hence, although the scaling in terms of iterations is better for
the lower-order methods, they are more expensive in practice.

Example 5.2. (Weak time scaling in NV;) Let us consider the continuous
problem with parameters X = T = 1 and wy from (5.1). We use
the discretization parameters N, = 1024, M = {1,...,5} and N; = C); -
Cores. The parameter C); depends on M and is chosen according to the
parallel saturation from Example[5.1} for example, for M = 1 and N, = 1024,
according to Tables [5.1H5.4) we have maximum speedup with 256 cores and
therefore C; = 4. Similarly Cy = 2 and Cy; = 1 for M > 3. We point
out that the accuracy of the solution as a function of N, is varying in the
tables according to Figure[5.1} doubling N; corresponds to a higher accuracy
as M increases. We report, in Tables [5.5(5.6| and Figure [5.3| run-times and
iterations of the multilevel approaches described in Section [5.2]
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M=1 M =2
Cores ‘ Ny ‘ L ‘ time [its.] ‘ R Cores ‘ Ny ‘ L ‘ time [its.] ‘ R
256 | 1024 | 7 | 0.11 [3] 1 128 | 256 | 7 | 0.11 [4] 1
512 | 2048 | 8 | 0.15[4] | 1.4 256 | 512 | 7| 0.17 [4] 1.5
1024 | 4096 | 8 | 0.33[5] | 3.0 512 11024 | 8 | 0.18[4] | 1.6
2048 | 8192 | 8 | 0.72[6] | 6.5 1024 | 2048 | 8 | 0.43[5] | 3.9
M =3 M=14
Cores ‘ Ny ‘ L ‘ time [its.] ‘ R Cores ‘ Ny ‘ L ‘ time [its.] ‘ R
32| 32| 7] 00714 | 1 6] 16]7] 0105 | 1
64| 64| 7| 008[5] |1.1 32| 32| 7| 010[5 | 1.0
128 | 128 | 8 | 0.10[5] | 1.4 64| 64| 7| 012[5] | 1.2
256 | 256 | 8 | 0.14 5] | 2.0 128 | 128 | 8 | 0.16[6] | 1.6
M =5
Cores ‘ Ny ‘ L ‘ time [its.] ‘ R
8] 8][7] 0125 | 1
16| 16| 7| 0136 | 1.1
32032 7| 014[7 |12
64| 64| 7| 018[7] |15

Table 5.5: Weak scaling in time of space-time multigrid SMG? | with no temporal coars-
ening. The ratio R is computed dividing the current run-time by the base one (in the first
line for each table) and R = 1 denotes an ideal weak scaling. Since no temporal coarsening
is present, the weak scaling is poor for M € {1, 2}.
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Cores ‘ Ny ‘ time [its.] ‘ R Cores ‘ Ny ‘ time [its.] ‘ R
256 | 1024 0.16 [7] | 1.0 128 256 | 0.09 [30] | 1.0
512 | 2048 0.26 [8] | 1.6 256 512 | 0.11 [30] | 1.2
1024 | 4096 | 0.49 [10] | 3.1 512 | 1024 | 0.16 [29] | 1.8
2048 | 8192 | 0.96 [10] | 6.0 1024 | 2048 | 0.25 [30] | 2.8
M = M =
Cores ‘ Ny ‘ time [its.] ‘ R Cores ‘ Ny ‘ time [its.] ‘ R
32 32| 0.06[35] | 1.0 16 16 | 0.07 [29] | 1.0
64 64 | 0.11 [38] | 1.8 32 32| 0.10[38] | 1.4
128 | 128 | 0.12[38] | 2.0 64 64 | 0.121[42] | 14
256 | 256 | 0.13 [36] | 2.2 128 | 128 | 0.12 [42] | 1.7
M =5
Cores ‘ Ny ‘ time [its.] ‘ R
8 8] 0.05[22 ] 1.0
16 | 16 | 0.08[30] | 1.6
32 | 32| 0.10(39] | 2.0
64 | 64| 0.11[42] | 2.2

Table 5.6: Weak scaling in time of PFASST{. The ratio R is computed dividing the
current run-time by the base one (in the first line for each table) and R = 1 denotes an
ideal weak scaling. We can notice that the weak scaling for M = 1 is poor, since no
temporal coarsening is present in this case.

19



| —e—SMGE and M =1 ‘ — —e—SMG¥ and M =3
——SMG¥ and M = 2 " —5—SMG} and M =4
10° PFASST? and M =1 1 | | ——SMGj and M =5
—~v PFASST} and M =2 PFASST? and M = 3
= —v PFASST? and M =4
g PFASST? and M =5
=} =
i 10t — pé
\ 4 (<
10
10? 10°% 10* 10! 10?
N N;

Figure 5.3: Weak scaling timing results of SMG (solid lines) and PFASST (dashed lines)
from Tables [5.5H5.6; run-times of STMG and SMMG are not included since they are not
competitive. We report run-times for M € {1,2} in the left plot and for M € {3,4,5} in
the right one.

It is clear from Figure that higher-order methods display better weak
scaling than the lower-order ones. This is partly due to the absence of time-
coarsening w.r.t. IN; for both methods, that becomes relevant as N; grows.
It should be noted that for M > 1, the error w.r.t. the analytical solution is
already saturated in the first rows of Tables (according to Figure
and increasing /N; does not produce a more accurate solution. In this scaling
regime, there is no consistent winner between SMG and PFASST for all M
and M.

5.4. Non-linear example: the monodomain equation.

In this section we consider the full reaction-diffusion model, i.e. v > 0
in . Note that for the space-time discretization in , a non-linear
solver is required due to the cubic reaction term. For the implementation in
PFASST an IMEX or semi-implicit method is employed for each correction
substep [52] treating the nonlinear reaction terms explicitly. Hence the cost
per iteration of the PFASST method is essentially the same as for the linear
case since the implicit part is much more expensive. One could instead use a
fully implicit substepping method such as backward-Euler in PFASST, which
would result in a more expensive method, but one with a larger stability
region (see for example [53]). Alternatively, a multi-implicit approach could
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also be chosen as in [54]. A careful comparison of each approach is beyond the
scope of the current study, but it is important to emphasize that the flexibility
in the PFASST methods is one important difference between PFASST and
STMG.

To model a traveling wave in an excitable media we consider reaction
dominated examples. In this case we set a narrow initial stimulus in the
centre of the domain and we chose T" such that the final solution is stationary,
i.e. for all z we have (7T, x) ~ 1 and (T, z) ~ 0.

Example 5.3. (Strong scaling) Let us consider the continuous problem (3.1])
with model parameters X = 10,7 = 2,y = 5 and the initial condition

z— X\?
Uy = 2 exp 01 .

We use the discretization parameters N, = N; = 1024 and M = {1,...,5}.
We show, in Table [5.7, run-times and Newton iterations of the space-time
strategy, using SMG? as linear solver and, in Table , the PFASST data.

SMG],

M=1, |M=2 |M=3 [M=4 | M=5,
Cores | N;=1024 | N, =256 | Ny =32 | Ny =16 | N; =8
1 46.4 [16] [ 31.1[16] | 6.47 [16] | 5.18 [16] | 301 [5]
2 29.7 [16] | 19.5 [16] | 4.50 [16] | 3.75 [16] | 123 [45]
4 16.6 [16] | 11.0 [16] | 2.61 [16] | 2.17 [16] | 125 [47]
8 10.6 [16] | 7.45 [16] | 1.81 [16] | 1.60 [16] | 34.4 [18]
16 8.51 [16] | 5.81 [16] | 1.36 [16]. | 1.16 [16]
32 7.22 [16] | 4.92 [16] | 1.07 [16]
64 6.11 [16] | 4.54 [16]
128 | 5.10 [16] | 3.90 [16]
256 | 5.50 [16] | 5.48 [16]
512 | 5.64 [16]
1024 | 6.20 [16]

Table 5.7: Run-time of a seven level space-time multigrid, with no temporal coarsening
and corresponding Newton iterations.
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PFASST?

M=1, |M=2 |M=3 |M=4, | M=5,
Cores | Ny =1024 | Ny =256 | Ny =32 | Ny =16 | N, =8
1 151 2] | 054[5] |0.2393] | nc. nc.
2 116 [3] | 0.421[6] |0.20 [94] | n.c. n.c.
4 0.67 [4] 0.25 [8] | n.c. n.c. n.c.
8 0.40 [5] 0.16 [8] | n.c. n.c. n.c.
16 0.27 [6] 0.11 [8] | n.c. n.c.
32 0.18 [6] 0.07 [8] | n.c.
64 | 01416 | 0.07[§]
128 | 0.131[6] | 0.07][8
256 0.15 [6] 0.08 [8]
512 | 0.16 [6]
1024 | 0.20 [6]

Table 5.8: Three level PFASST run-times and iterations, n.c. abbreviating “not con-
verged”.

Note that in the cases where PFASST converges, the run-time is significantly
smaller than the corresponding SMG times. As mentioned above, this is due
to the fact that the PFASST implementation is using a semi-implicit or IMEX
time stepping method, while SMG method is fully implicit requiring Newton
iterations. The failure of PFASST to converge for large time steps is also due
to the IMEX stepping, which has a time step restriction due to the explicit
treatment of the reaction term (see, e.g. [40]). The reaction term could also
be handled implicitly in PFASST using a multi-implicit approach [55] as was
done in [54] to increase the stability, but we defer this sort of comparison to
future work.

Let us remark that using an IMEX approach is a standard choice for
reaction-diffusion problems, but is not favorable in the space-time context.
For space-time, both a fully explicit and an IMEX approach would lead to a
non-linear system to be solved. An explicit/IMEX space-time discretization
of the reaction term leads to approximately the same number of Newton
iterations and run-times obtained for the implicit case.
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6. Conclusions

In this paper we discussed the parallel performance of multilevel space-
time solution strategies and of the algorithm PFASST for a (reaction) dif-
fusion problem. From an implementation prospective, space-time multigrid
approaches are convenient since the time parallelization boils down to the
parallel solution of a system of equations (in (3.4))), for example using fast
and parallel preconditioned Krylov methods as PGMRES. A tensor struc-
ture between space and time grids allows for a flexible choice of coarsening
strategies, since transfer operators in (4.1f) can be set independently. On the
other hand, the assembly of system comes at a cost, in terms of timeﬂ
and, especially, memory footprintﬂ Such cost can be be reduced significantly
when (3.4]) is distributed among many processors and if highly parallel as-
sembly routines are used, as parallel Kronecker products in . Let us
mention that matrix-free implementations of are also possible, avoiding
assembling costs and reducing storage, but have more limitations in terms
of solution strategy (e.g. ILU preconditioners are typically not available in a
matrix-free context).

In Examples 5.2] we investigated the scalability of different parallel
iterative strategies for a diffusion problem. We obtained similar performance
from PFASST and the parallel space-time multigrid with no temporal coars-
ening (SMG). The use of high order methods in time, reducing the number
of time steps NNV; accordingly, is convenient for both approaches, in terms of
overall performance and especially for the weak scaling in time.

As expected from the literature, full space-time coarsening or time coars-
ening are not effective in the settings we considered (1 > 1). In the space-
time multigrid framework M —coarsening in time can be advantageous w.r.t.
coarsening in the number of time steps NV, in terms of stability, but employ-

"With reference to Example the serial assembly of the space-time system
takes 0.28 seconds for M = 1 and 0.04 for M = 5, corresponding to ~ 15% of the STMG
solving time. Similarly, the assembly of space-time restriction operators takes 0.26
seconds for M =1 and 0.01 for M = 5. Assembly routines are fully scalable.

8The number of non-zero elements in the coefficient matrix of the space-time sys-
tem , is given by O(N,N;M?). Memory footprint is quadratic w.r.t. M, but, for a
fixed accuracy, as in the presented experiment, N;M? is decreasing as M increases
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ing just coarsening in space remains the best option for the discretizations
considered.

In Example[5.3|we considered a non-linear reaction-diffusion problem. For
such a problem the space-time approach is limited to a fully implicit treat-
ment of the non-linearity and the corresponding use of a non-linear solver,
such as Newton’s method. In particular, we observe that the number of New-
ton iterations to convergence is not robust in terms of problem parameters
and initial guess. On the other hand, in this respect PFASST is more flexi-
ble since it allows one to treat the non-linearity explicitly, through an IMEX
approach. Such a strategy, even if less stable (especially for large At and
high order M), can reduce dramatically the time-to-solution.
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